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Preface 


This book is based upon my lecture notes for the course Analyt- 
ical Finance II at Mälardalen University in Sweden. It’s the second 
course in analytical finance in the program Engineering Finance given 
by the Mathematics department. The previous book, Analytical Fin- 
ance - The Mathematics of Equity Derivatives, Markets, Risk and 
Valuation, covers the equity market, including some FX derivatives. 

Both books are also a perfect choice for masters and graduate stu- 
dents in physics, astronomy, mathematics or engineering, who already 
know calculus and want to get into the business of finance. Most fin- 
ancial instruments are described succinctly in analytical terms so that 
the mathematically trained student can quickly get the expert know- 
ledge she or he needs in order to become instantly productive in the 
business of derivatives and risk management. 

The books are also useful for managers and economists who do not 
need to dwell on the mathematical details. All the latest market prac- 
tices concerning risk evaluation, hedging and counterparty risks are 
described in separate sections. 

This second volume covers the most central topics needed for the 
valuation of derivatives on interest rates and fixed income instruments. 
This also includes the mathematics needed to understand the the- 
ory behind the pricing of interest rate instruments, for example basic 
stochastic processes and how to bootstrap interest rate yield curves. 
The yield curves are used to generate and discount future cash-flows 
and value financial instruments. We include pricing with discrete time 
models as well as models in continuous time. 


x Preface 


First we will give a short introduction to financial instruments in the 
interest rate markets. We also discuss the parameters needed to classify 
the instruments and how to perform day counting according to market 
conventions. Day counting is important when dealing with interest 
rate instruments since their notional amounts can be huge, millions 
or even billions of USD in one trade. One or a few missing days of 
discounting will change the total price with thousands of USD. We also 
discuss the most common types of interest rate quoting conventions 
used in the markets. 

In Chapter 2 we present many of the different interest rates used in 
the market. We continue with swap interest rates in Chapter 3, where 
we also present details for several widely used interest rates such as 
LIBOR, EURIBOR and overnight rates in different currencies. 

In Chapter 4, many of the common instruments are presented. This 
includes the basic instruments, such as bonds, notes and bills of differ- 
ent kinds, including some with embedded options. Then we introduce 
floating rate notes, forward rate agreements, forwards and futures, in- 
cluding cheapest to deliver clauses. We then discuss different kinds 
of interest rate swaps and the derivatives related to these swaps, like 
swaptions, caps and floors. This also includes some credit derivat- 
ives, such as credit default swaps. For swaptions, caps and floors we 
explicitly discuss recent changes in these models due to negative nom- 
inal interest rates and derive a quasi-analytical relationship between 
at-the-money lognormal and normal volatility. 

In Chapters 5 and 6 we continue with yield curves and the term 
structure of interest rates. We show how to bootstrap interest rate 
curves from prices of financial instruments. We also present the 
Nelson-Siegel model and the extension by Svensson. A detailed ana- 
lysis of interpolation methods follows and the pros and cons of 
each method is clearly outlined. Spreads in the interbank market are 
discussed in Chapter 7. 

In Chapters 8 and 9, risk measures and some crucial features of 
modern risk management are discussed. 

In Chapter 10, a new method for valuing instruments with an em- 
bedded optionality is presented. This method, the option-adjusted 
spread (OAS) method, can also be used to value callable and putable 
bonds, cancellable swaps etc. The call (put) structure can also be of 
Bermudan exercise type. 

In Chapter 11 we begin to discuss the pricing theory and models 
based on stochastic processes. We continue with this, the continuous 
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time models through Chapters 12-17. We derive and solve the partial 
differential equation for interest rate instruments based on arbitrage 
and relative pricing. Several stochastic models are presented. Some 
have an affine term structure, such as Vasicek, Ho-Lee, Cox-Ingersoll- 
Ross and Hull-White. Some models can be approximated by binomial 
or trinomial trees. These are Ho-Lee, Hull-White and Black-Derman- 
Toy. We also discuss the Heath-Jarrow-Morton framework and how 
to use forward measures in order to derive general option pricing 
formulas for interest rate instruments. 

After a short presentation on how to handle some exotic instru- 
ments in Chapter 18, we discuss in Chapter 19 how to deal with some 
standard derivative instruments, such as swaptions, caps and floors. 
This also includes the recent case of negative interest rates. 

In Chapter 20 is a brief introduction to convertible bonds. 

Finally, there are some chapters on modern pricing. These chapters 
describes the dramatic changes in the markets after the financial crises 
in 2008 - 2009. Before the crises, credit risk was more or less ignored 
when valuing financial instruments. But, after the crises, collateral 
agreements have become a way to minimize counterparty risk. Also 
the funding of the deals were changed as well as the views on risk- 
free interest rates. During the crises even LIBOR rated banks did 
default. Also the LIBOR rates were manipulated by some of the panel 
banks. With collateral agreements in several currencies we need to 
use a multi-curve framework and bootstrap several curves to find the 
cheapest to deliver curve. 

We also discuss credit value adjustment (CVA), debt value adjust- 
ment (DVA) and funding value adjustment (FVA). We also present 
the widely used LIBOR market model (LMM) and how to calibrate 
the LMM. Finally we present methods on how to manage exotic in- 
struments by using linear Gaussian models (LGM). We also present 
something about the Stochastic Alpha Beta Rho (SABR) volatility 
model and how to convert between lognormal and normal distributed 
volatilities. 
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Financial Instruments 


1.1 Introduction 


In the previous book, we studied derivatives in the equity markets and 
in this book, we will study the available instruments in the interest rate 
markets. First, we will shortly group the various instruments. 


In order to group the wide variety of instruments that exist 


adequately, it is necessary to break the interest rate asset classes into 
two subdivisions: long-term and short-term debts. In addition, it is ne- 
cessary to divide the derivatives into two groups: standard derivatives 
and over-the-counter (OTC) derivatives. 


Standard derivatives are traded on exchanges. In such trades, a 
clearing house act as a counterparty to both buyers and sellers. 
These trades have a daily settlement! to protect the clearing house 
for losses, if one of the counterparties cannot fulfil its obliga- 
tions. The clearing house guarantees the delivery of payments or 
underlying securities to its counterparties. 


OTC derivatives are typically traded over telephone or via a broker 
firm. They are known as OTC instruments because each trade is 
an individual contract between the two counterparties making the 
trade. These contracts are privately negotiated which means that 
they are not negotiable, for example, if I lend you some money, 
I cannot trade that loan contract to someone else without your prior 
consent. 


1 Some exchanges use monthly settlement, for example, Nasdaq-OMX in Stockholm. 
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Table 1.1 Instrument types and asset classes 


Instrument-type Cash Standard OTC derivatives 
asset class derivatives 
Interest Rate Bond, note Bond futures Swaps, swaptions, 
(Long Term) Floating rate note Options caps & floors, IRG, 
Bond futures Cross Currency swaps, 
Exotics 
Interest Rate Deposit/Loan, Bill, CD Interest rate Forward Rate 
(Short Term) (Certificate of futures Agreement FX-swap, 
Deposit), CP Euro Dollar futures 
(Commercial Paper) 
Equity Stock (Index) Equity Options Equity Options Exotics 
Equity futures 
Foreign Spot FX futures Options FX forwards 
Exchange 


e The International Swaps and Derivatives Association (SDA) 
provides standard contracts to facilitate the trading of OTC 
derivatives. 


e Many clearinghouses also clear OTC instruments. In this case 
they are said to use central clearing. By using central clearing the 
counterparty risk can be minimized. Also the Capital requirements 
for buyers and sellers will be minimized by using central clearing 


Further subdivisions of the categories give rise to the matrix as shown 
in Table 1.1. 


1.1.1 Money 


Money, in wholesale banking, exists only as an electronic entity in the 
banking systems. The reason is that paper money does not earn in- 
terest and is therefore not money in a financial view. Therefore, we 
consider paper money as an interest free loan to the government. An 
analogy is the old type of share certificates that was physical delivered 
between the counterparties who have made a deal. Nowadays, share 
certificates are no longer used, instead all ownership is registered 
electronically. 
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Also, dollars only exist in the US banking system, pound sterling 
only in the British banking system and Euro in European banks. 

Every bank that accepts US dollar has a Nostro account in its cor- 
respondent bank in the US. Similar accounts exist in all currencies in 
banks in all countries. If for example Sanwa in London transfers 1 USD 
to Barclays in London, Sanwa instructs its correspondent bank in US 
to transfer the 1 USD to Barclays. The money therefore never leaves 
the US. 

It is important to notice that payments can only be made or received 
when the banking system is up. Therefore, we have to consider when 
the banking holidays for all countries exist, because then, no money 
transactions can be made in that specific country. 


1.1.2 Valuation of Interest Rate Instruments 


We will start to study interest rate instruments and how to value them. 
The following instruments are examples of cash-flow instruments: 
e Bonds, bills and notes 
e Floating Rate Notes (FRN) 
e Swaps, Currency swaps and FX swaps 
e Swaptions 
e Caps, floors, collars and Interest Rate Guarantees 
e Forward Rate Agreements (FRA) 
e Convertibles 
e Deposits and Certificates of Deposits (CD) 
e Repos and reverses 
e Credit Default Swaps/Indices (CDS, CDI, CDX etc.). 
Many of these instruments are treated only as cash-flow sequences. 
Some of them are treated as derivatives. That is, no assumption is made 
on the pattern of how the cash flows looks like in the valuation pro- 
cess. In this way, the description of how to value a single cash flow 
can be generalized for all cash-flow instruments. 
The advantage of such method is its generality. It can be applied 


to any kind of cash-flow pattern, whether it is amortized, has non- 
consecutive interest rate periods or broken dates. 
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There are a number of different cash-flow types as well: 


e Fixed amount 

e Fixed rates 

e Floating rates 

e Caplets 

e Floorlets 

e Total return 

e Credit default 

e Return 

e Redemption amount 
e Call fixed rates 

e Call float rates 

e Zero-coupon fixed rates. 


The different cash-flow types are described in terms of various para- 
meters as shown in Table 1.2. 


1.1.2.1 Parameters 


Common parameters for all cash-flow types are the Pay Date - the 
calendar date when the cash flow is paid - and the Currency of the 
cash flow. All cash flows are discounted using a zero-coupon curve 
from the payout date to the valuation date. 

The simplest cash-flow type is a single fixed payment, Fixed Amount. 
All other cash flows are related to interest rates payments in some way. 
They have the common attributes: 


e day count - the day-count convention used for a certain period 
e start day - the date on which the interest rate period starts 
e end day - the date on which the interest rate period ends 


The simplest interest payment is the fixed coupon rate, using the 
attribute, Fixed Rate - the fixed interest rate that applies for a specific 
period. 
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The different pay types are: 


Spot 


Future 
Forward 
e IMM 


There are two delivery or exercise types for derivatives: 


e Physical delivery Typically a stock (equity) option. 
e Cash settlement 


Forward/Periodically 


An instant pay order (to pay in 2 days, the 


spot days) 


“Mark to Market”, daily 
Pay on expiration date 
On IMM days (International Monetary 
Market days that is the third Wednesday in 
March, June, September and December. 


Make payments on certain days, for 


example, the 3rd Friday on each month 


Typically, an option with an index as underlying. 


There are three types of option exercise: 


e European 
e American 


Exercise only at expiration date 
Exercise any time 
e Bermudan Exercise in pre-defined periods or days 


There are two types of option underlying: 


e The underlying asset itself 


e A future or a forward (on the underlying asset) 


We can arrange the types as in Table 1.3. 


Table 1.3 Pay types, deliveries and underlying for different instruments 


Instrument 


Stocks 

Bonds 

Index forwards 
Index futures 
Bond futures 
Commodity 
Stock options 
Index options 1 
Index options 2 
Bond options 
OTC derivatives 


Pay type 


Spot 
Spot 
Forward 
Future 
Future 
Future 
Spot 
Spot 
Future 
Future 
Spot/forward 


Delivery Eur./Am. 


Cash 

Cash 

Physical 

Future 
Physical/American 
Cash/European 
Physical/American 
Physical/American 
European 


Underlying 


Physical 
Stock 

Index 

Index futures 
Bond futures 
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1.1.2.2 Future Value and Present Value 


When we value different financial instruments, we use different 
expressions for their rates of return. If we calculate the rate of return 
of an equity to find the payoff, we often use a simple period rate r 
over the holding period. This rate is the percentage return on annual 
basis of the invested amount P. To calculate the present value of this 
amount we use 


F=P-(1+n 


where F is the value at the end of the period. It is also common to 
annualize the rate using some convention for counting the length of 
the holding period, that is, the number of days, as a fraction of a year. In 
the money market, we usually use the following measure for the yield 


d 
F=P-(1l+r-— 
( 5) 


where d is the number of days to maturity. Since no compounding 
was used above the rate is referred as the simple rate. If we use annual 
compounding with the same number of days, we can express this as a 
fraction of a 360-day year. We then use the compounded annual rate re 


F=P-(1+r¢)300 


For money market instruments, such as treasury bills and CD, which 
have fixed dates of expiry, the quoting convention relating market 
prices to rates typically does not use compounding. Their values upon 
expiry equals their nominal amounts so we can solve for their current 
price 


N 
P= 


Lares. 


360 


where N is the nominal amount, paid on expiry and r the simple 
annualized rate on a yearly basis. The simple rate r can then be 
expressed as 


_ N-P360 
— P d 


r 
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1.1.3 Zero Coupon Pricing 


The concept behind zero-coupon pricing is the evaluation of all 
individual cash flows as if they were zero-coupon bonds. The evalu- 
ation is made using a yield curve or, alternatively, a discount function, 
which accurately describes current market conditions. 

The pricing of liquid, standardized instruments are quite simple - 
the current market price is used. The zero-coupon pricing method- 
ology becomes important when pricing OTC instruments, for which 
no market prices are available. It is also needed for pricing standard- 
ized instruments, which do not have reliable market prices. In this 
case, zero-coupon pricing will be used to price these instruments con- 
sistently alongside the liquid instruments. This is a kind of relative 
pricing where user preferences only need to be taken account of to 
a small extent. Many risk management techniques also require the use 
of a yield curve to aggregate correctly the risk over several different 
instrument types. 


1.1.3.1 The Discount Function 


The discount function, p(fo, t), describes the present value at time to 
of a unit cash flow at time t. This is a fundamental function that can 
be given, for each time in the future, as individual components, the 
discount factors. These factors are non-random and should be equal 
for all banks due to arbitrage conditions.” 

In most cases, tọ is the current time (equal zero) and is therefore 
dropped for notational convenience. The remaining variable f(t — to) 
then refers to the time between fo(= 0) and t. The discount function 
is, as we will see, used as the base for all other interest rates. For any 
future date ¢ this function also represent the value of a zero-coupon 
bond (also called a pure discount bond) at time fo(= 0) with matur- 
ity t. At maturity, a zero-coupon bond pays one cash unit Gn USD, GBP, 
EUR SEK etc.). So therefore p(t, t) = 1. A discount function with rate 
r = 2.0% is shown in Fig. 1.1. 


2 Since the financial crisis in 2008, this is not really true, since some currencies are more risky 
than others. Therefore, we have to add, a so-called cross currency basis spread to the discount 
function. This basis spread is set against the most liquid currency in a trade. Only USD will have 
a zero basis spread. We will discuss that later. But now we think about the discount function as 
generic. 
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Discount Function (r = 2.0%) 


Discount Factor 


Time in years 


Fig. 1.1 The discount function for a constant interest rate at 2.0% 


At t = 0, the discount function always has the value 1 (p(0,0) = 1). 
One unit of cash today must have the value of one unit by definition. 
The discount function is monotonically decreasing, which corres- 
ponds to the assumption that interest rates are always positive. It never 
reaches zero since all cash flows, no matter how far in the future they 
are paid, should always be worth something. 

The discount function has a mathematical relationship to the spot 
yield curve, although the “yield curve” is not a well-defined concept. 
The relationship between the discount function and the annually com- 
pounded yields of matching maturity, using a day-count convention 
that reflects the actual time between time tọ and t measured in years, 
can be written as 


p(t) =p(0,t) = G+ny 


This formula can be inverted to give 
rn(@)=P(@y-1. 


Other used yields have a mathematical relationship to the discount 
function. 
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1.1.4 Day-Count Conventions 


When using the discount function to express yield or interest rates, 
it is very important to known and consider the day-count convention 
used for each instrument and each market. The day-count convention 
is a user-defined, instrument-specific parameter and will typically have 
a substantial impact on the valuation of particular instruments. 


1.1.4.1 Date Arithmetic 


Dates are usually integers starting from 1900-01-01. Following the 
Excel convention, May 8, 2006 is day 38845, and May 9, 2006 as day 
38846, etc. We therefore use an Add-function between different dates 


th = Add (t, n, unit, EOMFlag, . . .) 


which adds n units (days, months, years or business days) to date f, 
where n can be positive, zero or negative. 
We have the following End-Of-Months rules (EOMFlag) 


1. If we add months or years and t; ends up beyond the end of a 
particular month, we replace this date with the last day of month. 
Example: 


May 31 + 1 month = June 30 
December 31 + 2 month = February 28 (or 29 for a leap year) 


2. If date ¢ is the last day of a month, then 
If EOMFlag is true: adding months or years always gives the last day 
of the month: 


February 29 + 1 month = March 31 
April 30 — 1 month = March 31 


If EFOMFlag is false: adding months or years always gives the same 
day of the month, provided that it exists: 


February 29 + 1 month = March 29 
April 30 — 1 month = March 31 
May 31 — 1 month = April 30 


3. The EOMFilag is irrelevant if t is not the last day in a month. 
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We also must have a general add functionality 
tact = Add (t, n, unit, EOMFlag, BDR, Holl, Hol2, Hol3 ...) 
where BDR is the Business-Day-Rule. We first compute 
tn = Add (t, n, unit, EOMFlag, . . .) 


If tn is not a business day, we apply the BDR rule to resolve the date. 
trh is a bad day if it is a bad day in any holiday Holx. 
We have the five business day rules: 


1. none: return t (banks can go into default also on non-banking 
days!) 

2. following (succeeding): tact is the first valid business day on or 
after typ. 


3. proceeding: tact is the first valid business day on or before t. 


4. modified following: tact is the first valid business day on or after tin 
if it is the same calendar month as t;n. Otherwise tact is the first valid 
business day before tı 


5. modified proceeding: tact is the first valid business day on or before 
tın if it is the same calendar month as tm. Otherwise tact is the first 
valid business day after tın 


The modified following is the standard rule for payments. Typically, 
dates are generated backwards from the theoretical end date. Other- 
wise, it is difficult to do a rewind of a trade with a number of cash 
flows with another customer. 

First, we get the theoretical end date. For an M month leg, starting 
at to we have 


tp,” = Add (tọ, M, month, no, none, ccyl, ccy2...) 
For a leg with m months per period, we have 


t" = Add (t,, 7m (n — j), month, no, none, ccyl, ccy2...) 
tj“ = Add (ty, (n — j) , month, no, modfol, ccy1, ccy2...) 


If an odd period is needed, the default is short first period, other pos- 
sibilities are long first, short last and long last. The last two requires 
that we generate the dates from tọ, which we do not want. The holiday 
parameters ccy/ and ccy2 have to be used for the different currencies. 
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When dealing with interest rate payments, accrued from tj-1 to fj 
and paid at tj, we use the following rule: 


1. If the swap leg is adjusted (which is the default situation), interest 
accrued from ee to ee, 


2. If the swap leg is unadjusted, interest accrues from i to i, 


3. Interest payments are ajrN paid at i for j = 1,2,...,n where N is 
the notional, r the interest rate and a; the day-count fraction. 


aj = DayCountFrac(t;-_1, tj, basis) 


Day-count basis are rules assigning official fractions of a year to any two 
dates. Some alternative day-count conventions are (there exist about 
80 more day-count bases than those listed below): 


e 30/360 corporate bonds, Eurobonds etc. 

e 30E/360 money market Switzerland 

e Act/360 US T-bills US, Euro and Switzerland money, etc. 

e Act/365 US Treasury bonds/notes, UK gilts, German bunds etc. 
e NL/365 Actual/365 with no leap year 

e Act/Act New Euro bonds, LIFFE UK bond/bund futures etc. 


The meaning of the abbreviations used in the naming of the above 
conventions is as follows: 


e Act: Actual number of calendar days. 


e NL: Actual number of calendar days, with no leap year. 
- Exception: If the year is a leap year then February is considered 
to have 28 days (instead of 29). 


e 30: Each month is considered to have 30 days. 

- Exception 1: If the later date is the last day of February, that 
month is considered to have its actual number of days. 

- Exception 2: When the later date of the period is the 31% and the 
first day is not the 30th or the 31st, the month that includes the 
later date is considered to have its actual number of days. 

e 30E: Each month has 30 days. 

- Exception: If the later date is the last day of the month of 
February, that month is considered to have its actual number 
of days. 
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Credit cards always use Act/360, which gives them five extra days of 
interest per year. 

Interest rates are typically expressed for annual periods. The time 
period measured in years between two dates, t, is described as the 
fraction of the number of days between two dates, tg, and the number 
of days in a year, ty 


tq and t, are determined according to the specified day-count 
convention. 


Example 1.1 
What is the time period between 11 January and 31 March? 


30/360: Number of days in January = 19 + 30 in February + 31 in March = 80: 


t = 80/360 

30E/360: Number of days in January = 19 + 30 in February + 30 in March = 79: 
t = 79/360 

NL/365: Number of days in January = 20 + 28 in February + 31 in March = 79: 
t = 79/365 

Example 1.2 


If we let ¢ = (dj,m, 1) (date, month and year) and T = (do, mz, y2), then the 30/360 
convention can be calculated as 


min(d2, 30) + (30 -d, a $ (m - mı — 1) 
360 12 


+yz2= y1 


where (x)* = max(x, 0). The time between ż = January 4, 2005 and T = July 4 2007 
is then 


4+(30-4)* (7-1-1)* 


2007 — 2005 = 2.5. 
360 D + 200 005 5 


1.1.4.2 International Monetary Market (IMM) Days 


Many Fixed Income instruments have start days and maturities on 
International Monetary Market (MM) days. IMM days are the third 
Wednesdays in Mars, June, September and December. 
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1.1.5 Quote Types 


When pricing interest rate instruments, a number of different quote 
types are used. Quotes are the market prices traders do observe on 
screen from their trading system or from other price sources. We will 
now define some of them. 


1.1.5.1 Per Cent of Nominal Amount 


Quote is taken as a per cent of the nominal amount (also called the 
face value). This is used for bonds and can be given with or without 
accrued interests. 


1.1.5.2 Clean Price 


Quote is taken as a per cent of the nominal amount without the ac- 
crued interest. This is the normal quotes of bonds and other similar 
instruments.’ 


1.1.5.3 Price 


Quote is taken as a per cent of the nominal amount included the ac- 
crued interest. This is also called the dirty price. Therefore the (dirty) 
price equals the (clean) price plus the accrued interest rate since the 
last coupon payment for a bond. 


1.1.5.4 Coupon Rate 


Quote given as the coupon rate. This can be used when comparing 
different bonds with similar maturities. With known coupon rate, the 
price can be calculated by discounting of the cash flows, included the 
nominal payout at redemption. 


3 Swedish bonds are quoted in yield (to maturity). 
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1.1.5.5 Yield/Yield-to-Maturity 


Quote is given as a flat yield used to discount all future cash flows. 
This is how Swedish bills and bonds are quoted. Yield-to-maturity has 
a one-to-one relationship with the dirty price. It’s based on that all the 
coupons can be reinvested at the same (flat) yield. 


1.1.5.6 Volatility 


This quote type is available for Options/Warrants, swaptions and 
caps/floors. The quote of an instrument with quote type “Volatility” is 
interpreted in terms of the implied volatility structure used for the in- 
strument. Normally this is Black dognormal) or Normal volatility. The 
reason for different volatilities like Black volatility and Normal volatil- 
ity is that whatever the model used to value an instrument the price 
must be the same. 


2 


Interest Rate 


2.1 Introduction to Interest Rates 


As we will see, there exists many different definitions of interest rates 
in the markets. A repo trader talks about the simple rate, an option 
trader of the continuous compounding rate and a bond trader of yield- 
to-maturity (YTM). We will briefly Oname some of the rates and give 
a short description. Some of these rates will be discussed in detail in 
later sections. 


2.1.1 Benchmark Rate, Base Rate (UK), Prime Rate (US) 


This is the lowest interest rate an investor is willing to take to make 
an investment in a risk-less security. These rates are given as a yield 
curve of instruments with different maturities. Usually this yield curve 
is built from government securities or Over-Night Index Swaps (OIS) 
and is used to compare against other (risky) interest rates. 


2.1.2 Deposit Rate 


A typical deposit contract is a standardized agreement of a loan 
between two banks. It is a credit for the party who placed it, and it 
may be taken back, transferred to another party, or used for a pur- 
chase. Deposits are usually banks main source of funding. The rate for 
such loan is called deposit rate. 
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2.1.3 Discount Rate, Capitalization Rate 


This is the rate used to discount a given cash flow in the future to 
a present value (PV). This rate reflects the time-value of money. This 
rate is not uniquely defined. For a certain deal it depends on how this 
deal is financed and your counterparty. If you have a collateral agree- 
ment with the counterparty you should discount with the collateral 
rate specified in the collateral agreement. A typical rate would be an 
OIS rate. Without a collateral agreement a typical rate would be the 
funding rate, like the inter-bank rate. 


2.1.4 Simple Rate 


The simple rate is the yield, expressed as a percentage per annum of 
an invested amount. If we receive all interest rates at the end of an 
investment period, we have the following relationship to the annual 
compounding rate 


(1+ Tannual) =(1+ simple ` t) 


The relation to the discount function is then given by 


1 
l+ simple (t)-t 


P(t) 
The difference between discount rate and simple rate is that the 
discount rate is applied to the nominal amount, while the simple rate 
is applied to the invested amount of a discount instrument. If we, for 
example, pay $900 for a $1,000 nominal amount maturing in 1 year 
(day-count Act/Act), the simple rate would be: 


1000 1). 100 = 11.11% 
900 = ven ee 


and the discount rate would be 


1-200 \ | 100 = 10.00% 
1000 pe ae 
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2.1.5 Effective (Annual) Rate 


The effective rate is the yield expressed as a percentage of the invested 
amount based on a year including the effect of compounding. If we 
receive interest, we have to ask us how often we get payments. If 
we let f be the period, for example, the number of annual payments 


we get 
fit 
r 
(+ Fännual) = (1 + z) 


Fquarterly ) at 


(1+ Tannu) = (1 + 4 


In continuous compounding this is expressed as 


If fi het 
ae > f > © > (1+ Fanmail) =€ 


The annual rate is related to the discount function as 


1 


p= (1 + Fannual (1)! 


The semi-annual rate is related to the discount function as 


pQ=——5 
os 


and the n-annual rate as 


1 
P () = tnt) 


[1+ l r 


The continuous compounding rate is given as 
pO = TO, 


Each of these formulae can be inverted in the same way as for the an- 
nually compounded interest rate. The formulas also define the implicit 
relationship between the different interest rate types. Since there is a 
mathematical relationship between the concepts discount function 
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and yield curve, both of these will be used in this text when we 
describe the information necessary to perform zero-coupon pricing. 

When valuing options and other derivatives, like in Black-Scholes 
model, we use the continuous compounding. If re is the continuous 
compounded interest rate and rm the same interest rate paid m times 
every year we have the relationship 


ro=m-In(1+ =) 
m 


tex (7) -1] 
rm =m.: yexp(—)-1 
m 


In the interest rate markets it is very important how to discount cash 
flows, even for a short period as one day. So if you are given an over- 
night rate you have to know how this rate is quoted. Is it a simple 
rate, an effective annual rate or a continuous compounding rate? It is 
also important to know what day-count conversion that is being used. 
A one day discount rate can be expressed in many ways, such as 


1 1 1 1 


—r/360 —r/365 
7 7 7 se 
1/360 d + 7)'/365 ler: s= l+r- qh 


(l+r 


2.1.6 The Repo Rate 


This is the interest rate for a repurchase agreement, that is, the rate 
you have to pay by selling a security and at the same time commit to 
buying it back after a short period. The period is usually one of 


e O/N (OverNight) 
e T/N (Tomorrow-Next) 
e C/W  (Corporate-Week) 
e S/N (Spot-Next) 


The O/N rate is the rate for the period between now, sometime today 
until the closing time on the next business day. On a Friday, the O/N 
rate period will be 3 days Gif the following Monday is a business day). 
The T/N will start on the next business day and end on the next fol- 
lowing business day. All other rates usually begin two business days 
from today (if we use a spot lag of 2) and last for a given period time. 
We say that we are using two spot days. 
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A government repo rate is the rate at which the government buys 
their own bills, notes or bonds. Sometime this rate is used to calculate 
the carry cost for instruments with underlyings. 


2.1.7 Interbank Rate 


The interbank rate is the average rate at which XIBOR! rated banks can 
borrow from each other. We will discuss this in detail in a later section. 
XIBOR is a general name convention for the different interbank rates. 
LIBOR is the London Interbank Offered Rate, STIBOR is the Stockholm 
Interbank Offered Rate and EURIBOR is the Euro Interbank Offered 
Rate. Before the financial crises in 2008-2009 the interbank rate was 
considered as the risk-free interest rate. But at that time XIBOR rated 
banks such as the Lehman Brothers made default. After the crises more 
and more banks required collateral agreements for interbank loans. We 
will discuss this in a later section. 


2.1.8 Coupon Rate 


The coupon rate is given as the percentage of the nominal amount that 
is paid to the holder of a bond. These coupons are received with a cer- 
tain frequency, usually one, two or four times per year. The coupons 
are paid by the issuer. 


2.1.9 Zero Coupon Rate 


The zero-coupon rate, or just zero rate, is the YTM on a zero-coupon 
bond, that is, a bond that pays no coupon. This rate can be boot- 
strapped from coupon bonds. The zero-coupon rates are often used 
for the discounting o future payments. Also risk managers use these 
rates to calculate the risk by making shifts of the curve. 


2.1.10 Real Rate 


The real rate is the interest rate adjusted for inflation. This rate can 
be found by bootstrapping Inflation linked bonds, sometimes referred 
to as Index linked bonds where the index is the Consumer Price 
Index, CPI. 


1 XIBOR are used in general for Inter Bank Offer Rates in different currencies where X = L for 
London, ST for Stockholm EUR for EURO etc. 
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2.1.11 Nominal Rate 


The interest rate including inflation. This means that the nominal rate 
is equal to the real rate plus inflation. 


2.1.12 Yield — Yield to Maturity (YTM) 


There are such a variety of fixed-income products, with different 
coupon structures, amortization, fixed and/or floating rates, that it is 
necessary to be able to consistently compare different products. One 
way to do this is through measures of how much each contract earns. 
There are several measures of this all coming under the same name, 
the yield. 


2.1.13 Current Yield 


The current yield have many other names such as interest yield, 
income yield, flat yield, market yield, mark to market yield or run- 
ning yield: This yield is a financial term used in reference to bonds and 
other fixed-interest securities such as swaps. It is the ratio of the annual 
interest payment and the bond’s current clean price of the bond. 

The current yield therefor refers to the yield of the bond at the 
current moment. It does not reflect the total return over the life of 
the bond. In particular, it takes no account of reinvestment risk (the 
uncertainty about the rate at which future cashflows can be reinves- 
ted) or the fact that bonds usually mature at par value, which can be 
an important component of a bond’s return. 

For example, consider the 10-year bond that pays 2 cents every 6 
months and $1 at maturity. This bond has a total income per year of 4 
cents. Suppose that the quoted market price of this bond is 88 cents. 
The current yield is simply 


0.04/0.88 = 4.5%. 
2.1.14 Par Rate and Par Yield 


The par rate Fpar is the (fixed) rate payments with the same value as 
a number of opposite floating rate payments so that their total values 
sum up to 0 as in Fig. 2.1. The typical instrument here is a plain vanilla 
interest rate swap. 
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Fig. 2.1 The par rate rpar is the constant rate that equalizes the value of the 
floating leg (dotted arrows) to the fixed leg over the lifetime of the swap 


Fig. 2.2 The par yield is the yield that equals the coupon rate Cpar so that the price 
of the bond is equal to its face value, nominal amount, here set to 100 


The par yield is the fixed coupons of an instrument so that the total 
(discounted) value, included the nominal value equalize the nominal 
value itself as in Fig. 2.2 

The par rate for a swap is calculated as 


© (PO, 1) + vad) 
ti—ti— = 
2 (pO, ti) ‘par) = 2 (p(0, ti) : pais) => Tar = YP, ti) 
i 


Where p(O, t;) is the discount factor at time ¢;, that is, the price of a 


zero-coupon bond with maturity at t;. The rate ae „q Tepresent the 
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floating rate, given by the forward rate (see next) between time t; and 


(with maturity) t;-1. 
Similarly, the par rate of a bond is calculated as 


100 - (1 — p@, tn)) 


n 
100 = 5o (p0, ti)» Cpar)+(p(0, tn) - 100) => Cpar= 7 
i=l >= PO, ti) 

i=l 


2.1.15 Prime Rate 


The prime rate or prime lending rate is a term applied in many coun- 
tries to reference an interest rate used by banks. The term originally 
indicated the interest rate at which banks lent to favoured customers, 
that is, those with good credit, but this is no longer always the case. 


2.1.16 Risk Free Rate 


This is defined as the rate you can earn by taking a risk-less position. 
Many time, this rate is based on treasury bonds with the same time to 
maturity as the period used (see benchmark rate). If any rate really is 
risk-free can be discussed, and is discussed a lot in the literature. Some 
uses the swap rate, or the OIS rate as risk free and other says that also 
government zero-rate is not risk-free, since also a governments too can 
default. 


2.1.17 Spot Rate 


The spot rate or short rate is defined as the theoretical profit given by 
a zero-coupon bond. We use this rate when we calculate the amount 
we will get at time tı (in the future) if we invest X today (i.e. at time to) 


Xt, = (1 + Fons) Xto 
1 


PV (X;,) = ——————— 
l n) (1 +p) 


Xn 
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where PV(X;) is the present value of X;. The relation between the spot 
rate and the discount function is 


p(t) = ———_, 
(1 + rspot(t)) 


The spot rate is calculated by bootstrapping, by fitting the yield curve. 
We also see that this rate is the same as the annual effective rate. 


2.1.18 Forward Rate 


From a yield curve describing the interest rates that apply between 
the current date and the set of future dates ordered by maturity, it 
is possible to calculate an implied forward rate curve, that is, the rate 
that “should” apply between two future dates. The formula for implied 
forward rates is based on an arbitrage argument, where the rate for a 
specific nominal amount between two future dates can be locked in 
by borrowing and lending at the current rates to the future dates. 

A projection of the future interest rate, from one time to another, 
calculated from the spot rate (as shown earlier) or a yield curve is 
given by 


l- 
l ia Pn D] 
spoty ty orward, h-t) _ Spot to ‘orward _ ( to 
(+r; ) (1+ to-t} ) = (1+r;, ) => to-t] ot a + Pht 1 
ti 


An easy way to represent the forward rate is via the discount function. 
We then have 


_ p,t2) _ plo) 


0,1) - ,t2) = p(0, 2) = ~~ 
PO, t1) -pti t2) = pO,t2) => plti,t2) p(O,t1) pti) 


In terms of continuous compounding we then have 
eH gPa gT > fiti) a) =r rt 


or 


12:to-r1-t 12:to-ro-:tttr-t-nm-t ti 
Jnn = = = 12+(r2-11) 
h-t h-t t2 -t1 
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where p(t, T) represent a pure discount bond or zero-coupon bonds at 
time t with maturity T. We have the boundary condition p(T,T) = 1, 
that is, the zero-coupon bond pays 1 cash unit (CU) at maturity. 


2.1.19 Swap Rate 


The fixed rate used to price a swap to zero value. A swap is a con- 
tract where the buyer and the seller exchange their cash flows, typical 
floating interest rate cash flows against fixed rate cash flows. Some- 
times such a rate is used as the risk-free interest rate. We will discuss 
swaps in a later section. 


2.1.20 Term Structure of Interest Rates 


The term structure of interest rates is a set of market interest rates 
ordered by maturity, that is, the rates on for example, treasury bonds 
with different times to maturity. An instant term structure is shown in 
Fig. 2.3. This yield curve is used to discount cash flows to a present 
value. 


2.1.21 Treasury Rate 
Treasury rate is the rate you get if you lend money to a govern- 


ment in their own currency. Sometimes, this is used as the risk-free 
interest rate. 


Interest rate 


Time 


Present Value 


Fig. 2.3 Here we use a yield curve to discount a number of cash-flows PV 
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2.1.22 Accrued Interest 


Accrued interest is calculated for the holder of a coupon bond every 
day as part of the market convention for the sharing of the annual or 
semi-annual coupon payment when the bond is bought and sold. For 
example, from a bond since the last coupon payment. 


2.1.23 Dividend Rate 


Dividend rate is the fixed or floating rate paid by a preferred stock in 
Great Britain. 


2.1.24 Yield to Maturity (YTM) 


The rate an investor will earn if he keeps an interest paying security, 
typically a bond, until maturity. This only holds true if the received 
cash flows during the lifetime of the security can be reinvested at 
the same interest rate. The YTM depends on the coupon rate, time 
to maturity and the market price of the instrument. Some instruments 
are quoted in yield to maturity since there is a one-to-one relationship 
between YTM and the price. This means that you can express the price 
in YTM. 


2.1.25 Credit Rate 


The credit rate is an interest rate depending on the ranking of 
a company. This is in many cases defined as a spread on some 
benchmark rate. 


2.1.26 Hazard Rate 


The Hazard rate is the rate based on the risk that the lender might 
default. If we model the probability that the counterparty will default 
and therefore cannot pay all of the obligations we use 


discount 1 
r = 


ti 
t 
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where P(t) is the probability that the counterparty will default 
between the time 0 (today) and the time t, and R the amount we 
will receive if default occur. R is given in per cent and is called 
recovery rate. 


2.1.27 Rates and Discounting Summary 
We summarize the most important discounting methods as follows: 


Simple annualized rate: p(t) = TET 
simple 


1 


Annual compounding rate: p(t) = C rannat 


Periodically compounding rate: p(t) = 


1 
re) ft 
f 


wy 


Continuous compounding rate: p(t) = e” 


To be able to compare two different yields or interest rates, they have 
to be in the same day-count basis and method. The “golden rule” for 
converting yields is: The discount factor must be equal before and 
after the conversion. This means, that we are able to solve the equa- 
tion by setting the discount factors before and after the conversion 
equal, and then solve for the unknown yield. For example, to convert 
from a simple interest rate, Actual/360 basis to simple interest rate, 
Actual/365 basis, we can do it in the following way 


1 +r - days/360 = 1 + r2 - days/365 
After some simple calculations, we find 
ro = r1 - 365/360 


Therefore, for example simple interest rate 5% in actual/365 basis is 
equivalent to 5% - 365/360 = 5.069444% in actual/365 basis. 

The following equations summarize the conversion formulas 
between periodically compounded and simple interest rates. For annu- 
ally compounded rates, the f is 1 and the formulas take a simpler form. 
The formulas assume that year fractions for original and destination 
basis have been calculated. 
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From compounding yield basis to simple interest basis and vice 


versa 
(1 + "7 r 1+ t 
P = Ysimple ` t2 
f simple 
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From compounding yield basis to another compounding yield basis 
we have 
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2.1.28 Black-Scholes Formula 


In almost all literature in option theory, Black-Scholes formula (without 
dividends) for a call option is given by 


C=S-N(d\)—e7'X -N (d2) 


Here r is the risk free interest rate. We can rewrite the Black-Scholes 
equation as 


C =e™" [Se"TN(d1) -X - N (d2)] 


where we have moved the discount factor outside the bracket. The 
first term inside the bracket is recognized as the forward price of the 
underlying security, times the probability that the option will be at-the- 
money at maturity. In practical situations it is favourable to rewrite the 
equation as 


C = e "discount T k [s š elrepo T . N(dı) X. N (d2)] 


As we can see, we use two different interest rates. The discount rate 
Tdiscount is used for discounting to a PV, and the repo rate ryepo as the 
risk-free rate in the valuation of the forward. 
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Market Interest Rates and Quotes 


3.1 The Complexity of Interest Rates 


In many, if not in all discussion about valuing financial instruments, 
especially interest rate derivatives, the risk-free interest rate is an im- 
portant topic. The risk-free interest rate are used to discount projected 
or expected cash-flows to a present value. But, what rate should be 
used? A short answer should be that this depends on what instrument 
to value, the counterparty and the agreements made. A better answer 
might be that the rate should be chosen to reflect the funding cost of 
buying the instrument. In this section we will discuss how the market 
situations in the near future have changed the view about the risk-free 
interest rate. 

Before 2007, the London Inter-Bank Offered Rate (LIBOR) rate was 
frequently used as the risk-free interest rate. Today, we know that this 
is not correct. To understand why, we have to go back to the definition. 


3.1.1 The LIBOR Rates 


On 1 February 2014 the administration of LIBOR was transferred 
from the British Banker’s Association (BBA) to the Intercontinental Ex- 
change (ICE), and BBA LIBOR is now known by the name ICE LIBOR. 
The need for a new administrator of LIBOR was highlighted in the 
Wheatley Review! due to the findings by various authorities in regard 
to the attempted manipulation of LIBOR. 


I https://www.gov.uk/government/uploads/system/uploads/attachment_\penalty\z@data/file/ 
191762/wheatley_review_libor_finalreport_280912.pdf 
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LIBOR reflects the average rate at which banks can obtain unsecured 
funding in the London inter-bank market for a particular currency and 
a particular time period. It is used globally as a benchmark to calculate 
payments made under all manner of finance documents - for example, 
derivatives, syndicated and bilateral loan agreements and floating rate 
notes. 

The appointment of ICE as the new administrator will need to be 
reflected in the LIBOR definition in finance documents entered into 
after 1 February 2014. With regard to pre 1 February 2014 finance doc- 
uments, they will typically define LIBOR by reference to BBA LIBOR. 
On the basis that ICE LIBOR retains substantially the same attributes 
as BBA LIBOR and the transfer of the administration function does not 
involve a fundamental change in the way in which the relevant data is 
collected and the calculation made, the widely held view in the market 
is that a reference to BBA LIBOR will operate to reference ICE LIBOR. 

In 2015, the ICE Benchmark Administration ABA) has a reference 
panel of 11-17 banks, see Table 3.1 for five different currencies,” 
which includes CHF (Swiss Franc), EUR (Euro), GBP (Pound Sterling), 


Table 3.1 ICE Benchmark Administration panel banks 
BANK/CCY USD 


Lloyds TSB Bank plc 

Bank of Tokyo-Mitsubishi UFJ Ltd 
Barclays Bank plc 

Mizuho Bank, Ltd. 

Citibank N.A. (London Branch) 
Cooperative Rabobank U.A. 

Credit Suisse AG (London Branch) 
Royal Bank of Canada 

HSBC Bank plc 

Santander UK Plc 

Bank of America N.A (London Branch) 
BNP Paribas SA, London Branch 

Credit Agricole Corporate & Investment Bank 
Deutsche Bank AG (London Branch) 
JPMorganChase Bank, N.A. (London Branch) 
Societe Generale (London Branch) 
Sumitomo Mitsui Banking Corporation 
Europe limited 

The Norinchukin_Bank 

The Royal Bank of Scotland plc 

UBS AG 
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2 Before May 2013 there were 11 currencies. The following currencies have been removed; 
NZD, DKK, SEK, AUD and CAD. At the same time the tenors 2W, 4M, 5M, 7M, 8M, 9M, 10M and 
11 M were removed for CHE EUR, GBP JPY and USD. 
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the JPY Japanese Yen), and USD (US Dollar). It is a polled rate from 
the panel of banks. 

The LIBOR rate is determined by every contributor bank, which are 
determined yearly by the IBA and regulated by the Financial Conduct 
Authority. Only banks that have a significant presence in the London 
market are considered to be placed on the ICE LIBOR panel. All of 
the panel banks are asked the following question: “At what rate could 
you borrow funds, were you to do so, by asking for and then accepting 
inter-bank offers in a reasonable market size just prior to 11 a.m.?” The 
banks are obligated to submit a rate at which they would borrow cash 
from another bank. 

Once the banks submit their rates in response to the question, ICE 
calculates the LIBOR rate using a trimmed mean excluding both the 
highest and lowest quartiles of the submissions to exclude outliers, 
while the rest are averaged. The average rate is published to the market 
daily at approximately 11:45 a.m. Greenwich Mean Time. 

ICE are using an ICE LIBOR HOLIDAY CALENDAR that can be found 
at https://www.theice.com/publicdocs/Fixing_Calendar_2016.pdf 

Quoted LIBOR rates are given as in Table 3.2 and Table 3.3. 


3.1.1.1 Calculation 


All ICE LIBOR rates are quoted as an annualized interest rate. This is 
a market convention. For example, if an overnight Pound Sterling rate 
from a contributor bank is given as 2.00000%, this does not indicate 
that a contributing bank would expect to pay 2% interest on the value 
of an overnight loan. Instead, it means that it would expect to pay 2% 
divided by 365. 

Every ICE LIBOR rate is calculated using a trimmed arithmetic mean. 
Once each submission is received, they are ranked in descending order 
and then the highest and lowest 25% of submissions are excluded. This 
trimming of the top and bottom quartiles allows for the exclusion of 
outliers from the final calculation. The number of rates for different 
numbers of contributors are shown in Table 3.4 


3.1.2 The EURIBOR Rates 


The Euro Interbank Offered Rate (EURIBOR) is a daily reference rate, 
published by the European Money Markets Institute CEMMD, based on 
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Table 3.2 Euro LIBOR quotes 


EUR 08-15-2016 08-12-2016 08-11-2016 08-10-2016 08-9-2016 


Euro LIBOR - -0.40000% -0.39929% -0.40000% -0.40000% -0.40000% 
overnight 

Euro LIBOR — -0.38714% -0.38714% -0.38714% -0.38714% -0.38714% 
1 week 

Euro LIBOR — -0.34129% - - - - 

2 weeks 

Euro LIBOR — -0.37143% -0.37071% -0.37214% -0.37214% -0.37143% 
1 month 

Euro LIBOR - -0.32143% -0.33971% -0.33971% -0.33900% -0.33829% 
2 months 

Euro LIBOR — - -0.31929% -0.31929% -0.31857% -0.31857% 
3 months 

Euro LIBOR - - - - - - 

4 months 

Euro LIBOR —- - - - - - 

5 months 

Euro LIBOR - -0.20214% -0.20219% -0.19843% -0.19829% -0.19729% 
6 months 

Euro LIBOR — - - - - - 

7 months 

Euro LIBOR - - - - - - 

8 months 

Euro LIBOR —- - - - - - 

9 months 

Euro LIBOR - - - - - - 

10 months 

Euro LIBOR — - - - - - 

11 months 

Euro LIBOR - -0.07271% -0.07257% -0.07257% -0.07171% -0.07143% 
12 months 


the averaged interest rates at which Eurozone banks offer to lend and 
borrow unsecured funds from each in the euro interbank market. EUR- 
IBOR was first published on December 30, 1998. Prior to 2015, the 
rate was published by the European Banking Federation and calculated 
by Tomson Reuters. 

At present there are eight EURIBOR maturities - 1 week, 2 weeks, 1 
month, 2 months, 3 months, 6 months, 9 months and 12 months (until 
October 2013 there were 15 maturities). The rates are used as a refer- 
ence rate for euro-denominated forward rate agreements, short-term 
interest rate futures contracts and interest rate swaps. EURIBOR are 
used in the same way as LIBOR rates are commonly used for Sterling 
and US dollar-denominated instruments. 
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Table 3.3 USD LIBOR quotes 
USD 08-15-2016 08-12-2016 08-11-2016 08-10-2016 08-09-2016 


USD LIBOR -— 0.41889 % 0.41910% 0.42020% 0.41970% 0.41880% 
overnight 

USD LIBOR -— 0.44078% 0.44270% 0.44345% 0.44370% 0.44245% 
1 week 

USD LIBOR -— - - - - - 

2 weeks 

USD LIBOR -— 0.50744% 0.50665% 0.50765% 0.51765% 0.51315% 
1 month 

USD LIBOR -— 0.63206% 0.63255% 0.62880% 0.63280% 0.62955% 
2 months 

USD LIBOR -— 0.80411% 0.81825% 0.81700% 0.81760% 0.81600% 
3 months 

USD LIBOR -— - - - - - 

4 months 

USD LIBOR -— - - - - - 

5 months 

USD LIBOR -— 1.19744% 1.20670% 1.20395% 1.20370% 1.19620% 
6months 

USD LIBOR -— - - - - - 

7 months 

USD LIBOR -— - - - - - 

8 months 

USD LIBOR -— - - - - - 

9 months 

USDLIBOR — - - - - - 

10 months 

USD LIBOR -— - - - - - 

11 months 

USD LIBOR -— 1.50661 % 1.52570% 1.51950% 1.52450% 1.52250% 
12 months 


Table 3.4 Number of used rates for given numbers of contributors 


#CONTRIBUTORS METHODOLOGY #OF RATES 
18 Contributors Top 4 highest rates, tail 4 lowest rates 10 
17 Contributors Top 4 highest rates, tail 4 lowest rates 9 
16 Contributors Top 4 highest rates, tail 4 lowest rates 8 
15 Contributors Top 4 highest rates, tail 4 lowest rates 7 
14 Contributors Top 3 highest rates, tail 3 lowest rates 8 
13 Contributors Top 3 highest rates, tail 3 lowest rates 7 
12 Contributors Top 3 highest rates, tail 3 lowest rates 6 
11 Contributors Top 3 highest rates, tail 3 lowest rates 5 


As at February 2016 the panel of banks contributing to EURIBOR 
consists of 24 banks: Whereas in September 2012, the panel of banks 
contributing to EURIBOR consisted of 44 banks, see Table 3.5. 
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Table 3.5 The LIBOR panel banks at 2012-09-01 and 2014-09-01 


Country 


Austria 


Belgium 
Finland 


France 


Germany 


Greece 
Italy 


Ireland 
Luxembourg 
Netherlands 


Portugal 
Spain 


Great Brittain 
Denmark 
Sweden 
Non-EU banks 


Banks 2012-09-01 


Erste Group Bank AG 

RZB Raiffeisen Zentralbank 
Österreich AG 

Belfius 

KBC 

Nordea 

Pohjola 

Banque Postale 

BNP-Paribas 

HSBCFrance 

Société Général 

Natixis 

Credit Agricole s.a. 

Credit Industriel et Commercial 
CIC 

Landesbank Berlin 

Bayerische Landesbank 
Girozentrale 

Deutsche Bank 

Commerzbank 

DZ Bank Deutsche 
Genossenschaftsbank 
Norddeutsche Landesbank 
Girozentrale 

Landesbank Baden-Wurttemberg 
Girozentrale 

Landesbank Hessen-Thuringen 
Girozentrale 

National Bank of Greece 

Intesa Sanpaolo 

Banca Monte dei Paschi di Siena 
UniCredit 

UBI Banca 

Bank of Ireland 

AIB 

Banque et Caisse d'Epargne de 
l'Etat 

ING Bank 

Rabobank 

Caixa Geral de Depósitos (CGD 
Banco Bilbao Vizcaya Argentaria 
Banco Santander Central Hispano 
Confederacion Espaòola de Cajas 
de Ahorros 

CaixaBank S.A. 

Barclays 

Den Danske Bank 

Svenska Handelsbanken 

UBS (Luxembourg) S.A. 
Citibank 

J.P.Morgan Chase & Co 


The Bank of Tokyo-Mitsubishi UFJ 


Banks 2014-09-01 


Belfius 


Nordea 
Pohjola 


BNP-Paribas 

HSBC France 
Société Général 
Natixis 

Credit Agricole s.a. 


Deutsche Bank 
Commerzbank 
DZ Bank Deutsche 


National Bank of Greece 

Intesa Sanpaolo 

Banca Monte dei Paschi di Siena 
UniCredit 


Banque et Caisse d'Epargne de 
l'Etat 
INGBank 


Caixa Geral de Depósitos (CGD) 
Banco Bilbao Vizcaya Argentaria 
Banco Santander 

CECABANK 


CaixaBank S.A. 
Barclays 
Den Danske Bank 


London Branch of JP Morgan 
Chase 
The Bank of Tokyo-Mitsubishi 
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The panel of banks provide daily quotes of the rate, rounded to 
two decimal places, that each panel bank believes one prime bank is 
quoting to another prime bank for interbank term deposits within the 
Euro zone. The maturities are ranging from 1 week to 1 year. 

Every Panel Bank is required to directly input its data no later than 
11:00 a.m. (CET) on each day that the Trans-European Automated Real- 
Time Gross-Settlement Express Transfer system (TARGET) is open. At 
11:02 a.m. (CET), GRSS (Global Rate Set Systems) will instantaneously 
publish the reference rate on Reuters, Bloomberg and a number of 
other information providers which will then be made available to all 
their subscribers. The published rate is a rounded, truncated mean 
of the quoted rates. The highest and lowest 15% of quotes are elim- 
inated and the remainder are averaged and the result is rounded to 
three decimal places. EURIBOR rates are spot rates, that is, for a start 
two working days after measurement day. Like US money-market rates, 
they are Actual/360, that is, calculated with an exact day count over a 
360-day year. (Fig. 3.1) 


3.1.2.1 EURIBOR+ 


At a SIFMA? Roundtable on December 2, 2015, representatives of 
the European Money Market Institute (EMMD explained their plan to 
change the EURIBOR rate from the current quotation-based system 
to a rate based on actual transactions. The new rate will be called 
EURIBOR+. According to EMMI, one of the goals is to achieve a “seam- 
less transition” in which no current EURIBOR-based contracts would 
be disrupted. At the end of the transition, EURIBOR+ will continue 
to be published on the same data vendor pages, such as Reuters 
page EURIBORO1. EMMI administers the EURIBOR and Euro Overnight 
Index Average (EONIA) rates. 

Currently, EURIBOR is defined as “the rate at which euro interbank 
term deposits are being offered within the EU and EFTA countries by 
one Prime Bank to another at 11:00 a.m. Brussels time.” The definition 
of EURIBOR+ would be “the rate at which banks of sound financial 
standing could borrow funds in the EU and EFTA countries in the 
wholesale, unsecured money markets in euro.” 


3 Securities Industry and Financial Markets Association 
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Fig. 3.1 EURIBOR rate quotes between 2011-04-01 and 2016-08-15 


The key difference between current EURIBOR and EURIBO+ is that 
EURIBOR relies on quotes and member bank estimates of prime bank 
activity, while EURIBOR+ will rely on actual wholesale borrowing 
transactions executed by the member bank. EURIBOR’s current estim- 
ate of bank funding rates as a point-in-time average will be replaced by 
the EURIBOR+ backward- looking period average. 

The transition to EURIBOR+ is targeted to take effect on July 4, 
2016. 

The first element to consider is that the number of entities that 
provide data is increased, in addition to changing the methodology, 
since it will take into account not only the deposits that banks make 
to each other (interbank lending) but also those of big companies 
and financial institutions, non-financial small and medium entrepren- 
eurs, insurance companies, pension funds, etc. The current EURIBOR 
measures the average interest rate at which banks lend money in 
Europe and currently only 24 institutions are providing information. 
The problem is that banks do not provide accurate information on 
operations with real interest but on estimates of the interest that would 
be charged between them. 

The various manipulations of EURIBOR (also from other indices 
such as Libor or Tibor) between 2005 and 2009 made the European 
Commission in 2013 to fine several entities. The new EURIBOR Plus 


4 Source Swedbank AB (publ 
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calculation would be based on a more realistic rate which would mean 
that an application of a rate more realistic, although not until the test 
period to see if this is so. 


3.1.3 The EONIA Rates 


The other widely used reference rate in the euro-zone is EONIA, also 
published by the European Banking Federation, which is the daily 
weighted average of overnight rates for unsecured interbank lending 
in the euro-zone, that is, like the federal funds rate in the US. The banks 
contributing to EONIA were the same as the Panel Banks contributing 
to EURIBOR. However, “On 1st June 2013 the Eonia® and Euribor® re- 
spective panels of contributing banks have been differentiated.” (EMMI 
website) 

The reference rate referred to as EONIA is computed as a weighted 
average of all overnight unsecured lending transactions in the 
interbank market, initiated within the euro area by the Panel Banks. 
Note that this is an average of actual transactions that has taken place 
between banks - not any indicative quote as used in the calculations 
of LIBOR or EURIBOR rates. It is reported on an act/360 day count 
convention with three decimal places. 

“Overnight” means from 1 day to the next business day, until the 
interbank payment system TARGET, The Trans-European Automated 
Real-time Gross settlement Express Transfer system closes. The panel 
of reporting banks is the same as for EURIBOR, so that only the most 
active banks located in the euro area are represented on the panel and 
the geographical diversity of banks in the panel is maintained. 

All specified transactions initiated during the business day shall be 
reported by the Panel Banks in aggregate, that is, the sum of all lending 
transactions carried out before the closing of real-time gross settle- 
ment (RTGS) systems at 6:00 p.m. (London time). Each Panel Bank 
shall, on each day that the TARGET system is open and no later than 
6:30 p.m., report to the ECB the total volume of unsecured lending 
transactions that day and the weighted average lending rate for these 
transactions. Thus, the calculation of the weighted average for the 
overnight transactions for each bank is made by the respective Panel 
bank itself. 

The amount of lending transactions shall be reported by Panel Banks 
in millions of euro, and the individual average rates shall be reported 
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Fig. 3.2 The Over-Night rate EONIA’ 


with three decimals. Rounding shall be carried out following estab- 
lished rounding rules in the market. In Fig. 3.2, the evolution of the 
EORNIA rate between 2014-12-01 and 2016-08-01 are shown. 


3.1.3.1 Calculation and Publication of EONIA 


Based on the reported volumes and average rates from each Panel Bank 
the European Central Bank (ECB) calculates EONIA, the weighted av- 
erage for all the Panel banks. ECB shall aim to make the computed 
rate available for publication as soon as possible so that EONIA can be 
published between 6:45 p.m. and 7:00 p.m. on the same evening. 

The ECB will undertake control measures to assess the quality of 
EONIA and may report to the Steering Committee on the performance 
of individual Panel Banks. 


3.1.4 The Euro Repurchase Agreement Rate - Eurepo® 


For the reference rate Eurepo,’ a representative panel of prime banks 
provide daily quotes of the rate, rounded to three decimal places. 
Each Panel Bank reports its believes on what one prime bank is 
bidding another prime bank (and offering money) for term repo with 


> Source, Swedbank AB (publ) 
5 Eurepo was discontinued on 2 January 2015. 
7 http://www.emmi-benchmarks.eu/assets/files/Eurepo_tech_features.pdf 
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generalized collateral (Eurepo GC). Eurepo is quoted for spot delivery 
(T +2) using the act/360 day-count convention. Eurepo is quoted for 
the following maturities: T/N, 1, 2 and 3 weeks and 1, 2, 3, 6, 9 and 
12 months. 

Contribution of data 


e Every Panel Bank will be required to directly input their data to the 
Calculation Agent platform no later than 10:45 a.m. (CET) on each 
day that the Trans-European Automated Real-Time Gross-Settlement 
Express Transfer system (TARGET) is open. 


e Each Panel Bank will be allocated a private page by the Calculation 
Agent on which to contribute its data. Each contribution can only 
be viewed by the contributing Panel Bank and by the Calculation 
Agent staff involved in the calculation process. 


e From 10:45 to 11:00 a.m. at the latest, the Panel Banks can correct, 
if necessary, their quotations. 


3.1.4.1 Calculation 


At 11:00 a.m. (CET), the Calculation Agent will process the Eurepo 
calculation. The Calculation Agent shall, for each maturity, eliminate 
the highest and lowest 15% of all the quotes collected. The remaining 
rates will be averaged and the result will be rounded to three decimal 
places. 


3.1.4.2 Fall-Back Rules 


Before calculating at 11:00 a.m. (CET) on each Target Day the Eurepo 
for that day, the Calculation Agent shall verify if all the Panel Banks 
have made their data available for that day in accordance with the 
established procedures. 

If one or more Panel Banks have failed to do so, the Calculation 
Agent shall use reasonable efforts to remind such Panel Banks by tele- 
phone or any other means of communication of their obligation to 
provide the data and shall invite them to submit the data immediately. 

Should any Panel Bank after such a reminder still not provide its data 
until 11:00 a.m. (CET), the Calculation Agent shall calculate the Eurepo 
for that day without the missing data and promptly notify EMMI in 
writing. 
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At 11.00 am: 


e if eight or more Panel Banks from three or more countries have 
provided data, calculate and display the Eurepo based on this 
data; or 


e if fewer than eight Panel Banks have provided data or if the 
Panel Banks which have provided data are from fewer than three 
countries, the Calculation Agent shall delay the calculation of the 
Eurepo for that day until eight or more Panel Banks from three or 
more countries have provided data. The Calculation Agent shall, at 
11:15 a.m. (CET), indicate the delay to all Authorized Vendors and 
promptly notify EMMI. 


e If fewer than eight Panel Banks have provided data by 12:30 p.m. 
(CET), Eurepo rates of the previous business day will be republished 
at 12:30 p.m. (CET) and will be used as the Eurepo rates for that 
day. Any republished rates from the previous business day will be 
identified as such by the Calculation Agent. 


In this event, the Eurepo Steering Committee shall be convened in 
special session as soon as practicable on notification of a contingency 
event, in order to devise a resolution strategy preserving the continuity 
of Eurepo. This strategy should be implemented within a period no 
longer than three fixing days of the prior fixing established under the 
regular process. The prior fixing may be re-published as the fixing for 
the days in this period. 


3.1.4.3 Publication of Eurepo 


After the calculation has been processed at 11:00 a.m. (CET), the 
calculation agent will publish the Eurepo reference rate which will 
be made available simultaneously to all Authorised Vendors. 

At the same time, the underlying Panel Bank rates will be published 
on a series of composite pages which will display all the rates by 
maturity. 

Historical data and individual submissions for Eurepo are also 
published on a delayed basis on the EMMI official website. 
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3.1.5 Sterling Overnight Index Average (SONIA) 


Sterling Overnight Index Average (SONIA) was introduced by the 
Wholesale Markets Brokers’ Association (WMBA) in March 1997 as a 
benchmark for the cost of overnight funds in sterling. It was London’s 
first Overnight Index and it stimulated the development of Overnight 
Index Swaps (OIS) in the Sterling Money Market. SONIA provides 
a methodology for the fixing of Overnight Indexed Swap rates. Al- 
though some central banks calculate and publish daily fixing rates for 
overnight funds in their respective currency, the Bank of England did 
not. So if no appropriate rate existed in Sterling, the WMBA, with the 
BBA’s backing, decided to create the SONIA calculations. Historical 
data are available on the WMBA website. 

The Bank of England and the WMBA announced in April 13 2016 
that the Bank of England will become the administrator of the SONIA 
interest rate benchmark on 25 April 2016.8 

SONIA tracks actual Sterling overnight funding rates experienced 
by market participants during the day. SONIA is the weighted average 
rate to four decimal places of all unsecured sterling overnight cash 
transactions brokered in London by WMBA member firms between 
midnight and 4:15 p.m. with all counterparties in a minimum deal size 
of £25 million. 

The creation of SONIA led to new derivative products, which 
have been used to reduce the risk and increase the transparency for 
overnight funding. The foremost example of this is the OIS. In such a 
swap a fixed rate interest rate is swapped against a floating rate index, 
for example, SONIA or EONIA. OIS contracts replicate a mismatched 
interbank deposit position through either: 


e a short-term loan funded by an overnight deposit; or 
e an overnight loan funded by a short-term deposit. 


OISs allow banks to manage their liquidity requirements more effect- 
ively although part of the overnight risk still remains. 

A typical OIS contract looks like this: Two parties agree to exchange 
the difference between the interest accrued at a pre-specified fixed 
interest rate on a given notional amount for a fixed period - say 3 
months - and the compounded interest obtained from rolling-over the 


8 http://www.bankofengland.co.uk/publications/Pages/news/2016/046.\penalty\z@aspx 
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daily SONIA rates over the term of the swap. At the end of the period 
settlement of the contract is made and payments are netted so the 
principal never changes hands. 


3.1.6 Federal Funds 


Federal funds, or fed funds, are unsecured loans of reserve balances 
at Federal Reserve Banks that depository institutions make to one an- 
other. The rate at which these transactions occur is called the fed 
funds rate. 

The most common duration or term for fed funds transaction is 
overnight, though longer-term deals are arranged. The Federal Open 
Market Committee FOMO) sets a target level for the fed funds rate, 
which is its primary tool for implementing monetary policy. Fed Funds 
Transactions Redistribute Bank Reserves 

Fed funds are unsecured loans of reserve balances at Federal Reserve 
Banks between depository institutions. Banks keep reserve balances 
at the Federal Reserve Banks to meet their reserve requirements and 
to clear financial transactions. Transactions in the fed funds market 
enable depository institutions with reserve balances in excess of re- 
serve requirements to lend them, or “sell” as it is called by market 
participants, to institutions with reserve deficiencies. Fed funds trans- 
actions neither increase nor decrease total bank reserves. Instead, they 
redistribute bank reserves and enable otherwise idle funds to yield a 
return. 


3.1.7 Summary 


In Table 3.6, we show a summary of the most common interest rates. 
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3 Market Interest Rates and Quotes 
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Interest Rate Instruments 


4.1 Introduction to Interest Rate Instruments 


We will now describe some instruments in the interest rate markets, 
where there exist a huge number of different instrument types. To 
mention all variants is far out of the scope in this book, if possible at 
all. Some of these instruments are referred as Fixed Income instru- 
ments. The name refer to the fact that all income, that is, all cash 
flows, are known prior to the actual trade. Bonds are typical fixed 
income instruments since the coupon rate and the nominal amount 
are known. 


4.1.1 Bonds, Bills and Notes 


Bond, bills and notes are the most common debt instruments and 
the starting point in most financial theory. In a later section we will 
consider the bond prices (zero-coupon bonds) as stochastic processes 
related to similar processes of the short rates and forward rates. The 
value of such an instrument is found by studying the individual cash 
flows and discount them to present values. The total value is then 
given as the sum of its components. 


4.1.1.1 Bills 


Bills are the simplest debt instruments. It is a promissory note with a 
fixed time of expiry when it promises to pay a fixed nominal amount. 
There are no intermediate payments. Bills are negotiable securities that 
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are issued by central or local governments, private corporations and 
banks and can be resold. The lifetime of a bill is normally a year or 
less. If the time value of money is positive the bills are traded at a 
price that is lower than the nominal amount ahead of expiry. This is 
known as a “discount”. The discount is the nominal value of the bill 
minus its current price. Before the recent financial crisis and negative 
central bank rates bills typically traded at a “discount”. 

Bills issued by the central government are known as T-bills (Swedish 
SSVX). If issued by local government municipalities or private firms 
the bills are known as CDs or Commercial Paper. 


4.1.1.2 Bonds and Notes 


Bonds too, have a fixed time of expiry but in addition to bills typically 
pay interest during their lifetimes. The interest payments are known 
as coupons. In addition bonds typically have several years to expiry 
upon issue. These are long-term debt instruments that can be resold. 
When a bond is issued, the buyers are essentially lending money to 
the issuer in return for the promise of regular interest payments and 
the promise of repayment of the principal at a future date. Most bonds 
also trade in the secondary market, like stocks and other securities. 
Understanding the pricing of a bond and, in particular, the relative 
valuation of different bond issues is very important for investors and 
traders. 

A note is similar to a bond, but with a shorter lifetime. Notes have 
normally a lifetime between 1 and 10 years, while bonds have a life- 
time of more than 10 years. In UK there are bonds, war loans (from 
the Second World War) that never expires. In UK bonds are referred 
to as gilts. 

The main considerations that enter the pricing of a bond are: 


e The principal (or notional amount of the bond) 

e Time to maturity 

e The interest payments (coupons) 

e Call provisions and other features such as conversion to shares, etc. 
e Credit quality of the issuer. 


The first three points define the structure of cash flows that the 
investor expects to receive if the bond was held to maturity. 
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Positive cash-flow Principal 
Receiving regular fixed 
interest payments (coupons) 


Negative cash flow 
You pay for the bond 


Fig. 4.1 The bond cash flows consist of an initial payment , the fixed coupon 
payments and the payback of the principal (the nominal amount) 


Callable bonds are bonds where the issuer has the right, but not the 
obligation, to call back/repurchase the bond at one or more specified 
points over the bond’s lifetime. If called, the issuer pays the investor 
the pre-specified call price, the strike. The call price is usually higher 
than the bond’s par value. The difference between the call price and 
par value is called the call premium. For the investor, this means that 
there is uncertainty as to the true maturity of the bond. 

Putable bonds are bonds where the holder has the right, but not the 
obligation, to put back the bond to the issuer at one or more specified 
points over the bond’s lifetime. If putted, the investor pays the issuer 
pre-specified put price. The difference between the put price and the 
par value of the bond is called the put premium. 

Convertible bonds (usually issued by corporations) can be conver- 
ted into stocks at a given price (the “conversion ratio”). Conversion 
events complicate the pricing because the investor is uncertain about 
what cash flows will be received. 

Zero-coupon bonds (also called a “zeroes” or a “pure discount 
bonds”) are bonds that have a single payment of the principal at 
maturity, without any intermediate interest payments. 

A Bullet bond is a conventional bond paying a fixed periodic 
coupon and having no embedded optionality. Such bonds are non- 
amortizing, that is, the principal remains the same throughout the 
lifetime of the bond and is repaid in its entirety at maturity. Bullet 
bonds are also called straight bonds. In the United States such bonds 
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usually pay semi-annual coupons. The coupon rate (CR) is stated as 
a simple annualized rate (usually with semi-annual coupon payments) 
and paid on the bond’s par value (par). Thus, a single coupon payment 
is equal to 44 x CR x Par. 

A benchmark bullet bond is a bullet bond issued by a sovereign 
government and assumed to have no credit risk. These are also called 
Treasury bonds. 

A non-benchmark bullet bond is a bullet bond issued by an entity 
other than the sovereign and which, therefore, has some credit risk. 

Eurobonds are bonds in the Eurobond market. The name can be 
confusing because of its name. Although the Euro is the currency used 
by participating European Union countries, Eurobonds refer neither 
to the European currency nor to some European bond market. A Euro- 
bond instead refers to any bond that is denominated in a currency 
other than that of the country in which it is issued. Bonds in the Euro- 
bond market are categorized according to the currency in which they 
are denominated. As an example, a Eurobond denominated in Japanese 
yen but issued in the US would be classified as a Euro Yen bond. 

Foreign bonds are denominated in the currency of the coun- 
try in which a foreign entity issues the bond. One example is the 
samurai bond, which is a yen-denominated bond issued in Japan by 
an American company. Other popular foreign bonds include Bulldogs 
and Yankee bonds. 

The credit quality is a very important variable because it represents 
our beliefs about the issuer’s capacity to repay the principal and in- 
terest. US Federal Government bonds are considered to be the most 
creditworthy, since they are backed by the “full faith and power” of 
the government. 

Bonds issued by corporations have a certain probability of default- 
ing in case the corporation can no longer meet its obligations. Thus, 
corporate bonds have a lower credit quality. Low-credit bonds have 
higher coupons than high-grade bonds trading at the same price. In- 
vestors demand a premium for taking on the default risk. In most cases 
we will ignore credit quality considerations. 

Arbitrage Pricing Theory (APT), as we will see, gives a way of ex- 
pressing the value of a zero-coupon bonds in terms of a risk-neutral 
measure on the paths of the short-term interest rates. The yield of 
the zero-coupon bond is, by definition, the constant interest rate that 
would make the bond price equal to the discounted value of the final 
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cash flow. In other words, the yield is the continuously compoun- 
ded (constant) rate of return that the investor would receive if the 
zero-coupon bond was bought and held to maturity. Notice that the 
price and the yield varies inversely to each other: an increase in price 
corresponds to a decrease in yield and vice-versa. Moreover, the price 
is a convex function of yield. 

There is an important practical consideration regarding the calcu- 
lation of yields. In fact, expressing the time-to-maturity, T — t, as a 
fraction of a year, a decimal number, requires using a specific day- 
count convention, in order to convert days and months into fractions 
of a year. 

Most bonds have intermediate interest payments, typically called 
coupons, as well as repayment of the principal. The “generic” bond 
must therefore specify a maturity date in which the principal payment 
is made, as well as a schedule of intermediate interest payments. 


e Maturity date 
e Principal (notional, nominal amount or the face value) 
e Coupon rate 


e Frequency of the coupons and payment dates 


The coupon rate is the annualized intermediate payment 
of the bond. The frequency represents how many payments 
are made per year (1, 2, 4 or 12). Most bonds have an- 
nual or semi-annual coupon payments. Thus, a 10-year bond 
with face value of $1000 and a semi-annual coupon of 6.25 
will pay the investor an interest of 0.5 x 0.0625 x 1000 
= $31.25 every six months (totally 20 payments) and the principal will 
be paid at the 20th payment date. 


4.1.2 Bonds, Market Quoting Conventions and Pricing 


When a trader buys a bond, the price is normally quoted as the clean 
price. The price actually being paid, however, is equal to the clean 
price plus the accrued interest since the last coupon. This is known 
as the “dirty price”. The price of a bond as function of the yield-to- 
maturity (YTM) can be written as 


N - C 
(1 + ytm) (1 + ytm)" 


i=l 
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70 
-0.005 0.005 0.015 0.025 0.035 0.045 
Yield 


Fig. 4.2 A 30 year to maturity bond price as function of ytm. The coupon 
rate = 3%. 


Remark! This is the relationship between the quoted yield and the dirty 
price is known as the present value formula although in the markets 
one does not use it to value the bonds. The price P versus yim is 
shown in Fig. 4.2. 

The formula for the price, as a function of the yield can be simpli- 
fied as we will show below. Denote T as the time to maturity, N the 
nominal amount, C the size of the coupon (C = c - N where c is the 
coupon rate) ant t; the times for the individual coupons. If the market 
rate is the same as the coupon rate, we say that the bond is traded at 
par. For simplicity we denote yield-to-maturity with the single letter y 
from now on. 

We start by studying the present value formula for only the coupons, 
that is, 


[7] 
C C 1 

PV, = - = é = - 

í 2 (ty (+y 2 (+y) 


where [T] is the Gnteger) number of years to maturity and {T} = T-[T] 
the time (part of a year) to the next coupon. The last sum is then 


[T] [T] 


1 
a 7 "a 
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If we multiply this sum with (1 + y) we get 


[T]-1 
(+y)x=(1+y)+ — 
2 Ty 
We then have 
1 
l+y)x-x=x-y=(1+y)-——_ 
(+y) y=(1+y) asp 
Giving 
l+y 1 
x= : 
y  (ty)Fl.y 
Then 


P C (> 1 F Cly (set -1 
ayy a+y” y) aty ( a+ 


And we finally get 
C T]+1 


+y)” 
If there are several coupons per year (with the frequency f) we get 


Pvop=(1 wy [+S C 3) - | 


where M is the number of the remaining cash flows. In C/C++ or Excel, 
M is calculated using the function ceil as ceil (7f)/f. The formula can 
be used to calculate the interest rate risk, where we shift the yield-to- 
maturity with one basis point (bp) 


PVO) = 


R=PV(y)—PV(y + 1 bp) 


We can also use this to calculate an implied coupon rate for floating 
rate notes (FRNs) if we have the market price and yield-to-maturity 


y (ev (143) = ) 
(y 


Using the yield-to-maturity, the price of a bond can be calculated in 
C/C++ as 


C= 
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double Price(double Coupon, double YTM, double T, int f) 


{ 


double price; 


price = Coupons (pow(1.0 + YTM, ceil(T*f£)/f£) - 1.0)/ 
(pow(1.0 + YTM, 1.0/£) - 1.0); 
price = (100.0 + price) /pow(1.0 + YTM, T); 


return price; 


} 


The present value, that is, the market (dirty) price of a bond, is 
given by 


n 


N C 
y a 
A+A E Atre" 
With a known constant spread above the interest rate we calculate 
this as 


double BondPrice (double Coupon, double *SpotRate, int N, 
int «PayDay, double spread) 
{ 


double Price = 0.0; 
int i; 
for (i = 0; i < N; i++) { 
Price += Coupon/pow(1.0 + (SpotRate[i] + spread), 
PayDay [i] /365.0); 
} 


Price += 100.0/pow(1.0 + (SpotRate[N-1] + spread), 
PayDay [N-1]/365.0); 
return Price; 


4.1.3 Accrued Interest 


The market prices of bonds, when published in newspapers, are 
quoted as clean prices.! That is, they are quoted without any accrued 
interest. The accrued interest is the amount of interest that has built up 
since the last coupon payment. In contrast to stock markets, in fixed 
income the convention is to share the dividend payments, that is, the 
coupon payments, in a special way between buyers and sellers if the 
bond is bought at a time between coupon dates. 


1 In some countries, such as Sweden, bond prices are quoted as yield (to maturity). 
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The accrued interest is equal to the upcoming coupon payment 
times the number of days since the last coupon date divided by the 
number of days in the period between coupon payments. 


The actual payment is called the dirty price and is the sum of the 
quoted clean price and the accrued interest. 

How the dirty price is related to the clean price is shown in Fig. 4.3. 
The owner of the bond wants to get his share of the upcoming coupon 
payment if he sells the bond between the cash flows. 

The clean price is given as 


365 -—d 
365 


where d is the number of days until next coupon payment. The clean 
price in the Fig. 4.3 is constant if the market rate and the coupon rate 
are the same. 

If the market rate is higher than the coupon rate, the clean price 
will have a positive slope. This is illustrated in Fig. 4.4. 

On the other hand, if the market rate is below the coupon rate, the 
clean price will have a negative slope as in Fig. 4.5. 

As we have seen, when we calculate the price of a bond and con- 
sider the bond as a number of cash flows that we use the present 
value formula. In Table 4.1, we show the coupon frequencies and the 
day-count convention for typical bonds in some countries. 

Bills in US with maturity less than 1 year are called T-bills. They 
are usually zero-coupon bonds. Bonds with maturity 1 to 10 years 


Clean = P —Coupon - 


Dirty price 


Accured Interest Clean price 


Time (years) 


Fig. 4.3 The clean- and dirty price of a bond as function of a constant yield over 
time 
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Fig. 4.4 The bond dirty price as function of a constant upward sloping yield 


are called T-notes and they with maturity above 10 years are called 
T-bonds. They are coupon bearing and quoted in USD and 32nds of a 
USD for a USD 100 face value. Thus, a quote of 99-16 means a decimal 
price of USD 99.5 for a USD 100 face value. 

Bonds traded in the United States foreign bond market, which are 
issued by non-US institutions, are called Yankee bonds. Since the be- 
ginning of 1997, the US Federal Government has also issued bonds 
linked to the rate of inflation. 

Bonds issued by the UK Government are called gilts. Some of these 
bonds are callable; some are irredeemable, meaning that they are 
perpetual bonds (we will discuss such a bond in more detail in a 
later section) having a coupon but no repayment of principal. The 
government also issues convertible bonds, which may be converted 
into another bond issue, typically of longer maturity. Finally, there are 
index-linked Gnflation-linked) bonds having the amount of the coupon 
and principal payments linked to a measure of inflation, the Retail 
Price Index (RPI. 
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Fig. 4.5 The bond dirty price as function of a constant downward sloping yield 


Table 4.1 Coupon frequency and day count for bonds 


Treasury bonds Coupon frequency Day-count convention 
Sweden Annual 30!360 

US Semi annual Actual/Actual 

Japan Semi annual Actual/365 

UK Semi annual Actual/365,Actual/Actual 
Germany Annual 30E/360 or Actual/Actual 
Italy Semi annual Actual/Actual 

Corporate bonds 

US Semi-annual /Annual 30!360 

UK Semi annual Actuall365 or Actual/Actual 
Eurobonds Annual (Semi-annual) 30E/360 


Japanese government bonds GBs) come as short-term, medium- 
term, long-term (10 year maturity) and super long-term (20 year 
maturity). The long- and super long-term bonds have coupons every 
six months. The short-term bonds have no coupons and the medium- 
term bonds can be either coupon-bearing or zero-coupon bonds. 
Yen-denominated bonds issued by non-Japanese institutions are called 
Samurai bonds. 
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Example 4.1.3.1 


The future value, FV of a quarterly paying bond with 10% coupon rate and a 
nominal of 100 is given by: 


10\+4 
FV = 100 (1 + 22) = 110.38 


This corresponds to an effective rate (EAR, Equivalent Annual Rate) of 10.38%. 


Example 4.1.3.2 
The present value formula for three annual coupons of 5000 with 5% discount rate 


5000 5000 5000 
= + + 
1+0.05 (1+0.05) (1 +0.05} 
= 4761.90 + 4535.15 + 4319.19 
= 13616.24 


The discounted present value can be expressed as 


ae 
P=] il= 
y (1 +y)” 


Remark! The bond price is proportional to the inverse of the dis- 
count rate. 

The Yield-To-Maturity is sometimes called Redemption Yield and 
denoted as Red in Financial Times. In Financial Times another rate 
is also given, denoted Int which is the coupon divided by the dirty 
price. This is the flat yield, sometimes called current-, interest-, run- 
ning- or income yield. Yield-to-maturity is interpreted as the yield an 
investor gets, by holding a bond to maturity and if he/she can re-invest 
all the coupons at the same rate, YTM. When trading bonds, the price, 
if quoted in yield-to-maturity, ytm, can be related to the bonds coupon 
rate. If the quote is equal to the coupon rate, we say that the bond is 
traded at par. If the quote is lower than the coupon rate, we say that 
the bond is traded above par. Similarly, if the quote is higher than the 
coupon rate, the bond is traded below par, see Table 4.2. 

A common way to value risky bonds is via a spread s, over the yield 
to maturity y as 


p= ee CFn 
(l+y+ts)" 


n=1 
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Table 4.2 Bond par versus yield 
If the bond is traded The Yield is 


On par Same as coupon rate 
Above par Below coupon rate 
Below par Above coupon rate 


where CF, is the cash flow at time n. This means that due to a higher 
risk we want to get a better payoff compared with the less risky bond. 
A positive spread gives a lower price of the bond. This spread is called 
risk a premium. 


Definition 4.1.3.1. Current- and adjusted current yield are defined 
as: 


Coupon rate 


Current yield = 100 
Clean price 
Coupon rate + (100 - Clean price) /n 
Adjusted current yield = cour ( price) (x) - 100 
Clean price 


where n is the number of years to maturity with use of day-count 
convention. 


4.1.4 Floating Rate Notes 


An FRN is a hybrid between a short- and a long-term debt security 


e Its original maturity typically exceeds 12 months Gindeed most FRNs 
have longer maturities than straight corporate bonds), and its price 
is quoted as a percentage of int face value, like a bond. 


e Its coupon rate is reset at each coupon date in line with a money 
market reference rate such as LIBOR, plus a fixed spread s. 


Unlike a straight bond, the price of an FRN is not very sensitive to 
changes in market rates, because its coupons are reset periodically in 
line with the market. However, its price is sensitive to changes in the 
credit quality of the issuer: a note rated single-A paying LIBOR +45 
bps and issued at par will trade at a discount to par in the secondary 
market if the debt of the issuer wee to be downgraded to BBB/Baa. 
The full price of a floating-rate note on a coupon date is given by dis- 
counting the implied future coupons using the issuer’s discount curve 
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as follows 


N 


P=) [L(Gi-1,i) +5] p@,i) + p(0, N) 
i=] 


where p(0,i) is the discount factor from today to the subsequent 
coupon dates i, and L(i-1, i) represents the forward LIBOR rate, which 
sets at time 7-1 and pays at time i. For simplicity, we have assumed 
that the bond pays coupons annually. 

If at time ¢ the issuer has a T-maturity par floater spread of F, then 
the discount factors are given by the following iterative scheme 


p0, i- 1) 
1+LG-1,i)+F 


p(0, i) = 


where p(0,0) = 1. Clearly, Fis a measure of the credit quality of the 
issuer since it is the fixed spread to LIBOR used to discount all cash 
flows. Note also that F changes over time as the credit quality of the 
issuer changes. If we substitute F = S above, then we find that P = 
100%; that is, if the par floater spread, F, equals the fixed spread, S, 
on a coupon date, the floating rate note prices at par. 

Dealers and investors assess the investment value of the FRN by 
reference to its discount margin. 


Definition 4.1.4.2. Discount Margin 


e The risk premium which, when added to the risk-free rate, makes 
the PV of the FRN equal to its market price. 


e The spread over LIBOR which should be paid on the FRN in order 
to make its market price equal to par. 


Discount margin is also known as: Effective LIBOR Spread. 


The discount margin, M, is defined by the following relationship: 


t L+s 1 
[ees Jonit HLM)” | 


(1 +L* +M) 


P= 
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where for simplicity we have ignored day-count fractions and assumed 
that coupon dates are integers. The symbols are: 


P = full bond price 
L* = stub LIBOR coupon to next coupon date 
L = current LIBOR fixing 


L"® = the next LIBOR payment (which was fixed on previous 
coupon date) 

M = discount margin for which we solve 

S = quoted margin 


This calculation assumes that all future LIBOR cash flows are equal to 
the previous fixing. As a result, no account is taken of the shape of the 
LIBOR forward curve as in the par floater calculation. 

Like a yield to maturity, M is calculated by a process; iteration - 
trying different values of M until you arrive at the one that equates the 
note’s PV with its market price. 


If the note trades at par: Discount margin = LIBOR spread 
If the note trades at a discount to par: Discount margin > LIBOR spread 
If the note trades at a premium to par: Discount margin < LIBOR spread 


Example 4.1.4.1 
What is the discount margin on the following security? 


Security: GBP FRN maturing 29 October 2026 
Rating: Single A 

Coupon rate: 6 month LIBOR + 0.15% 

Day count: Actual/365 

Settlement: 14-apr-16 

Current LIBOR fix: 1.25% 

Clean price: 98.75 


What is the discount margin on this security? 

Analysis: 

Using method 1, first we “fix” the coupon rate on the note at the current LIBOR 
Coupon = 1.25 + 0.15 = 1.40% 


Then, we compute the yield to maturity on this “bond”, given its current market 
price. 


Calculated yield (semi — annual, actual/365) = 1.558% 


Finally, we calculate the discount margin as the difference between this yield and 
LIBOR 


Discount Margin = 1.558% — 1.250% = 0.308% 
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In other words, if the note paid LIBOR + 30.8 bps, instead of LIBOR + 15, then it 
would trade at par. An investor expecting to earn LIBOR + 35 on single-A-rated 
paper would consider this note to be trading rich. 

This approach is very straightforward, but you must be careful to use the appro- 
priate day-count conventions when moving between the bond markets and the 
money markets. Thus, if the coupons on this note were calculated on an Actual/360 
basis, the bond-equivalent coupon rate would be closer to 365/360 x 1.40% = 1.419%. 
The calculated bond yield would be 1.579%, which is a money market equival- 
ent yield of 360/365 x 1.579% = 1.557%. The discount margin would then be: 
1.557 — 1.250 = 0.307%. 

In this example, the difference is very small, but in different conditions, it could 
be significant. 


If we simplify the general pricing formula for an FRN by setting s = 
M =0, we can discount with the LIBOR forward rate L; with day-count 
period A; 


Ao: Lo: N A, :-L1:-N 
PV= + +... 
1+ ^o- Lo (1+ ^o: Lo): + Ay: Li) 
An: Ln: N+N 


+ —oa i L 
(1+ Ao: Lo) (1+ A1- Li) (1+ Ay: Ly) 
But 


Aye NAN 
(+ Age Lo): A+A Li) A+ An: Ln) 

7 (+A: Ln N 

~ (1+ Ao: Leg) (+A Li) A+ An: Ln) 

7 N 

~ (1+ Ag+ Lo) (1 + Ar Li) +++ (+ Ant Ln) 


which when combined with the previous term can be written as 


(1 + Ana Ln) N 
(1+ Ao: Lo): (+A: Li). (+ An - Ln-1) 
N 
~ (1+ Ag+ Lo) (1+ Ay Ly) +++ A + Anz Ln-2) 
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Continuing to combine the last term with the previous one we 
finally get 


Soto». Al- lL- NAN 
Nest.” (1+0: Lo- ys Li) 
~ Porto NAN UEAn LON -y 


1+ ^o- Lo 1+ Ag - Lo 


PV 


By induction, we have then proved that PV = N at each reset day. 
Therefore, we have a market risk with the duration to the next reset 
day. The duration of the credit risk (the risk in the change of discount 
margin, spread risk or basis risk) will on the other hand persist for 
the whole duration of the FRN, that is be similar to that of a bond of 
matching maturity. 
The value between two resets days is given by: 


1+4- L 


PV 5 
1+L-5 
where d/D is the time to next reset with day-count, L the next reset, A 
the length of the current time period the and L'*" the last fixing rate. 
A floating rate note (FRN) initiated at time fo involves: 


1. Buying the FRN at time tọ for a fixed price N; 


2. a series of floating interest payments: Ly at time tı, Ly at time 
to,...,Ly4, at time tn-1, Li, +N at time tp. 


We will consider the most common floating rate note, which is a bullet 
note, where the coupon rate effective for the payment at the end of 
one period is set at the beginning of the period at the current market 
interest rate for that period (Fig. 4.6). 

Suppose that the payment dates of the bond are tı < --- < tn, where 
t; —t;_1 = 6 for all i. 

In practice, ô will typically equal 0.25, 0.5 or 1 year, corresponding 
to quarterly, semi-annual or annual payments. The annualized coupon 
rate valid for the period [f;_1, ti] is the 6-period market rate at date t; 
computed with a compounding frequency of ô. We will denote this 
interest rate by /(¢j, t;_1), although the rate is not necessarily a LIBOR 
rate (plus a number of bps), but can also be a Treasury rate. If the face 
value of the bond is N, the payment at time ti equals 


Nôl (ti ti-8), fori=1, 2,...,n—1, 
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Positive cash flow 


5 F A 
Variable interest payments $ 


Time 
Negative cash flow 
Fig. 4.6 The cash flows for a floating rate note (FRN). 
and the final payment at time t, equals 
N (1 +ôl(ti, ti—ô)) 
If we define tọ = tı — ô, the dates tọ, t1, ...,tn-1 are often referred to as 


the reset dates of the note. Let us look at the valuation of a floating rate 
note. We will argue that immediately after each reset date, the value of 
the bond will equal its face value. 

To see this, first note that immediately after the last reset date t,_1, 
the bond is equivalent to a zero-coupon bond with a coupon rate equal 
to the market interest rate for the last coupon period. 

By definition of that market interest rate, the time ¢,_; value of the 
bond will be exactly equal to the face value N. In mathematical terms, 
the market discount factor to apply for the discounting of time tn 
payments back to time t,_; is (1 + ôl(tn, tn-1)) t. 

The time tı value of a payment N(1 + ŝl(tn, tn-1)) at time t, is 
precisely N. 

Immediately after the next-to-last reset date t,2, we know that we 
will receive a payment of Nôl(ta-1, tn-2) at time t,_; and that the time 
tn-1 value of the following payment (received at t„) equals N. We 
therefore have to discount the sum 


Nôl(tn-1, tn2)+N=N(1+ ONG ts tn2)) 


from t,_; back to f,_2. The discounted value is exactly N. Continuing 
this procedure, we get that immediately after a reset of the coupon 
rate, and the floating rate note is valued at par. 


4 Interest Rate Instruments 65 


We can also derive the value of the floating rate bond between two 
payment dates. Suppose we are interested in the value at some time t 
between to and ¢t,. Introduce the notation 


i(t) =min{i{1, 2, ... n} |G > t}, 


so that t;(t) is the nearest following payment date after time t. We know 
that the following payment at time ti equals Nôl(tia, tiq-1) and that 
the value at time ti of all the remaining payments will equal N. The 
value of the bond at time t will then be 


BÏ) =N (1+ Slt, tii) PE tia), to <t < tn 


where p(t, tia) is the market price of a zero-coupon bond with nominal 
amount N at time ¢ with maturity at time t(i). This expression also 
holds at payment dates t = t;, where it results in N, which is the value 
excluding the payment at that date. 

Inverse floaters pay a variable coupon rate that changes in direc- 
tion opposite to that of short-term interest rates. An inverse floater 
subtracts the benchmark from a set coupon rate. For example, an in- 
verse floater that uses LIBOR as the underlying benchmark might pay 
a coupon rate of a certain percentage, say 6%, minus LIBOR. 


4.1.5 FRA- Forward Rate Agreements 


A forward rate agreement (FRA) is an OTC derivative that trades as 
part of the money markets. It is essentially a forward-starting loan, but 
with no exchanges of principal, so that only the difference in interest 
rates is traded. So FRAs are off-balance sheet instruments. By trading 
today at an interest rate that is effective at some point in the future, 
FRAs can be used to hedge future interest rate exposure. They may 
also be used to speculate on the level of future interest rates. 

An FRA is therefore an agreement to borrow or lend a notional 
cash sum for a period of time, at a pre-specified fixed rate of in- 
terest (the FRA rate). The “buyer” of an FRA is borrowing a notional 
sum of money and paying the agreed fixed rate while the “seller” is 
lending this cash sum. Note that, in the FRA market, to “buy” is to 
“borrow”. The notional sum is the amount on which interest payment 
is calculated. 

Many banks and large corporations will use FRAs to hedge future in- 
terest or exchange rate exposure. The buyer of an FRA (the borrower 
of the notional) will be protected (hedged) against rising interest rates 
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If LIBOR is greater than 
FRA Example: 7 %. Bank A pays Co Z 
"In 6 for 3 at 7 % The difference in 

Respect of the Principal 

amount for three months 


Enter into 
The agreement 


6 months 


Fig. 4.7 An FRA “In 6 for 3 at 7 %”". 


FRA Example: 
"In 6 for 3 at 7 % 6 months 


If LIBOR is less than 

7 %. Co Z pays Bank A 
The difference in 
Respect of the Principal 
amount for three months 


Enter into 
The agreement 


Fig. 4.8 An FRA “In 6 for 3 at 7 %”. 


between the date that the FRA is traded and the date that the FRA 
comes into effect. If there is a fall in interest rates, the buyer must 
pay the difference between the rate at which the FRA was traded 
and the actual rate, as a percentage of the notional. The seller hedges 
against the risk of falling interest rates. Other parties that use forward 
rate agreements are speculators purely looking to make bets on future 
directional changes in interest rates. 

Since there isn’t any delivery of the underlying loan amount, the 
contract can be considered as a CFD, contract for difference. One may 
also say that FRA is an interest rate swap with only one payment at 
maturity. 

For example Bank A may agree to fix the PIBOR (The Paris Interbank 
Offer Rate) “in 6 for 3 at 7 %” for Company Z. This means that, if in 
six months’ time the PIBOR exceeds 7%, A will pay Z the difference 
(Fig. 4.7). 

On the other hand if PIBOR is less than 7% Z will pay A the 
difference (Fig. 4.8). 

The following standard terms are used in the market. 


e Notional: The amount for which the FRA is traded. 
e Trade date: The date on which the FRA is dealt. 
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Contract period 
EE 


ht | es Time 


Trade Spot Fixing Settlement Maturity 
date date date date date 


Fig. 4.9 The FRA contract period definition. 


e Settlement date: The date on which the notional loan or deposit of 
funds becomes effective, that is, is said to begin. This is also called 
the effective date. 


e Fixing date: This is the date on which the reference rate is 
determined, that is, the rate to which the FRA dealing rate is 
compared. 


e Maturity date: The date on which the notional loan or deposit 
expires. 

e Contract period: The time between the settlement date and 
maturity date. 


e FRA rate: The pre-specified fixed interest rate at which the FRA is 
traded. 


e Reference rate: This is the rate used as part of the calculation of 
the settlement amount, usually the LIBOR rate on the fixing date for 
the contract period in question. 


e Settlement sum: The amount calculated as the difference between 
the FRA rate and the reference rate as a percentage of the notional 
sum, paid by one party to the other on the settlement date (Fig. 4.9). 


As we have seen, a forward rate agreement (FRA) is a type of for- 
ward contract on short-term deposits, determined on the basis of 
a short-term interest rate, referred to as the Reference rate, over a 
predetermined time period at a future date. Typical, the reference 
is the forward LIBOR rate for the period [7,72] contracted time 
t, L(t, T;, T2). 

The netted payment made at the effective date is 


Lit, Ti; T2) -X 


P=N.-T- 
1+t-L(t, Tı, T2) 


where X is the pre-specified contracted rate (strike) to be paid at ma- 
turity T2, and t = T — 7), (the actual number of days in the interval 
divided by 360). In the new Multiple Curve Framework (see below) 
the formula is better expressed as 
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t z > 


= 
t=0 t=T a=S-T 
-N-(l+a@-X) 


Fig. 4.10 An FRA with both cash flows. 


P=N -t - [L:(t, T1, T2)- X] - pp(t, T2) 
L(t, Ti, T2) = 2 (tn = i) 
T \pr(t, T2) 
so 
Pelt, Ti) _ 
Pr(t, T2) 


where we discount with another curve, D. In single curve framework, 
the last formulae would be expressed as 


p=n-| l-r: X |- pott T» 


P=N -[p-(t,T1) —pr(t, T|- (1+ t + X) 


Standardized (exchange traded) contracts at par (X = L(t, Tı, T2)) 
are quoted in some markets. Typically such contracts are written 
as three-month contracts between IMM-days (International Money- 
Market days), that is, the third Wednesdays in March, June, September 
and December. 

As we have seen, an FRA is a contract consisting of a synthetic 
forward-starting loan. The cash flows of the loan can be described as 
in Fig. 4.10. 

Here N is the notional amount, T is the settlement time, S the ma- 
turity and X the forward strike rate. Since we only have one payment, 
the difference between the forward interest rate F, fixed at time t = T 
and the strike rate X, we can illustrate the payment in Fig. 4.11. 

However, since the payment is known at t = T it is also paid at this 
time, as illustrated in Fig. 4.12. 

Here we must discount the cash flow with the forward rate between 
the maturity date and the pay date. 
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i t=S 
f 
t=0 t=T o=S-I 
No F-X 
Fig. 4.11 An FRA with the maturity cash flow. 
t=T t id 
' E] 
t=0 a=S-T 
N- a] = 
\l+a-F, 


Fig. 4.12 An FRA with the initial cash flow. 


To illustrate that we still have risk at t = S we do the following 
calculation. The cash flow at t = T is 


CF(T) =N = 
= . a . —— 
l+a-F 
where F is the forward rate between T and S observed at time f, that is, 


Inp@,T,S) _ _In[p@, Dpt, T] 
S=r ~ S=T 


F =F(t,T,S)= = {t=0} 
In [ gent | 


1 
= Sop gS) S-n): T) 


Here we have used continuous compounding of the interest rate. 
p(t, T, S) is the forward discount function between T and S observed 
at t. p(t, S) and p(t, T) are the discount factors time t to S and T respect- 
ively. r(S) and r(T) represent the zero-coupon rates at time S and T 
observed at time t. 

Using the forward rate above, the cash flow can be expressed as 


CFT) =N. (| 


1+7(S)-S—r(T)-T 


To find the net present value of the cash flow we need to discount the 
cash flow as 
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Table 4.3 FRA contract notation 


Notation Date from now Maturity from now Underlying Rate 
1x4 1 month 4 months 4-1 = 3months LIBOR 
1x7 1 month 7 months 7-1 = 6months LIBOR 
3x6 3 months 6 months 6-3 = 3months LIBOR 
3x9 3 months 9 months 9-3 = 6months LIBOR 
6x 12 6 months 12 months 12-6 = 6months LIBOR 
12 x 18 12 months 18 months 18-12 = 6months LIBOR 


S)-S-r(T)-T-0-X 
apee Toa 2) 


1+r(S)-S-r(7)-T 
Similarly, we can study the equivalent cash flow at time S 
CF(S)=N-a-(F-X)=N-(r(S)-S-7(T)-T-a-X) 
with the present value (discounted from time S) 
PVcrg = Ne? (r(S) -S—r(T) -T-a-X) 


We can easily see that PVcF(s) = PVcrcr) from 
eS) eT (S)S 


DT — _ 
1+7($)-S-r(7)-T 1+a-F(T,S) 


From this analysis we see that we have zero-coupon risk in two nodes 
(t = T and t = S) in an FRA contract until we reach time T. 

OTC FRA deposit contracts sometimes use the notation as seen in 
Table 4.3. 

FRA are also used when bootstrapping the interest rate curve (see 
below) 


Example 4.1.5.1 
Hedging an FRA with a future. Below, we will study a hedging situation where we 
will hedge an FRA with a future contract. 

An FRA market-maker sells a EUR 100 million 3-v-6 FRA, that is, an agreement 
to make a notional deposit (without exchange of principal) for three months in 
three months’ time, at a rate of 7.52%. He is exposed to the risk that interest 
rates will have risen by the FRA settlement date in three months’ time. He wants 
to hedge this with a number of matching futures contracts. The question is, how 
many should he buy? 
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Date 14 December 
3-v-6 FRA rate 7.52% 

March futures price 92.50% 
Current spot rate 6.85% 


Action: The dealer first needs to calculate a precise hedge ratio. This is a three-stage 
process: 

In the first stage we calculate the nominal value of a bp move in LIBOR on the FRA 
settlement payment 


n 
BPV = FRAnom 0.01% - = 


Therefore: Nppy = €100, 000, 000 x 0.01% x 90/360 = €2500. 

In the next stage we calculate the present value of 1. By discounting it back to 
the transaction date using the FRA and spot rates. Present value of a bp move is 
given by 
Nopy 


1+ g 14 g 
"spot ` Se "IERA" SeN 


= 2300 = 2412.55 


90 90 
1+0. - — |- ( 1 +0.0752. — 
( + 0.0685 =) ( + 0.075 =) 


The final stage consist of determine the correct hedge ratio by dividing PV01 by 
the futures tick value. 


PVO1L= 


Hedge Ratio = 2413/25 = 96.52. 


The appropriate number of contracts for the hedge of a EUR 100,000,000 3-v-6 FRA 
would therefore be 97. To hedge the risk of an increase in interest rates, the trader 
sells 97 EUR three months’ futures contracts at 92.50. Any increase in rates during 
the hedge period should be offset by the gain realized on the futures contracts 
through daily variation margin receipts. 


Exposure period Hedge period 


Transaction FRA Settlement Time 
date date 


Outcome 

Date 15 March 
Three month LIBOR 7.625% 
March EDSP 92.38 
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The hedge is lifted upon expiry of the March futures contracts. Three-month LIBOR 
on the FRA settlement date has risen to 7.625% so the trader incurs a loss of EUR 
25,759 on his FRA position (i.e. EUR 26,250 discounted back over the three month 
FRA period at current LIBOR rate), calculated as follows: 


LIBOR gra - (d/360) 0.00105 - (90/360) 


=— = 100,000,000 . —— r 
1+LIBOR- 4 1 +0.07625 - 2% 


= 25,759 


Futures P/L: 12 ticks (92.50 — 92.38) x €25 x 97 contracts = EUR29, 100. The EUR 25,759 
loss on the FRA position is more than offset by the EUR 29,100 profit on the futures 
position when the hedge is lifted. If the dealer has sold 100 contracts his futures 
profit would have been EUR 30,000, and, accordingly, a less accurate hedge. The 
excess profit in the hedge position can mostly be attributed to the arbitrage profit 
realised by the market maker (i.e. the market maker has sold the FRA for 7.52% 
and in effect bought it back in the futures market by selling futures at 92.50 or 
7.50% for a two tick profit.) 


4.1.6 Interest Rate Futures 


An interest rate future is a futures contract with an interest-bearing 
instrument as the underlying asset. Buying an interest rate futures con- 
tract allows the buyer of the contract to lock in a future investment 
rate; not a borrowing rate as many believe. Being long an IR future 
means you have agreed to receive a rate at a certain period in the 
future. 

Interest rate futures are based on an underlying security which is 
a debt obligation and moves in value as interest rates change. Typical 
contracts are EuroDollar futures and Euribor futures. 

EuroDollars are USD deposited in banks outside the United States, 
and thus are not under the jurisdiction of the Federal Reserve. Futures 
on Euribor are similar contracts in Euro. 

A single future is similar to a forward rate agreement to borrow 
or lend a nominal amount for a time (typical three months) starting 
on the contract settlement date. Buying the contract is equivalent to 
lending money, and selling equivalent to borrowing money. 

The futures contracts are traded with delivery at IMM. The interest 
rate underlying the contract is the interest rate typically applicable to a 
91-day period. The contracts are settled in cash on the second London 
business day before the IMM day. 
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The relation between Q, the quoted price, and P, the contract price 
(in points of 100%), is given by 


P=100-a-(100-Q) 


where g is the day-count fraction (Act/360). 

As the futures contract refers to cash settled financial futures con- 
tract based upon the LIBOR rate on expiry, they can be used to hedge 
future interest rate exposures and are quoted in price. A quoted price 
of 95.00 implies an interest rate of 100.00-95.00, or 5%. The settle- 
ment price of a contract is defined to be 100.00 minus the official 
British Bankers Association (BBA) fixing of 3-month LIBOR/Euribor on 
the day the contract is settled. 

On IMM, the actual interest rate for the period is known and the 
contract is settled in cash. The final marking to market sets the futures 
price equal to 100 — R, where R is the interest rate expressed with 
quarterly compounding and an actual/360 day-count convention. 


1. When interest rates move higher, the buyer of the futures contract 
will pay the seller an amount equal to that of the benefit received 
by investing at a higher rate versus that of the rate specified in 
the futures contract. Conversely, when interest rates move lower, 
the seller of the futures contract will compensate the buyer for the 
lower interest rate at the time of expiration. 


2. To accurately determine the gain or loss of an interest rate futures 
contract, an interest rate futures price index was created. When 
buying, the index can be calculated by subtracting the futures 
interest rate from 100, or (100 - futures interest rate). As rates fluc- 
tuate, so does this price index. You can see that as rates increase, 
the index moves lower and vice versa. 


3. Typically, the interest rate futures contract has a base price move 
(tick) of 0.01, or 1 bp. However, some contracts have a tick value 
of 0.005 or half of 1 bp. For example, for Eurodollar contracts, a 
tick is worth $12.50 and a move from 94 to 94.50 would result in a 
$1250 gain per contract for someone who is long the futures. 


4. Interest rate futures contracts, when used in conjunction with the 
duration measure of fixed income instruments, can be used to 
hedge a company’s risk exposure to interest rate movements. 


Common IR futures contracts include Treasury bond and Eurodollar fu- 
tures contracts that trade in the United States. Interest rate futures in 
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the US markets are traded on the CME (Chicago Mercantile Exchange). 
Euribor futures are typically traded at LIFFE (London International 
Financial future and Option Exchange). 

The face value of an IR-future is calculated as follows 


Face Value = (1 -ray Contract Size 


where r is the annualized forward interest rate and a the length of the 
deposit period in years. The quote converted to a price is given by 


Price = 100(1 —r) 


For example, if a EuroDollar future is quoted at 94.25, this corresponds 
to an interest rate of 5.75%. 
Interest rate futures are priced as 


PV(t)=N-a- (= =~) -D(Tm) 
100 
where 
P(t) = 100 - (1 — F(t, Ts, Tm)) 
and 


e N the notional amount, 

e a the tenor (time between the maturity and settlement): Ty — Ts, 
e X the strike rate in the agreed time period, 

e D(Ty) the discount-factor to maturity Ty and 


e F(t, Ts, Ty) the market reference forward rate for the time between 
Settlement and Maturity. 


IR-futures are quoted in price, based on the expectation in the forward 
rate. Hence, the sensitivity in the rate is calculated as an increase in the 
zero-rate by one bp. The relationship between the forward rate and the 
zero rates (using continuous compounding) is given by 


T 
F(t, Ts, Ty) = r(t, Tu) + (r(t, Tu) — r(t, Ts)} - a 


An interest rate future is a contract between a party such as a bank 
or investor and an exchange. It is a way to fix an interest rate for a 
nominal amount for a period in the future. 

In Fig. 4.13, we illustrate an interest future with a fixed rate of 4% 
that is agreed for a nominal of $100 on a period starting in six months 
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Fig. 4.13 An example of interest rate future. 


and ending in nine months. The reference rate that the fixed rate will 
be compared against is the LIBOR. 

At the start date (six months), the agreed fixed rate (4%) is higher 
than the reference rate (4.9%). This means money must be paid to the 
exchange. The amount is given by 


Interest rate differential x Nominal amount x Time 
= (4-3.9) x 100 x 3/12 = £10. 


As is typical for futures, daily margin payments (marking to the mar- 
ket) must be paid to or received from the exchange to effectively close 
out the position each day (so that no credit risk arises for either party). 

On most exchanges (e.g. Eurex, LIFFE, CBOT) interest rate futures 
are quoted using type 100 - Rate. If you trade a future at price 96, you 
actually have locked in an interest rate of 4%. 

Interest rate futures are traded with standardized expiry dates, the 
IMM dates. Expiry is the Monday preceding the third Wednesday 
every last month every quarter, that is, March, June, September and 
December. 


4.1.7 Interest Rate Bond Futures and CTD 


As we have seen, financial future contracts are contracts to either sell 
or buy a certain underlying financial asset on a specified future date at 
a fixed price or rate. Furthermore, they are exchange traded with daily 
settlement. 

We will here study the so-called bond futures. Usually the un- 
derlyings are one (or more) specific government bonds. Usually the 
underlying asset is an index calculated from the prices of one (or 
more) specific government bonds. Since different futures on the differ- 
ent markets have different names (EUR-Bund future, US treasury bond 
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future, etc.) we will use bond future as a synonym for a future on a 
medium- or a long-term bond. 

In a bond futures contract, the underlying asset is a synthetic bond 
with a defined term and defined coupon. The advantage of this syn- 
thetic bond over an actual bond is that the futures price can be better 
compared over time. 


Example 4.1.7.1 


The underlying asset of a EUR-Bund future is a synthetic bond with a 10-year term 
and a 6% coupon. The T-bond (note) futures underlying specifications are 30 and 
10 years respectively, both with a 6% coupon. 


The buyer of a bond future contract is obliged to buy the underlying 
bond at a fixed price on an agreed date. Because the prices of bonds 
rise when interest rates fall, a purchased future contract can be used 
to speculate on falling interest rates. 

The seller of a bond future is obliged to deliver the underlying bond 
at a fixed price on an agreed date. Because the prices of bonds fall 
when interest rates rise, a sold future can be used to speculate on 
rising interest rates or to secure existing short positions against rising 
interest rates. 

As with Money-Market futures, a tick is the minimum price move- 
ment of a futures contract. In contrast to Money-Market futures where 
a tick is typically one hundredth of 1%, long-term futures like T-bond 
futures, sometimes move in 1/32 of 1% G.e. 0,0003125 or 3.125 bps) 
or 1/64 of 1% G.e. 0,00015625 or 1.5265 bps). The tick size is typically 
defined according to the quoting conventions of the underlying bond. 
For example, EUR-Bunds are quoted in decimals on 1 bp, thus the tick 
value of the Bund-future is 1 bp. A tick has always an exactly defined 
value in relation to the contract; the tick value is the product of the 
contract value times the bps of a tick. The tick value of a EUR-Bund 
future and a 10-y Tnote future respectively are 


EUR-Bund future: 100000 x 0.0001 = EUR 10 
10-year T-note future: 100000 x 0.00015625 = USD 15.625 


Contrary to Money-Market futures, bond futures are delivered physic- 
ally if they have not been closed out prior to delivery date. The delivery 
of the futures contract must tackle the problem that the underlying 
bond is a synthetic instrument. Therefore, the seller can deliver from a 
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basket of bonds. The settlement price is determined by means of a con- 
version factor (or price factor) that makes the price of the synthetic 
bond comparable to the price of the deliverable bond. 

Since the deliveries consist of a basket of underlying bonds, it is 
important to calculate which of the deliverable bonds is the cheapest 
to deliver. This is called Cheapest-To-Deliver (CTD). Bond futures are 
quoted as clean prices, exchange traded and any gains or losses dur- 
ing the lifetime of the contract are settled daily via each participant’s 
variation margin account. 


4.1.7.1 Spot Based Forwards 


First, we study a traditional spot price based forward. Let us look at a 
picture of the cash flow for a couple of transactions (see Fig. 4.14). 


tin : Market date for the future/forward, that is, today. 

fe : Date of a coupon, if any, before delivery date. 

te : Delivery date for the future/forward contract. 

tck : The time for the first coupon after the delivery date. 


Cme : The coupon, if any that, occurs between tm and te, if no 
coupon occurs Cne = 0. 
Ry  : The market interest rate for the interval between the time 


tg and t. 

Ath : The time interval between t; and t; expressed in actual 
days. 

Am : Accrued interest for the bond at time tn. 

Pm : Spot bond price expressed as the clean price at 
delivery, tin. 


Fme : Forward prices contracted at tm and valid on fe. 


When setting the price of the forward contract, we start by looking at 
the cash flows. First, we have the underlying bond, where the value 
consists of the clean spot price Pm and the accrued interest rate Am. 
The sum Pm +A; is the price. We use the clean price and not the price 


+++ ++ 


t t Time 


m c e tek 


t 


Fig. 4.14 A time view of a spot price based future. 
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since bonds are quoted as clean. To get the forward value we multiply 
with the inverse discount factor: 


[Pm + Am] . (1 + TR ne) 
360 

Here we use the money-market discount factor since At, is less than a 
year. The sum of Pn and An, is exactly the amount needed to purchase 
a bond in the spot market and sell a forward position at price Fme in 
the future. 

Next, we have to consider the coupon, if any. The present value of 
a coupon at time tc is 


Ce 
Ate 
(1+ SHERme) 


Since this coupon should be returned at te the value is negative. At the 
maturity this corresponds to 


C At 
ey (e Sae) 
(1+ SEFRmc) 


Finally, we have accrued interest rate at delivery, Ae. Therefore, the 
total price of the forward must be 


At At 
Fme = [Pm + Am] . (1 + 2 Rae = Cme S (1 T Re) —Ae 


360 360 
or 
C At 
Frie = Pii +Anm x . (1 + Snek) — Ae 
(1 + HER nc 


In exchange for this we deliver the bond at maturity. 
Above, we have used the fundamental connections between interest 


rates 
At At, At 
(1 + Ster) (1 + FR) = (1 + FRc) 


The forward rates above are calculated from the known term structure. 
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Example 4.1.7.2 
Bond Forward 


Future data: 


Market date: 2016-01-03 

Delivery date: 2016-03-18 

Interest rate to delivery: 5.55% 

Interest rate of coupon: 5.80% 

Bond maturity: 2017-01-21 
Bond coupon: 11.0% 
Yield-To-Maturity 6.0% 
Bond dirty price: 115.380 (Calculated, P, +Am) 
Days to next coupon: 18 (Calculated) 
Days to delivery: 75 (Calculated) 


The accrued interest at delivery date is: 


Then 


At, =! At, 
Fme = E +Am aa Cre (: ap sar Ruc) | 7 (1 + 30 Rue) —Ae 


=| 115.380-11(14+ 18 0 0580 = 1+ T5 0.0555 1.742 
~ , 360 ` 360 ` í 


= 103.877 


103.877 would be the clean forward price. 


4.1.7.2 Implied Repo Rate for Forwards 


As a complement to this way of calculating forward price we also want 
to calculate the “implied repo rate” for a forward contract. This means 
that we already have the forward price and want to know the rate Rme 
in an effort to deduce arbitrage opportunities. From above, we have 


C At 
Fine + Ae — 4 Pm +Am — i (: + Suer) = 
(1 + 360 Rne) 


or 


At I) Ar 
Pm +Am a Cme i (1 + aU we) . 560 Pine 


-1 
= Fme +Ae a. Pm —Am + Cae : 1 + Ame p 
360 
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so we get the implied repo rate as 


-l 
360 Fme +Age = Pm —Am + Cine Š (1 + SHER nc) 
7 Ate 


me 


—l 
Atinc 
Pin +Am = Cine a (1 + 360 Rn) 


We can also do the following calculations 


Ntine Atce 
Fme - [Pm +Am] j 1+ ——Re + Cine . 1+ ——Ree +Ae = 0 


360 360 
or 
Ate Atce 
[Pin +Am|] . 360 fe = lme +Ae + Cme . (1 + SaR) = [Pin +Am|] 


and express the implied repo rate as 


360 Fine + Ae — Pm — Am + Cmne : (1+ $i Ree) 
Atme Pin T Am 


Rme = 


Observe that the two equations above are equivalent, and the choice 
of which one to use is a question about how we easiest handle interest 
rates. 


Example 4.1.7.3 
Future data: 


Market date: 2016-01-03 
Delivery date: 2016-03-18 
Interest rate to delivery: 5.55% 
Interest rate of coupon: 5.80% 
Bond maturity: 2017-01-21 
Bond coupon: 11. 0% 
Bond dirty price: 115.380 
Days to next coupon: 18 
Days to delivery: 75 
Forward price: 103.877 (calculated in previous example) 


-1 
360 103.877 + 1.742 — 115.380 + 11 - (1 + 350.058) 


Rme = 75 


= 5.5481 


=I 
115.380- 11 - (1 + 440.058) 
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4.1.7.3 Futures 


For the forward case we have a known deliverable bond. In most fu- 
tures we have a collection of deliverable bonds in which the seller 
is free to pick anyone. Except for this collection we have the daily 
mark-to-market that gives us a daily settlement amount that is to be 
administrated for each trading day. This administrative task makes Fu- 
tures exchange traded instruments. Except for these differences the 
actual construction is very similar to that of forwards. 
In Table 4.4 we are given the most common bond future contracts 


Table 4.4 Some of the most common bond future contracts 


Contract UST-Bond Bimd UK Gilt Fr Notionel 

Delivery Mar (H), Jun (M), Mar (H), Jun (M), Mar (H), Jun (M), Mar (H), Jun (M), 

months Sep (U), Dec (Z) Sep (U), Dec (Z) Sep (U), Dec (Z) Sep (U), Dec (Z) 

Quotation Percentage Percentage Percentage Percentage 

Contract size $100000 € 100000 £ 100000 € 100000 

Coupon 8% 6% 7% 3.50% 

Tick size 1/32 = $31.25 0.01 = €10 0.01 = £10 0.01 = €10 

Last trading- 7 business day 2 business day 2 business day 2 business day 

day prior to the prior to the prior to the prior to the 
delivery day delivery day delivery day delivery day 


Futures on Eurex 


On Eurex they use the following contract standards (Table 4.5). They 
are short-, medium- or long-term debt instruments issued by the Fed- 
eral Republic of Germany, the Republic of Italy, the Republic of France 
or the Swiss Confederation. 

The Contract Values are EUR 100,000 or CHF 100,000. 


Table 4.5 Standard future contracts on Eurex 


Contract Product ID Remaining Coupon Currency 
Term in Years Percent 
Euro-Schatz futures FGBS 1.75 to 2.25 6 EUR 
Euro-Bobi futures FGBM 4.5 to 5.5 6 EUR 
Euro-Bund futures FGBL 8.5 to 10.5 6 EUR 
Euro-Buxl futures FGBX 24.0 to 35.0 4 EUR 
Short-Term Euro-BTP futures FBTS 2 to 3.25 6 EUR 
Mid-Term Euro-BTP futures FBTM 4.5 to 6 6 EUR 
Long-Term Euro-BTP futures FBTP 8.5 to 11 6 EUR 
Mid-Term Euro-OAT futures FOAM 4.5 to 5.5 6 EUR 
Euro-OAT futures FOAT 8.5 to 10.5 6 EUR 
CONF futures CONF 8.0 to 13.0 6 CHF 
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On settlement there is a delivery obligation arising out of a short 
position that may only be fulfilled by the delivery of certain debt secur- 
ities issued by the Federal Republic of Germany, the Republic of Italy, 
the Republic of France or the Swiss Confederation with a remaining 
term on the Delivery Day within the remaining term of the underlying. 
Settlement of debt securities issued by the Republic of France in case 
of physical delivery will be done via Clearstream Banking Luxemburg. 

Debt securities issued by the Federal Republic of Germany must 
have an original term of no longer than 11 years. 

Debt securities issued by the Republic of Italy must have an original 
term of no longer than 16 years (only for Long-Term Euro-BTP futures). 

Debt securities issued by the Republic of France must have an 
original term of no longer than 17 years. 

In the case of callable bonds issued by the Swiss Confederation, the 
first and the last call dates must be between eight and 13 years. 

Debt securities must have a minimum issue amount of EUR 5 billion, 
such issued by the Republic of Italy no later than 10 exchange days 
prior to the Last Trading Day of the current maturity month, other- 
wise, they shall not be deliverable until the delivery day of the current 
maturity month. 

Debt securities issued by the Swiss Confederation must have a 
minimum issue amount of CHF 500 million. 

The Price Quotation, the Minimum Price Change and The Price 
Quotation in percent of the par value are shown in Table 4.6. 


Contract Months 


Up to 9 months: The three nearest quarterly months of the March, 
June, September and December cycle. 


Table 4.6 Quotation of future contracts 


Minimum Price Change 


Contract Percent Value 

Euro-Schatz futures 0.005 EUR 5 

Euro-Bobl futures 0.01 EUR 10 
Euro-Bund futures 0.01 EUR 10 
Euro-Buxl®futures 0.02 EUR 20 
Short-Term Euro-BTP futures 0.01 EUR 10 
Mid-Term Euro-BTP futures 0.01 EUR I0 
Long-Term Euro-BTP futures 0.01 EUR 10 
Mid-Term Euro-OAT futures 0.01 EUR 10 
Euro-OAT futures 0.01 EUR 10 


CONF futures 0.01 CHF 10 
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Delivery Day 


The tenth calendar day of the respective quarterly month, if this 
day is an exchange day; otherwise, the exchange day immediately 
succeeding that day. 


Notification 


Clearing members with open short positions must notify Eurex on the 
Last Trading Day of the maturing futures which debt instrument they 
will deliver. Such notification must be given by the end of the Post- 
Trading Full Period. 


Last Trading Day 


Two exchange days prior to the Delivery Day of the relevant maturity 
month. Close of trading in the maturing futures on the Last Trading 
Day is at 12:30 CET. 


Daily Settlement Price 


The Daily Settlement Prices for the current maturity month of CONF 
futures are determined during the closing auction of the respective 
futures contract. 

For all other fixed income futures, the Daily Settlement Price for 
the current maturity month is derived from the volume-weighted av- 
erage of the prices of all transactions during the minute before 17:15 
CET (reference point), provided that more than five trades transacted 
within this period. 

For the remaining maturity months the Daily Settlement Price for 
a contract is determined based on the average bid/ask spread of the 
combination order book. 


Final Settlement Price 


The Final Settlement Price is established by Eurex on the Final Settle- 
ment Day at 12:30 CET based on the volume-weighted average price 
of all trades during the final minute of trading provided that more than 
10 trades occurred during this minute; otherwise the volume-weighted 
average price of the last 10 trades of the day, provided that these are 
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not older than 30 minutes. If such a price cannot be determined, or 
does not reasonably reflect the prevailing market conditions, Eurex 
will establish the Final Settlement Price. 


Example 4.1.7.4 

Bond Future 

We follow a case to get the feeling for the calculations. In this set-up we have sold 
100 future contracts. We position us at expiration of the future. 


Market date: 2016-03-13 
Delivery date: 2016-03-18 
Contract price: 97.454 
Last fix: 97.465 


Nominal amount: 1 000 000 SEK 


Deliverable bond A 
Bond expire date: 2024-10-25 


Bond coupon: 6.500% 
Days to coupon: 217 (Calculated) 
Bond YTM : 6.833% 
Clean price: 96.548 (Calculated) 
Accrued interest: 2.492 (Calculated) 


Deliverable bond B 
Bond expire date: 2026-05-05 


Bond coupon: 6.500% 
Days to coupon: 48 (Calculated) 
Bond YTM: 6.352% 
Clean price: 96.307 (Calculated) 
Accrued interest: 5.525 (Calculated) 


Deliverable bond C 
Bond expire date: 2027-04-20 


Bond coupon: 9.000% 
Days to coupon: 34 (Calculated) 
Bond YTM: 6.386% 
Clean price: 114.843 (Calculated) 
Accrued interest: 8.075 (Calculated) 


First of all the future should be marked-to-market as usual. 


MM = (97.465 — 97.454) x 1 000 x 100 = 1100 
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This amount should be exchanged before delivery procedure takes over. After this 
point the future price for all positions is 97.465. Assume that we have to deliver a 
bond among the deliverable and hand over without adjusting for accrued interest. 
Therefore we want to buy a bond at the spot market and deliver. The actual profit 
from receiving the futures fix and deliver the newly bought bond is 


A: (97.465 — (96.5484 + 2.4924)) - 1000 - 100 = -157500 
B: (97.465 — (96.307 + 5.525)) - 1000 - 100 =~—436700 
C: (97.465 — (114.8434 + 8.075)) - 1000 - 100 = -2545300 


Therefore we would buy and deliver bond A. But, if | am a very fast customer | 
could have bought that future at the fix price and since we have a net loss for all 
the deliverable bonds, | have actually made an arbitrage. This should be impossible 
in a developed market! In practical terms this means that the future price should 
clearly converge to the dirty spot price for the cheapest deliverable bond. We also 
see that since different bonds have their coupon at different times the accrued 
interest is a problem. If we were to use the dirty price directly, this would be taken 
care of, but since the spot market in most countries is denoted in clean price we 
chose to explicitly include the accrued interest. 


4.1.7.4 Introducing Price Factors 


If we only had one deliverable bond then the buyer of the future would 
be forced to buy this bond. This could lead to a situation with acute 
shortage of supply and increasing prices. The market solution is to 
permit delivery of several bonds. 

Therefore we have to find a method to choose the bond to deliver, 
that is, a factor that we can multiply with the futures fix price, to nar- 
row the profit/loss from delivering different bonds. These factors are 
calculated prior to the start of trading the future. If we could multiply 
the fix with something that is near the bond price with a nominal 
amount of one, we would be quite satisfied. 

To calculate the CDT we therefore introduce a conversion factor, on 
LIFFE? also called price factor Pf. This price factor times the price of 
the future is equal to the clean price of the bond on the delivery day. 

Recall the clean price of a bond with one coupon, C per year with 
yield to maturity y and face value 100 


l 100 C 
+ — 


PV = E 
o Aty) 


ty [a+ 


2 The London International Financial futures and Option Exchange. 
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Here T is time to maturity in whole years and d is the number of days 
until the next coupon. The price factor is then given by Pr = PV/100 - 
accrued interest rate. 

The formula of the price factor (used in Sweden) can be written as 


1 Ci itl Mi 
Ph = (1+ re ritmill2 E (a j rel 7 1) iğ 1 =; (1 7 o) 


where 
rc = the coupon rate of the constructed bond (usually 6.00%). 


Ci = the coupon rate of the deliverable bond. 

ni = the number of whole years to maturity of the deliverable 
bond measured from the next receivable coupon payment for 
bond i. 

mi = the number of whole months to the next receivable coupon 
payment from the futures delivery date for bond i. 


If Ci >r. = Ph > | the bond is traded to a high price 
Ci < re => Ph < 1 the bond is traded at par 
Ci =r. = Pi =1 the bond is traded to a low price 


As one can see, the price factors are just estimates of the clean price 
for individual bonds with the approximation to round time to whole 
years and month of expiry. Not being as accurate as possible the for- 
mula would lead to a situation where all the deliverable bonds were 
equally profitable to deliver from start. We would then have a situ- 
ation where CTD could change very rapidly. Since this could inflict 
negatively on the trading we use some approximations to widen the 
distance between them. 

The formula above might be slightly different in different markets, 
like on CBoT, EUREX and for Japanese treasury bonds. One of the 
bonds will be cheaper than the others since the delivery price is the 
clean futures price time the price factor. Therefore, the contract will 
be priced upon that bond. The “built in” imperfection in the formula 
above is used to give a favour for one of the bonds. The reason for this 
is that we do not want any changes of the CTD bond when there are 
only small changes in the market rate. 

On EUREX the conversion factor is calculated as 


1 


( 1+ 7.) téelact 


ôi C 1 1 ôi 5 
x|C—+—(( +r) + c{— É 
ach Te (l+r,)" (L +r)” ach actı 


4 Interest Rate Instruments 87 


where 
DD is the Delivery Date 


NCD the Next Coupon after the Delivery date 

NCDly 1 year before the NCD 

NCD2y 2 years before the NCD 

LCD the Last Coupon Date before the delivery date. Start 
interest period if the last coupon date is not available. 


de NCD1y - DD 

bj NCD1y - LCD 

actı NCD - NCD1y if ôe < 0, else NCD - NCD2y 

act NCD - NCD1y if ô; < 0, else NCD - NCD2y 

n Integer number of years from the NCD until the maturity 
date of the bond. 


Using the price factors above and the individual bond data as the 
ongoing example give us 

Pfa = 1.032337 

Pfs = 1.036880 

Pfc = 1.237580 


With these price factors we are prepared to take a second look at 
delivery. (Standard for these factors is to round them to six decimals.) 
Let us be a little bit stricter about what we receive from the futures 
contract. 


(Frix Pf + UD) N'n 
Frix: The futures fix price 


Py: The individual price factor for each deliverable bond. 
N: Nominal amount 


U;: Accrued interest for each deliverable bond. 
Nn: Number of contracts 
Pi: Clean price for each deliverable bond. 


The actual profit we get from delivering a special bond is given by 


(Frix Ph + Ui —{Pi-Ui}) N'n 
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With this approach we get 


A: (97.465-1.032337 + 2.492 — (96.548 + 2.492))-1000-100 = 406872 
B: (97.465-1.036880 + 5.525 — (96.307 + 5.525))- 1000-100 = 475250 
C: (97.465- 1.237680 + 8.075 — (114.843 + 8.075))- 1000-100 = 578748 


We see that the differences between the deliverable bonds are much 
less now with the price factors than without. 


4.1.7.5 Cheapest to Deliver 


Now when we know the basic construction of the futures we are 
standing with all the deliverable bonds and wondering which one of 
them one should buy at the same time as one is selling the future. 
The reason for doing this investigation could be to decide whether 
to deliver the bond that already is in our possession or do we benefit 
from buying new ones and deliver those. The process of selecting the 
optimal bond is called determining which one is “cheapest to deliver 
(CTD)”. 

One thing that we will not discuss in the following sections is the 
fact that futures are marked-to-market on a daily basis. This means that 
we cannot perform true arbitrages with bonds and futures due to these 
daily cash flows. Because of this we cannot, without explanation, use 
today’s futures price in equations describing future events. If however 
the futures price and the forward price are equal, we can make po- 
sitions that momentarily can be regarded as an “arbitrage”. With a 
more strict formulation we have that the futures price equals the for- 
ward price when we add the expected value of all the mark-to-markets 
for the period. For simplicity we assume that the mark-to-market is 
”approximately” equal to zero. 

To calculate which of the deliverable bonds in the basket that is the 
CDT bond, we can calculate the implied repo rate for each of them, or 
simpler, the maximum net basis 


CTD = max; {PriytureP - P al 
On delivery, we calculate the delivery price as 
P=Fix-Pp-N-n+U 


where Fix is the fixing, N the face value, n number of contracts and U 
the accrued interest. 


Example 4.1.7.5 
Future data 

Coupon: 

Market date: 

Delivery date: 

Future price: 

Nominal amount: 
Interest rate to delivery: 
Days to deliver: 


Deliverable bond A 
Bond maturity: 
Bond coupon: 
Bond YTM: 
Days next coupon: 
Clean price: 
Market date accrued interest: 


Delivery date accrued interest: 


Price factor: 
Forward price: 


Deliverable bond B 
Bond maturity: 
Bond coupon: 
Bond YTM: 
Days next coupon: 
Clean price: 
Market date accrued interest: 


Delivery date accrued interest: 


Price factor: 
Forward price: 


Deliverable bond C 
Bond maturity: 
Bond coupon: 
Bond YTM: 
Days next coupon: 
Clean price: 
Market date accrued interest: 


Delivery date accrued interest: 


Price factor: 
Forward price: 
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6.0% 
2016-01-03 
2016-03-18 
98.00 

1 000 000 SEK 
4.5% 

75 


2024-10-25 
6.500% 
6.750% 
292 

98.343 
1.2278 
2.5819 
1.0329 
97.926 


2026-05-05 
6.500% 
6.697% 
123 

98.548 
4.2611 
5.6153 
1.0373 
98.1172 


2025-04-20 
9.000% 
6.632% 
109 
118.331 
6.3250 
8.200 
1.2399 
97.926 


(Calculated) 


(Calculated) 
(Calculated) 
(Calculated) 
(Calculated) 
(Calculated) 
(Calculated) 


(Calculated) 
(Calculated) 
(Calculated) 
(Calculated) 
(Calculated) 
(Calculated) 


(Calculated) 
(Calculated) 
(Calculated) 
(Calculated) 
(Calculated) 
(Calculated) 


Deliverable bond A: FyuzP¢ — Fine: 3.30478 
Deliverable bond B: FfurPf — Fine: 3.49555 
Deliverable bond C: FfurPf — Fine: 3.88736 


From this data we see that the bond C is CTD. 
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One common way is to calculate the implied futures price AFP) for 
the deliverable bonds. 


Definition 4.1.7.3. The Implied futures price for a bond is the price 
that provides zero profit on the purchase, carry and delivery of a 
specific bond. 


IFP = Fime/Ps 


Here one argues that the bond with the smallest ZFP will be CTD, for 
at that futures price, any other bond will, upon delivery, provide a 
negative profit. 


Use the same data as before and calculate IFP: s. 


Deliverable bond A: [FP 4: 94.80 
Deliverable bond B: JFPp: 94.63 
Deliverable bond C: IFPc: 94.86 


This means that bond B should be CTD! Let us plot the individual profit 
that these bonds produce against futures price, under the assumption 
that forward prices are constant. (Fig. 4.15) 

We see that bond C crosses the other two bonds in the plot inter- 
val. This means that we have three intervals, which we must inspect 
separately: 


Profit 


l : ----BondB 
— -BondC 


' 
N 


94 95 96 97 98 99 100 
Futures price 


Fig. 4.15 Profit of the bonds in a CTD contract. 
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Ffut < 96.069 CTD = bond B 
96.069 < Fay < 97.246 CTD = bond B 
97.246 < Ffut CTD = bond C 


We get problems with the last approach if the different IFPs are located 
in different intervals. If we are unlucky the calculated CTD could be 
the wrong one. 


4.1.7.6 Duration 


The modified duration for an interest rate bond futures contract is 
defined as the duration of the CTD bond divided by the conversion 
factor. 


4.1.8 Swaps 


The swap market are huge and swaps are the most popular fixed- 
income derivatives at this writing. The total notional principal amount 
is, in US dollars, currently comfortably in 14 digits. The market really 
began in 1981 although there were a small number of swap-like 
structures arranged in the 1970s. Initially the most popular contracts 
were currency swaps, but they were quickly overtaken by interest 
rate swaps. 

Many different market participants use swaps for several purposes. 
One of the most common applications is the hedging of interest-rate 
risk by financial institutions, corporations and large institutional in- 
vestors. An often-cited motivation for using swaps is the theory of 
comparative advantages counterparties often has different abilities for 
borrowing in Capital markets. This could be due to differences in 
credit rating or tax treatment, or for accounting reasons. Swaps can 
serve, for instance, to change the fixed- coupon debt into floating 
rate debt and vice-versa. Due to the liquidity of the swap market, 
they can be used to hedge the interest rate risk of fixed-income 
positions. 

A swap is shortly explained as a contractual agreement between 
two parties in which they agree to make periodic payments to each 
other according to two different indices. 
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A plain vanilla interest-rate swap specifies the notional amount 
or face value of the swap, the payment frequency (quarterly, semi- 
annually, etc.) the tenor, maturity, the coupon, that is the fixed rate, 
and the floating rate. One party (Counterparty A) makes fixed rate 
payments on the stipulated notional. The other party (Counterparty 
B) makes floating rate payments to Counterparty A based on the same 
notional. Most swaps are arranged so that their net value is zero at the 
starting date. 


Fixed rate 


ee Counterparty B 


Floating rate 


Counterparty A 


For US dollar swaps, floating rates are typically the 3-month or 6-month 
LIBOR rates prevailing over the period before the interest payment is 
made. The interest rates are determined in advance or equivalently, 
the payments are made in arrears. In practice, there are many vari- 
ants of this basic structure. For instance, swaps can be such that the 
notional is different for the two counterparties, or the notional(s) 
amortized, or where the floating leg is LIBOR plus or minus a fixed 
coupon, etc. 


4.1.8.1 Swap Valuation 


The present value of a plain vanilla swap can easily be computed using 
standard methods for finding the discounted value of the components. 

The swap requires from one party a series of payments based on 
variable rates, which are determined at the agreed dates of each pay- 
ment. At the time the swap is entered into, the actual payment rates 
are known only in the future, but the market provides a yield curve 
from bonds with various maturity dates stretching from the short term 
to the long term. Each variable rate payment is calculated based on the 
forward rate for each respective payment date. 

Using these interest rates leads to a series of cash flows. Each cash 
flow is discounted by the zero-coupon rate for the date of the payment; 
this is also sourced from the yield curve data available from the market. 
Zero-coupon rates are used because these rates are for bonds, which 
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pay only one cash flow. The interest rate swap is therefore treated like 
a series of zero-coupon bonds. 

This calculation leads to a present value (PV). The fixed rate offered 
in the swap is the rate, which values the fixed rate payments to 
the same PV as the variable rate payments using today’s forward 
rates. 

Therefore, at the time the contract is entered into, there is no ad- 
vantage to either party, and therefore the swap requires no upfront 
payment. During the life of the swap, the same valuation technique 
is used, but since, over time, the forward rates change, the PV of 
the variable-rate part of the swap will deviate from the unchangeable 
fixed-rate side of the swap. 

The rates of interest in the fixed leg of a swap are quoted for various 
maturities. These rates make up the swap curve. 


Single Currency Swap Valuation 


Denote by D(T) the discount factor (when using pure discount bonds 
we denote discounting by p(t, T)) from the swap curve for a cash flow 
at time 7. Consider a fixed-floating standard interest rate swap with 
reference dates 0 = To, T1, . . . , Tn on the fixed leg and reference dates 
0 = To, Ti,..., Tm for the floating leg. Also let the end dates be the 
same. Denote by A; and A; the length (day-count fraction) of the time 
periods according to the specified fixed and floating leg day-count 
convention. For the period [7;_,, T;] the Libor rate L; is set (fixed) 
in the market at time 7;_; and the amount A; - Li is paid at time 7;. The 
forward rate F; for the period [T;-1, T;] is defined as 


DTi) 


D(T) = D(Ti-DD(Ti1, T) = ———= 
(Tj) (T-DD(T i) L$ A; 


giving 


Here D(T;_|, T;) is a forward discount factor between 7;_; and T; reset- 
ted at time 7;_|. One says, the forward rate F; is projected or forecasted 
from the discount curve. The value today of the floating cash flow 
A; - Li for period [T;1, Ti] is from above equal to its discounted 
forward rate 


_DT-1) - DTi) 


Aj: Fi- DT) = Aj 
L L ( i) L A; - D(T;) 


< D(T;) = D(T-1) — DT) 
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Therefore, the value of the whole floating leg is simply 


Ya; DT) - DTi) 
i=1 


JA; FD) = AD) Dt) =L ABT) - DT} 
i=l L 1 1 


i=1 


= D(To) — D(T m) = 1 - D(Tm) = 1 - DT „) 


Consequently, the value of a floating rate bond is always at par on reset 
days: 


m 
$C 4i- Fi - D(T;) + D(Tm) = 1- D(Tm) + D(Tm) = 1 
i=1 
The value of the fixed leg with rate C can then be solved for as 
n n 
Y C Ar DF) =C- AnD) 
i=1 i=1 
If Cn is the fair swap rate at maturity, Tn we get the following equation 
n 


$ Ca- Ai- DO) + DO) = 1 
i=1 


This is the basis for the recursive bootstrapping relationship for the 
discount factors 


From market quoted fair swap rates Cy. 
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Example 4.1.8.1 
In the examples below, we show a number of exotic swaps. 


1. 
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First we start with a plain vanilla swap. Suppose that we want to calculate the 


3-year swap rate when the spot rates are as follows: 


Maturity (years) Discount factor, D Spot rate r, (%) 


0.5 0.9707 6.036 
1.0 0.9443 5.809 
1.5 0.9175 5.824 
2.0 0.8913 5.839 
2.5 0.8644 5.914 
3.0 0.8378 5.989 


The 3-year swap rate is given by: 
1-D6 
swap rate =2 x ————_—————_ x 100 = 5.980% 
D,+D2+...+D6 


Next, we study a so-called step-up swap with the following data: 


Maturity: 2 years 
Notional principal: 100 
Swap rate: 4% the first year, C% the second 


Floating rate leg: 100 
Semi-annual payments 
Spot rates as above 


The value of the fixed rate leg: 


C 
(Dı + D2) x 2 + (D3 + D4) x z x 100 


This gives 
C 
100 = (Dı + D2) x 2 + (D3 + D4) x at Pa x 100 
=> 
100 1-—D4)-(D, +D: 2 
CL x ( 4)- (Dı + D2) x = 3.394 
2 D3 + D4 
That is, 


C= 7.7718% 


Next, we look at an amortizing swap with the following data: 


Maturity: 2 years 
Notional principal: 100 the 1st year, 50 in 2nd year 
Swap rate: C% 


Semi-annual payments 
Spot rates as above 


In our valuation, we use a principal of 50 and add another 50 after a year. The 
floating rate leg is then a sum of two floating rate notes, each with notional 


principal of 50. 
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To calculate the floating leg, consider the relation between the discount factor 
and the forward rate 
D(ti-1) re D(tj-1)/DGi)-1 _ DG&-1) - DG) 


D(ti) = i = pe eS hes Ge 
(Gi) 1l+t-F;j i T t - D(ti) ae 


giving 
t- F; - Dt) = D(t_-1) — D(t;) especially t- Fı -D(t))=1-D() 
Since the notional will change we write the value of the floating leg as 


Fi Fy F3 F4 
100. £. Di +100: Dy +50: 2 . D; +50: .D 
geet peg er ne 


= 100- (Do — D1) + 100 - (Dj — D2) + 50 - (D2 — D3) + 50 - (D3 — D4) 
= 100-100 - D2 + 50 - D2 —50- D4 
= 100 - 50 - (D2 + Da) 


were D; = D(t;). The value of the fixed rate leg (where we amortize 50 at t2) is 
C C 
100 - (Dı + D2)- a + 50 - (D3 +D4)- 7 


Since both legs have to be equal we get the swap rate C from 


C 100 - 50 - (D2 + Da) 


= = 0.02915 
2 100- (Dı + D2) + 50 - (D3 + D4) 


so 
C = 5.831% 
Finally, we study a forward-starting swap with the following data: 


Maturity: 2 years, starting in 1 year 
Notional principal: 100 

Semi-annual coupons (in 18,24,30 and 36 months) 
Swap rate is C% 

Spot rates as in vanilla swap above. 


In our valuation we have a floating rate leg in one year. This will be a floating 
rate note > Value = D2 x 100 = 94.435. The fixed rate leg is given by 
C 
(D3 + D4 + D5 + D6) x z + De x 100 


Giving the market rate as 


D2 x 100 = (D3 + D4 + Ds + Do) x Ẹ + De x 100 
> 
C = (D2 — De) x 100 


= = 3.036 
2 D3 + D4 + D5 + D6 


That is, 
C = 6.072% 


Such a swap is used as underlying for a swaption (an option on a swap). 
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Example 4.1.8.2 


Comparative advantage 

Swaps were first created to exploit comparative advantage. This is when two com- 

panies who want to borrow money face different quoted fixed and floating rates 

so that by exchanging payments between themselves they benefit, at the same 

time benefiting the intermediary who puts the deal together. Here is an example. 
Two companies A and B want to borrow $50 Million, to be paid back in 2 years. 

They are quoted the interest rates for borrowing at fixed and floating rates as 


Borrowing rates for companies A and B 
Fixed Floating 


A 7% Six month LIBOR + 30 bp 
B 8.20% Six-month LIBOR + 100 bps 


Note that both must pay a premium over LIBOR to cover the risk of default, which 
is perceived to be greater for company B. Ideally, company A wants to borrow at 
floating and company B at fixed. If they each borrow directly then they pay the 
following 


A Six month LIBOR + 30 bp 
B 8.2% (fixed) 


The total interest they are paying is 
six-month LIBOR + 30 bps + 8.2% = six-month LIBOR + 8.5%. 
If only they could get together, they would only be paying: 
six-month LIBOR + 100 bps + 7% = six-month LIBOR + 8% 
That is a saving of 0.5%. 


Let us suppose that A borrows fixed and B floating, even though that is not what 
they want. Their total interest payments are six-month LIBOR plus 8%. Now let us 
see what happens if we throw a swap into the pot. 

A is currently paying 7% and B six-month LIBOR plus 1%. They enter into a swap 
in which A pays LIBOR to B and B pays 6.95% to A. They have swapped interest 
payments. 

Looked at from A's perspective they are paying 7% and LIBOR while receiving 
6.95%, a net floating payment of LIBOR plus 5 bps. Not only is this floating, as they 
originally wanted, but it is 25 bps better than if they had borrowed directly at the 
floating rate. There’s still another 25 bps missing and, of course, B gets this. B pays 
LIBOR plus 100 bps and also 6.95% to A while receiving LIBOR from A. This nets out 
at 7.95%, which is fixed, as required and 25 bps less than the original deal. 

To see that this is a general principle, let us do the same calculations with x 
instead of 6.95. 

A is currently paying 7% and B six-month LIBOR plus 1%. They enter into a 
swap in which A pays LIBOR to B and B pays x% to A. They have swapped interest 
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payments. Looked at from A's perspective they are paying 7% and LIBOR while 
receiving x%, a net floating payment of LIBOR plus 7 - x%. Now we want A to 
benefit by 25 bps over the original deal, this is half of the 50 bps advantage. If they 
decide to divide the advantage equally in this way, with 25 bps each, we can solve 
for x from 


LIBOR +7 -x + 0.25 = LIBOR + 0.3, 
That is, 
x = 6.95%. 


Not only does A now get floating, as originally wanted, but it is 25 bps better 
than if they had borrowed directly at the floating rate. There's still another 25 bps 
missing and, of course, B gets this. B pays LIBOR plus 100 bps and also 6.95% to A 
while receiving LIBOR from A. This nets out at 7.95%, which is fixed, as required 
and 25 bps less than the original deal. 

In practice, the two counterparties would deal through an intermediary who 
would take a piece of the action. 

Although comparative advantage was the original reason for the growth of the 
swaps market, it is no longer the reason for the popularity of swaps. Swaps are 
now very vanilla products existing in many maturities and more liquid than simple 
bonds. 


Parity Relation 


When valuing caps, floors and swaps we can use the following parity 
relation 


swap = cap — floor. 


This relationship can also be used for hedging. 


4.1.8.2 Currency Swaps and FX Swaps 


Cross currency swaps are powerful instruments which can transfer 
assets or liabilities from one currency into another. It is an agreement 
to swap a series of specified payments denominated in one currency 
for a series of specified payments in a different currency. The market 
charges for this a liquidity premium, the cross currency basis spread, 
which should be taken into account by the valuation methodology. 
The valuation methods for cross currency swaps are based upon using 
two different discounting curves. 
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€ payments 


Coumerparya L? oiite 
$ payments 


Basically, such a swap has the following components: There are two 
currencies, say USD ($) and Euro (€). The swap is initiated at time to 
and involves: 


1. An exchange of a principal amount N¢ against the principal Me. 

2. A series of floating interest payments associated with the principals 
Ng and Me, respectively. Payments are settled at settlement dates, 
{t1, f2,...,f,}. One party will pay the floating payments LÊN Sd) and 
receive floating payments of size LẸNSd; where d; is the day-count 
adjustment 


ti — ti—1 
D 


di = 


and D denotes the number of calendar days in the year according 
to the current day-count convention. The two Libor rates (L) will 
be determined at set dates 


(hig t2, ERG sfni} 


A Circus swap is a fixed-rate currency swap against floating US 
dollar LIBOR payments (Fig. 4.16). 


An FX-swap is made of a money market deposit and a money 
market loan in different currencies written on the same “ticket”. 


You pay floating rate in pound sterling 
A 


Counterparty pays fixed interest payments in dollar 


Fig. 4.16 A swap with fixed rate pound sterling against floating US dollar LIBOR. 
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An Asset swap is an interest rate swap used to alter the cash flow 
characteristics of an institution’s assets in order to provide a better 
match with its liabilities. 

An Equity swap is a swap in which the cash flows exchanged are 
based on the total return on some stock market index and an interest 
rate (either a fixed rate or floating rate). 

When dealing with FX instruments, it is common to measure the 
changes in the price by pips. One pip is the smallest price change 
that a given exchange rate can make. Since most major currency pairs 
are priced to four decimal places, the smallest change is that of the 
last decimal point - for most pairs this is the equivalent of 1/100 of 1 
per cent, or one bp. So a pip is actually an acronym for percentage in 
point, sometimes also called a price interest point. 


Example 4.1.8.3 
If you buy the EUR/USD pair at 1.40 and sell it at 1.41 you have gained 100 pips. 


Pips are sometimes also used when bootstrapping yield curves in cur- 
rencies when you do not have liquid market data. Then you might use 
the USD curve as a proxy and then add a spread calculated from FX 
prices given in pips. 


Cross Currency Basis Swaps 


Cross currency swaps differ from single currency swaps by the fact 
that the interests rate payments on the two legs are in different cur- 
rencies. So on one-leg interest rate payments are in currency 1 ona 
notional amount N; and on the other leg interest rate payments are in 
currency 2 calculated on a notional amount M2 in that currency. 

At inception of the trade the notional principal amounts in the two 
currencies are usually set to be fair given the spot foreign exchange 
rate X, that is, Nj = X - No, that is, the current spot foreign exchange 
rate is used for the relationship of the notional amounts for all future 
exchanges. Contrary to single currency swaps there is usually an ex- 
change of principals at maturity. So a cross currency swap can be 
seen as an exchange of payments from two bonds, one in currency 
1 with principal Nj, and the other in currency 2 with principal N2 
(Fig. 4.17). 
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Interest flows in ccy 2 on notional N, 


Interest flows in ccy 1 on notional N, 


MN 


Fig. 4.17 A fix-fix cross currency swap. In most cases there is also an exchange of 
notionals when entering the swap. 


Sometimes an opposite exchange of principals is made when enter- 
ing the contract. If a leg is floating the variable reference rate refers to 
the payment currency of that leg, otherwise this would be a so-called 
quanto swap. From the possible types of cross currency swaps: fixed 
versus fixed, fixed versus floating and floating versus floating, the 
latter type is particularly important and it is called a basis swap. Com- 
bining a basis swap with a single currency swap the other types can 
be generated synthetically. 

A basis swap is basically an exchange of two floating rate bonds. 
Following the arguments of the previous section the price of a floater 
is always par (at the beginning of each interest rate period disregarding 
credit risks). For a cross currency basis swap this means that the two 
legs should have a value of N; and M2, respectively. Consequently, 
if the two principal amounts are linked by today’s foreign exchange 
rate X : Nj = X - No, the basis swap is fair. This is theoretically true, 
but in practice the market quotes basis swaps to be fair if there is a 
certain spread, called cross currency basis spread, on top of the float- 
ing rate of one leg of the basis swap. Theoretically this would imply 
an arbitrage opportunity. However, cross currency swaps are power- 
ful instruments to transfer assets or liabilities from one currency into 
another one and the market is charging a liquidity premium of one cur- 
rency over the other. The market usually quotes cross currency basis 
spreads usually relative to some liquidity benchmark, for example USD 
or EUR Libor. 
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Basis Swaps - All currencies vs. 3m USD LIBOR - Also see <ICAB2> 


REC/PAY REC/PAY REC/PAY REC/PAY REC/PAY 
EUR JPY CBP CHF SEK 
1 Yr +3.125/+1.125 -02.00/-05.00 +02.50/-01.50 +1.50/-1.50 -3.75/-6.75 
2 Yr +3.000/+1.000 -02.00/-05.00 +02.50/-01.50 +1.00/-2.00 -2.50/-5.50 
3 Yr +3.000/+1.000 -01.75/-04.75 +02.25/-01.75 +0.25/-3.00 -1.00/-4.00 
4 Yr +3.000/+1.000 -01.75/-04.75 +02.00/-02.00 -0.75/-3.75 -0.25/-3.25 
5 Yr +2.750/+0.750 -02.00/-05.00 +01.75/-02.25 -1.25/-4.25 +0.25/-3.25 


7 Yr +2.750/+0.750 -02.50/-05.50 +00.75/-03.25 -1.50/-4.50 +0.25/-2.75 
10Yr +2.750/+0.750 -04.50/-07.50 -00.75/-04.75 -1.50/-4.50 +0.25/-2.75 
15Yr +4.125/+0.125 -10.50/-13.50 -02.25/-06.25 -0.75/-4.75 +2.50/-2.50 


20Yr 4+4.125/+0.125 -15.25/-18.25 -02.50/-06.50 -0.25/-4.25 +2.50/-2.50 
30Yr +4.125/+0.125 -23.25/-26.25 -02.50/-06.50 *FOR 3M V 6M EUR/EUR <ICAB4>* 
DKK NOK CAD CZK PLN 

1 Yr -1.00/-5.00 -4.00/-8.00 +12.50/+08.50 +02.00/-07.00 +05.00/-12.00 
2 Yr -1.50/-4.50 -4.00/-8.00 +13.50/+09.50 +01.50/-06.50 +05.00/-12.00 
3 Yr -1.25/-4.25 -4.00/-8.00 +14.25/+10.25 +01.50/-06.50 +05.00/-12.00 
4 Yr -1.00/-4.00 -3.75/-7.75  +15.25/+11.25 +01.50/-06.50 +03.00/-10.00 
5 Yr -0.25/-3.25 -3.75/-7.75 +16.25/+12.25 +01.50/-06.50 +03.00/-10.00 
7 Yr +0.25/-3.00 -3.75/-7.75 +17.00/+13.00 +01.50/-06.50 +03.00/-10.00 
10Yr +0.25/-3.00 -3.75/-7.75  +17.00/+13.00 +01.50/-06.50 +03.00/-10.00 
Yr +1.25/-3.75 -3.50/-8.50  4+17.25/+13.25 

20Yr +1.25/-3.75 -3.50/-8.50  +17.25/4+13.25 


Fig. 4.18 Cross currency basis swap quotes against USD 


Here is an example of cross currency basis swap quotes against the 
liquidity benchmark USD (Fig. 4.18). 

For example, a 10-years cross currency basis swap of three-months 
USD Libor flat against JPY Libor is fair with a spread of -4.5 bps if USD 
Libor is received and with a spread of -7.5 bps if USD Libor is paid. 

Evaluating cross currency swaps requires discounting the cash flows 
with the discount factors for the respective currency of the flow. But 
clearly, a valuation of those instruments would show a profit or loss, 
which is not existent. It is therefore necessary to incorporate the cross 
currency basis spread into the valuation methodology to be consistent 
with the market. 

First of all, one has to agree on a liquidity reference currency (bench- 
mark) which is usually chosen to be USD or EUR. swap cash flows in 
the liquidity reference currency are valued exactly as described above 
since there is no need for liquidity adjustments there. For all currencies 
different from the liquidity benchmark the idea is to use two differ- 
ent discount factor curves depending on whether to forecast or value 
variable cash flows or to discount cash flows. 

Denote by Sm the market quoted fair cross currency basis spread 
(usually the mid) for maturity Tm on top of the floating rate for the 
given currency relative to the chosen liquidity reference. The fact that 
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Sm is the fair spread is equivalent to saying that a floating rate bond 
with maturity Tm in the given currency which pays Libor plus spread 
Sm Values to par. 

We will here show how to value FX Forwards and FX swaps (for 
tenors up until 2 years), using discount rates in non-USD. The value is 
implied from the FX Spot price (versus USD), the USD discount curve 
and FX points. Any legs in USD are discounted using the standard in- 
terbank curve for USD. If both legs in a product are non-USD we can 
use this methodology with synthetically replications by the two trades 
via USD. 

First, forward USD rates, rysp are calculated based on the USD zero- 
coupon yield curve. Then we calculate the cash-flow amount in the 
non-USD currency as: 


P _ 
af = (x + 2) (l + rusp)®” dy)/365 
i 


where 
adm is days to maturity date 
dy is days to value date 


rusp is the USD forward interest rate from today until maturity 
p is swap points 
Sf is swap point factor, usually 10000 or 100 


Xs is the spot exchange rate, expressed as number of units in 
foreign currency per 1 USD 

Xf is the forward exchange rate 

af is the cash-flow amount 


this gives the implied deposit rate in the non-USD currency as 


g= GD (2) | 


For maturities of 2 years and above, Currency Basis Spreads are more 
actively quoted in the market than FX points. Therefore an implied 
swap rates are used for curve building purposes. 
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Currency Basis Spreads are quoted in the market as a spread on the 
non-USD currency when swapping 3M USD Libor to or from 3M non- 
USD XIBOR.* That gives the implied Currency Basis swap rate in the 
non-USD currency for tenor T as 


T T T 


For most currencies, the standard swap curve is based on 6M fixings, 
because an adjustment for the spread between 3M and 6M fixings 
has to be made. Such spreads are quoted as a spread on the 3M leg 
when swapping 3M XIBOR to or from 6M XIBOR. In case only when 
a swap against 6M fixings and tenor basis spreads are available for the 
currency in question, the implied Currency Basis swap rate can be 
calculated as; 


Valuation of Cross Currency Basis swaps 


A popular methodology among practitioners is to use two discount 
factor curves, one for projecting forward rates according and the other 
for finally discounting all cash flows. This is unfortunately inconsistent 
with the standard single currency swap valuation method. This will 
result in arbitrage opportunities between single currency and cross 
currency swaps. 

Therefore we will make another approach, which is able to handle 
both types of swaps consistently in one and the same framework. The 
major drawback of this approach is that mark-to-market valuation of 
single currency swaps can be slightly different from the results of 
the current standard valuation method, in particular, for off market 
positions. 

We will use two discount factors curves 


1. the first one, D(t), will be used to discount all fixed cash flows, 


2. the second one, DF*(t), will be applied to completely value floating 
cash flows. 


The two conditions on the two discount factor curves are 


3 XIBOR is used here to denote a generic Interbank Offering Rate, examples are LIBOR, 
EURIBOR or STIBOR. 
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e the value of a coupon bond with coupon equal to the swap rate Cn 
is identical to the value of a floating rate bond, 


e a floating rate bond which pays Libor plus cross currency basis 
spread s, values to par. 


Combining these conditions a fixed coupon bond paying the coupon 
Cn plus the cross currency basis spread s should have a value of par 


n m 
X Cn i+ DO) +Y sm: Aj DO) + DE) = | 
i=l j=l 


From this equation the curve D(t) can be extracted. If in particular, the 
floating and fixed legs admit the same frequency (7; = 7;), then we 
have the following simple bootstrapping equation 


n-l _ = 
l= > (Cn Ait Sn: Ai) DT) 
i=l 


DT, )= = 
" 1+ An: Cnt5n+ Ai 


; eee 


Now, in order to determine the second curve of discount factors, we 
define the value today of the floating interest rate (Libor) cash flow for 
period [Tj_;, Ti] as given by 


D*(T;_-1) — D*(T;) 


This also implies the desirable property that the value of a series of 
subsequent floating rate cash flows over the time interval [To, Tm] is 
just D*(To)—D* (Tm) and is thus independent of the payment frequency. 
The second condition above now implies the following requirement 


m 
D*(To)— D* (Tm) + Ý 8m + Aj DT) + DEm) = 1 
j=l 
Setting, D*(To) = 1, To = 0, this gives 


m 


D*(Im) = sm Y Aj» D(Tj) + DI n) 
j=l 


This defines the second curve of discount factors D*(f). 
In the current approach also cash flows in standard single currency 
swaps are discounted differently compared to the standard approach. 
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This gets even more pronounced when it comes to mark-to-market 
valuation of off market swaps. Consider a 10-year single currency swap 
with 200 bps off market with a fixed rate C = 7.9%. In the standard 
approach its net present value is 1499.15 bps compared to 1515.32 
bps in the current approach. This difference is equivalent to a fixed 
rate difference of 2.157 bps. Clearly, for a swap which is not too far 
from being fair the differences are much smaller. Obviously this has 
consequences, for example, on the fair values for unwinding an off 
market swap position with a counterparty. 


4.1.9 Overnight Index Swaps (OIS) 


Overnight Index Swaps (OIS) are interest rate swaps based on a spe- 
cific currency that exchanges fixed rate interest payments for floating 
rate payments based on a notional swap principal at regular inter- 
vals over the life of the swap contract. The floating rate is based on a 
specified published index of the daily overnight rate for the OIS cur- 
rency. For swaps based on the US dollar (USD), the referenced floating 
rate is the daily effective federal funds rate. 

Introduced in 1995, overnight index swaps are used to either hedge 
or speculate on changes in the overnight interest rate. As a hedge, 
overnight index swaps are used to manage interest rate risk and liquid- 
ity. The terms of OISs range from 1 week to 10 years or more, with 
spreads typically ranging from 1.5 to 5 bps. At maturity, the parties 
determine the net payment by calculating the difference between the 
accrued interest of the fixed rate and the geometric averaging of the 
floating index rate on the notional swap principal. Because there is no 
exchange of principal and only the net difference in interest rates is 
paid at maturity, OISs have little credit risk exposure. 

The LIBOR-OIS spread is the difference between the LIBOR and 
the overnight index swap rate, and it is the measure of the credit risk in 
the interbank lending market. Normally, when the central banks lower 
their rates of interest, both the LIBOR and the OIS rates decline with 
it. However, when banks are unsure of the creditworthiness of other 
banks, they charge higher interest rates to compensate them for the 
greater credit risk. The LIBOR-OIS spread is a better measure of credit 
risk in the interbank deposit market than the LIBOR itself because the 
LIBOR is influenced by 
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1. the rates set by central banks; 
2. the credit risk in lending to other banks. 


Because the overnight index swap rate is based on the rates set by 
central banks, subtracting it from the LIBOR shows the amount of the 
interest rate that is being charged for the credit risk. 

In Fig. 4.19 and Fig. 4.20 we illustrate the 1-month US dollar LIBOR 
rate and the US dollar OIS rate and the spread between the rates 
during the financial crises. The increase in the difference between 
the two rates is evident starting at the beginning of the subprime 
credit crisis in August, 2007, with a wider spread in September, Oc- 
tober and November of 2008 indicating worsening conditions. As you 
can see in the graph, prior to August, 2007, both the LIBOR and 
the OIS rates were high because the Federal Reserve, which is the 
central bank of the United States, raised their target rates. After the 
beginning of the credit crisis, the Federal Reserve started lowering 
targets, and the OIS rate has declined with it. The LIBOR, however, 
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Fig. 4.19 USD LIBOR 1 month (dashed line) and USD OIS (solid line)ź. 


4 Source, FRED, https://fred.stlouisfed.org/ Federal Reserve Economic Data - St. Louis Fed 
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Fig. 4.20 USD LIBOR 1 month (dashed line) and USD OIS (solid line) and the spread 
in bps (dotted line). This is a Zoomed in view from Fig. 4.19 


has declined sporadically and not nearly as much as the OIS rate, be- 
cause banks couldn’t be sure which banks were creditworthy; hence, 
they charged higher interbank lending rates, which is what the LIBOR 
measures. 


4.1.10 Asset Swap and Asset Swap Spread 


A plain vanilla asset swap transaction entails purchasing a fixed rate 
asset and simultaneously entering into a swap to convert fixed interest 
payments to floating. The incentive for the investor is to earn a credit 
spread on a fixed rate security (for example a bond), while minimizing 
interest rate or market risk. Asset swaps are closely connected to credit 
derivatives. 

Through asset swaps, investors can purchase and isolate credit risk 
in a wide variety of securities, including domestic and foreign cor- 
porate obligations, convertible bonds, and other financial assets. Asset 
swaps also have some disadvantages: 
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e Many investors cannot enter into derivative transactions due to 
regulations. 


e Unlike a credit default swap, the asset swap is not coupled with 
the credit performance of the underlying bond in the event of de- 
fault. This means that if the bond defaults, the investor remains 
subject to the swap and must fulfil the obligations to pay the rest 
of the payments to the counterpart. However, the asset swap can 
be terminated at the current market value. 


e The counterpart has a credit exposure to the investor. 


An asset swap enables the investor to minimise market risk while still 
maintaining exposure to credit risk. It is a method to convert a risky 
bond to a synthetic FRN. The market for synthetic securities is largely 
driven by the presence of arbitrage. The result of creating a synthetic 
structure is a higher yield (LIBOR + spread) than the existing market 
security. 

Some investors refer to asset swaps as being a “single swap”, while 
other asset swap dealers consider asset swaps to be a package con- 
sisting of the underlying bond and the swap. Some dealers trade asset 
swaps by using their currently held bonds as references while others 
buy the whole package. Some investors book the packages in different 
trading books and some use the same. 


Example 4.1.10.1 


Assume an investor owns (or acquires) a bond that pays an annual coupon of 8%. 
(The bond is often quoted in terms of asset swap spread bps.) The investor does 
not want to (or cannot) sell the security and wants the market risk to be as low 
as possible. The investor therefore enters into an asset swap transaction with a 
counterpart. 
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Example 4. Acquire Bond 


Investor 


Asset Swap 


The FX effect (if any) occurs if the bond is denominated in a currency different 
from the swap. In that case we have a currency asset swap. The fixed coupons of 
the bond are passed through to the bank counterpart and the bank pay floating 
coupons, which, for example, could be LIBOR plus spread. The spread is referred to 
as the asset swap spread. 


4.1.10.1 Asset Swap Spread 


The idea behind asset swaps is, as we have seen, to convert bonds into 
synthetic FRN’s where we want to a structure that only has credit risk 
and no interest rate risk. Normally, a payment, an up-front premium 
swap is made in order to bring the structure to par (the initial invest- 
ment is 100). The asset swap spread, S, is the spread on the floating 
leg of the swap that gives this structure a PV of 0 at inception. 

Given a bond price P, we can calculate the corresponding assets 
swap spread. If the bond has a market price, for example 95, we have 
to pay an initial premium of five (the leftmost arrow downwards in the 
Fig. 4.21) to make the FRN price equal to 100. 
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Fig. 4.21 Illustration of the asset swap spread. 


If we identify the cash flows (see Fig. 4.21) on the receiving side we 
see that the floating cash flows plus the redemption amount is simply 
a risk free FRN pricing to par. The present value (PV) of the asset swap 
spread payments (the small upward arrows) is 


PV=S-)° pid 
i 


where p; is the length of period i and d; the discount factors. In the pay 
side we have (all cash flows except the initial payment) the coupons 
from the bond plus the redemption amount. The initial swap premium 
payment is 100.0 - the market price of the bond. 

We then have the following values: 


e Floating cash flows + redemption: 100.0 


e Asset swap spread: S Xpidi 
e Theoretical price of the bond: Poond 
e Initial premium: 100 — Pswap 


Totally this should sum up to zero, that is, 


100 +S- È pidj—Pbond — (100.0 — Pswap) = 0 


L 
Giving the spread as 
> Pbona — P. swap 
Pi: di 
L 


We can also use the formula above to price a bond with a given asset 
swap spread. 
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4.1.11 Swaptions 


As their name indicates, swaptions are options to enter into swaps. In 
a payer swaption, the investor has the option to enter into a swap 
with given date, paying the fixed rate (strike) and receiving floating. A 
receiver swaption gives the right to enter into a swap receiving fixed 
and paying floating. swaptions can be both European and American. 
In the latter case, the option can be exercised usually on cash-flow 
dates, rather than “continuously” like American stock options. Amer- 
ican swaptions that can be exercised only at reset dates are often called 
“mid-Atlantic” or “Bermudan” because they are somewhere between 
American and European. The parameters that define a swaption are 
therefore 


e Notional 

e Maturity of the option 

e Payer or receiver 

e Type: American or European 
e Maturity of the swap 

e Cash-flow dates of the swap 
e Floating rate. 


For instance, a European in-5-for-10 LIBOR payer swaption with strike 
6.50% is an option to enter into a 10-year swap paying a fixed rate of 
6.50% 5 years from now. 


4.1.12 Credit Default Swaps 


Credit derivatives include a range of instruments designed to trans- 
fer credit risk without requiring the sale or purchase of bonds 
and/or loans. They were originally designed by JP Morgan in 1994 
so that banks could manage credit risk in their loan portfolios while 
preserving important customer relationships. 

In the group of instrument known as credit derivatives the most 
commonly traded are: 


e Credit Default swaps 
e Credit Default Indices 


e Total Return swaps 
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e Credit Default swaptions 
e Credit Spread Options (Eurobond Options). 


A credit default swap (CDS) is a financial swap where the seller of 
the CDS will compensate the buyer in the event of a default or other 
credit event. The buyer of the CDS makes a series of payments, the 
CDS “fee” or “spread”, to the seller and, in exchange, receives a payoff 
on defaults. 

The “spread” of a CDS is the annual amount the protection buyer 
must pay the protection seller over the length of the contract, ex- 
pressed as a percentage of the notional amount. For example, if the 
CDS spread of Risky Corporation is 50 bps, or 0.5% (1 bp = 0.01%), 
then an investor buying $10 million worth of protection from AAA- 
Bank must pay the bank $50,000. Payments are usually made on a 
quarterly basis, in arrears. These payments continue until either the 
CDS contract expires or a credit event occurs. 

A CDS on one single Risky Corporation is sometimes called Single 
Name CDS. Other CDS contracts are constructed on a market index, 
such as the North American CDX index or the European iTraxx index. 
Such CDS are usually called a Credit Default Index (CDD. 

Many investors buy a CDS protect themselves against a default if 
they own an Corporate bond. But, anyone can purchase a CDS, even 
buyers who do not hold the bond or a loan in the company (these 
are called “naked” CDSs). If there are more CDS contracts outstanding 
than bonds in existence, a protocol exists to hold a credit event auc- 
tion where the payment received will usually be significantly less than 
the face value of the loan. 

The evolution of credit derivatives was prompted by the increased 
demand for asset-backed deals backed by credit instruments. The 
credit derivatives market had been growing rapidly since the early 
1990s. By the end of 2007, the outstanding CDS amount was $62.2 
trillion, but this increase stopped during the financial crisis and in early 
2012 the amount had fallen to $25.5 trillion. 

The evolution of credit derivatives allows domestic banks to provide 
the following benefits to their clients: 


e Customized exposure to credit risk. 


e Enable users to take short positions in credits previously not 
possible in the underlying securities. 
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e Provide institutional investors access to the interbank market, 
generally on a leveraged basis. 


e Increase diversification in concentrated credit portfolios. 
e Extract and hedge specific sections of credit risk. 


In essence a default swap is a bilateral OTC agreement, which transfers 
a defined credit risk from one party to another. Contracts are typ- 
ically standardized as documented by the International swap and 
Derivatives Association (ISDA). 


4.1.12.1 Cash flows 


Under a typical CDS the buyer of protection pays to the seller a regular 
premium (usually quarterly), which is specified at the beginning of the 
transaction. If no credit event, such as default, occurs during the life 
of the swap, these premium payments are the only cash flows. 

Just like in many other swaps there is no exchange of the underlying 
principal. Following a credit event the protection seller makes a pay- 
ment to the protection buyer. The protection buyer stops paying the 
regular premium following the credit event. 

The cash-flow representation of a CDS are sown in Fig. 4.22. 

The first leg is the credit default leg. The cash flow will only take place 
in the case of default of the credit reference. The value of this cash 
flow will be calculated using the yield curve for the credit reference, 
and the yield curve for the currency. In the case of default, the pay- 
ment will be settled on a settlement date not known in advance. This 
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Fig. 4.22 Cash flows for a CDS. 


4 Interest Rate Instruments 115 


settlement date does not have anything to do with the end date of the 
contract as is depicted in the figure. 

The second leg is a normal Fixed Leg. The valuation of this leg is 
done using the yield curve for the credit reference. This incorporates 
the fact that these fixed payments will only be paid if no credit default 
has taken place. 

Just because a credit event has occurred it does not necessarily 
mean that the claim on the Reference Entity will be worthless. Credit 
default contracts are structured to replicate the experience of a cash 
market holder of an obligation of the Reference Entity. The recovery 
values (or the market value of debt following default) are typically at a 
deep discount to par, for example 10 cents on the dollar. 


4.1.12.2 Settlement of a CDS Contract 


As described in an earlier section, if a credit event occurs then CDS 
contracts can either be physically settled or cash settled. 


e Physical settlement: The protection seller pays the buyer par value, 
and in return takes delivery of a debt obligation of the reference 
entity. 


e Cash settlement: The protection seller pays the buyer the difference 
between par value and the market price of the debt obligation of the 
reference entity. 


The development and growth of the CDS market has meant that on 
many companies there now is a much larger outstanding sum of CDS 
contracts than the outstanding notional value of its debt obligations. 
This is due to speculations. For example, at the time of bankruptcy 
on September 14, 2008, Lehman Brothers had approximately $155 bil- 
lion of outstanding debt but around $400 billion notional value of CDS 
contracts. Clearly not all of these contracts could be physically settled, 
since there was not enough outstanding Lehman Brothers debt to fulfil 
all of the contracts, demonstrating the necessity for cash settled CDS 
trades. 
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4.1.12.3 Auctions 


When a credit event occurs for a major company on which a lot of CDS 
contracts are written, an auction (also known as a credit-fixing event) 
may be held to facilitate the settlement of a large number of contracts 
at once, at a fixed cash settlement price. 

There are two consecutive parts to the auction process. The first 
stage involves requests for physical settlement and the dealer market 
process sets the inside market midpoint (IMM). Dealers place orders 
for the debt of the company that has undergone a credit event. The 
range of prices received is used to calculate the IMM. The IMM is 
published for viewing and then used in the second stage of the auction. 

After the IMM is published, participants can decide if they would 
like to submit limit orders for the auction. Limit orders submitted are 
then matched to open interest orders. 


The Lehman Brothers Auction 


The Lehman Brothers failure in September 2008 provided a true test of 
the procedures and systems developed to settle credit derivatives. The 
auction, which occurred on October 10, 2008, set a price of 8.625 
cents on the dollar for Lehman Brothers debt. It was estimated that 
between $6 billion and $8 billion changed hands during the cash set- 
tlement of the CDS auction. Recoveries for Fannie Mae and Freddie 
Mac were much higher 91.51 and 94.00, respectively. 

The price of 8.625 means that the sellers of protection on Lehman 
CDS will have to pay 91.375 cents on the dollar to buyers of protection 
to settle and terminate the contracts via the Lehman Protocol auc- 
tion process. In other words, if you had held Lehman Brothers bonds 
and had bought protection via a CDS contract, you would have re- 
ceived 91.375 cents on the dollar. This would offset your losses on 
the cash bonds you held. You would have expected to receive par, or 
100, when they matured, but would have only received their recov- 
ery value after the bankruptcy process concluded. Instead, since you 
bought protection with a CDS contract, you receive 91.375. 


4.1.12.4 Risk 


When entering into a CDS, both the buyer and the seller of credit 
protection takes a counterparty risk 
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e The buyer takes the risk that the seller may default. If the seller 
of the CDS and the Risky Corporation default simultaneously (a 
“double default”), the buyer loses the protection against default by 
the reference entity. If the seller defaults but not the Risky Corpora- 
tion, the buyer might need to replace the defaulted CDS at a higher 
cost. 


e The seller takes the risk that the buyer may default so that the 
seller don’t get the expected revenue stream. More important, a 
seller normally limits its risk by buying offsetting protection from 
another party - that is, it hedges its exposure. If the original 
buyer drops out, the seller squares its position by either unwind- 
ing the hedge transaction or by selling a new CDS to a third party. 
Depending on market conditions, that may be at a lower price 
than the original CDS and may therefore involve a loss to the 
seller. 


e As with other kinds of over-the-counter derivative, CDS might in- 
volve liquidity risk. If one or both parties to a CDS contract must 
post collateral (which is common), there can be margin calls requir- 
ing the posting of additional collateral. Many CDS contracts even 
require payment of an upfront fee composed of “reset to par” and 
an “initial coupon.”. 

e Another kind of risk for the seller of CDS is the default risk. A 
CDS seller could be collecting monthly premiums with little ex- 
pectation that the reference entity may default. A default creates 
a sudden obligation to pay millions, if not billions, of dollars to pro- 
tection buyers. This risk is not present in other over-the-counter 
derivatives 


4.1.12.5 Pricing and valuation 


There are two competing theories for the pricing of CDS. The first, 
is a probability model, which takes the present value of a series of 
cashflows weighted by their probability of non-default. This method 
suggests that CDS should trade at a considerably lower spread than 
corporate bonds. 
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The second model, proposed by Darrell Duffie, but also by John 
Hull and Alan White, uses a no-arbitrage approach. 
The CDS consists of two legs, a Premium leg and a protection leg. 
They are calculated as 
n 
PV(premium_leg) = — 5 D;(1— x)! 
i=l 


S . 
10000 ' 
and 


“Di +D;j 
PV(protection_leg) = N - > — 


i=l 


(Loa ie) 


Here R is the recovery rate (= 0.40 as market praxis), x the default 
probability, N the notional amount and Di the discount factors. The 
spread s is given in basis points. If a trade is made at a certain price, 
given at the percentage of the notional, the default probability can be 
calculated by solving 

PV(premium_leg) + PV(protection_leg) + (100 — price) - N/100 = 0 


With a known default probability the spread might be calculated as 
the par value 


PV (premium _leg) + PV(protection_leg) = 0 


The Probability Model 


In the probability model, a CDS is priced using a model that takes four 
inputs: 

e the issue premium, 

e the recovery rate (percentage of notional repaid in event of default), 
e acredit curve for the reference entity and 

e the XIBOR interest rate curve. 

If default events never occurred the price of a CDS would simply be 
the sum of the discounted premium payments. So the CDS pricing 


models have to take into account the possibility of a default at some 
time between the effective date and the maturity date of the contract. 
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We can imagine the case of a 1-year CDS with effective date tg with 
four quarterly premium payments occurring at times 17, t2, t3, and t4. 
If the nominal of the CDS is N and the issue premium is c, then the size 
of the quarterly premium payments is Nc/4. If we assume for simplicity 
that defaults can only occur on one of the payment dates then there 
are five ways the contract could end. 


e either there is no default, so the four premium payments are made 
and the contract survives until maturity, or 


e a default occurs on the first, second, third or fourth payment date. 


To price the CDS we now need to assign probabilities to the five pos- 
sible outcomes and calculate the present value of each outcome. The 
present value of the CDS is then simply the present value of the five 
payoffs multiplied by their probability of occurring. 

This is illustrated in the tree diagram Fig. 4.23, where at each pay- 
ment date, either the contract has a default event, with a payment of 
N(1 — R) where R is the recovery rate, or it survives without a default, 
in which case a premium payment of is made. At either side of the 
diagram are the cashflows up to that point in time. 

The probability of surviving over the interval f;_7 to t; without a 
default payment is p; and the probability of a default being triggered is 
(1 - pi). The calculation of present value, given discount factor of D1 
to D4 is shown in Table 4.7. 

The probabilities above can be calculated using the credit spread 
curve. The probability of no default occurring over a time period from 
t to t+ At decays exponentially with a time-constant determined by the 
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Fig. 4.23 Cash flows and default probabilities for a CDS. 
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Table 4.7 Payments and default probabilities for a CDS 


Defaul Time Premium Paymen PV Default Payment PV Probability 
t1 0 Di(1—R)N 1-p1 
Ne 
t2 -D1 T D2(1 - R)N P4(1 - p2) 
N 
t3 ~(D14D2) $ D3(1-R)N PpıP2(1 - p3) 
Ne 
t4 ~(D14D24D3) 7 D4(1 -R)N P1P2P3(1 - pa) 
Nc 
-(D1+D2 + D3 + Da) 0 P1P2P3P4 


credit spread, or mathematically 


s(t) - an 


pO = ex |- IIR 


where s(t) is the credit spread zero curve at time t. The riskier the ref- 
erence entity the greater the spread and the more rapidly the survival 
probability decays with time. 

To get the total present value of the CDS we multiply the probability 
of each outcome by its present value to give 


PV =D (1-pı)N(1-R) 


Ne 
+pı (l -p2) [Dav a-R)- | 
Ne 
+ pip2 (1 —p3) DON =R EE 
Nc 
+ pip2p3 (1 — pa) DAN (= RAD Doe Days 
Ne 
— pip2p3p4 (Dı + D2 + D3 + D4) a 


The No-Arbitrage Model 


In the no-arbitrage model proposed by both Duffie and Hull-White, 
it is assumed that there is no risk free arbitrage. Duffie uses the LIBOR 
as the risk free rate, whereas Hull and White use US Treasuries as the 
risk free rate. Both analyses make simplifying assumptions (such as 
the assumption that there is zero cost of unwinding the fixed leg of 
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the swap on default), which may invalidate the no-arbitrage assump- 
tion. However the Duffie approach is frequently used by the market to 
determine theoretical prices. 

Under the Duffie construct, the price of a CDS can also be derived 
by calculating the asset swap spread of a bond. Ifa bond has a spread of 
100, and the swap spread is 70 bps, then a CDS contract should trade at 
30. However, there are sometimes technical reasons why this will not 
be the case, and this may or may not present an arbitrage opportunity 
for the canny investor. The difference between the theoretical model 
and the actual price of a CDS is known as the basis. 

In terms of cash-flow profile, a CDS is most readily comparable with 
a par floating rate note funded at LIBOR or an asset swapped fixed-rate 
bond financed in the repo market. 

Though default protection should logically trade at a spread relative 
to a risk-free asset, in practice it trades at a level that is benchmarked to 
the asset swap market. Most banks look at their funding costs relative 
to LIBOR and calculate the net spread they can earn on an asset relative 
to their funding costs. LIBOR represents the rate at which AA-rated 
banks fund each other in the interbank market for a period of three to 
six months. Although this is a useful pricing benchmark it is not a risk 
free rate. 

Intuitively, the price of a CDS will reflect several factors. The key 
inputs would include the following: 


e probability of default of the reference entity and protection seller 
e correlation between the reference entity and protection seller 


e joint probability of default of the reference entity and protection 
seller 


e maturity of the swap and 


e expected recovery value of the reference asset. 


Though several sophisticated pricing models exist in the market, de- 
fault swaps are primarily valued relative to asset swap levels. This 
assumes that an investor would be satisfied with the same spread on a 
CDS as the spread earned by investing the cash in the asset. 


The Asset Swap Approach 


Default swap pricing can be based on arbitrage relationships between 
the derivative and cash instruments. Rather than using complicated 
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pricing models to estimate default probabilities, we can use a simpler 
pricing mechanism which assumes that the expected value of credit 
risk is already Captured by the cash market credit spreads. 


A CDS is equivalent to a fully funded purchase of a bond with an 
interest rate hedge. 


CDS is an unfunded transaction requiring no initial cash outlay. As a 
result, the relative value of a CDS is compared to an asset swap rather 
than a bond’s underlying spread over treasuries. An unfunded position 
in the bond would have to be financed in the repo market. 

In a simplified model, the default swap should trade at the same level 
as an asset swap on the same bond. The asset swap provides a context 
for relative value because reference assets have transparent prices. 

CDS exposure on the LIBOR market can be replicated in the 
following ways: 


e Purchase a cash bond with a spread of T + Sc for par. 


e Pay fixed on an interest rate swap (T + Ss) with the maturity of the 
cash bond and receive Libor (L). 


e Finance the bond purchase in the repo market. The repo rate is 
quoted at a spread to Libor (L— x). 


e Pledge bond as collateral and be charged a haircut by the repo 
counterparty. 


The interest rate swap component eliminates the duration and convex- 
ity exposure of the cash bond. 

Without this hedge, the trade would be equivalent to a leveraged 
long position in the fixed rate corporate asset (T + Sc —(L—x)). Since 
a CDS is an unfunded transaction, the bond purchase needs to be fully 
financed. This financing is achieved with the bond repo. In a repo, 
collateral is traded for cash. The collateral “seller” borrows cash and 
lends collateral (a repo) 

The collateral “buyer” borrows the collateral and lends cash (a re- 
verse repo). The repo bid/offer refers to the rate at which the collateral 
can be bought. The bid is higher than the offer since it is the cost of 
buying cash and selling collateral. 
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Two important components of a repo trade are: 


e Haircut: This is defined as the difference between the securities 
purchased and the money borrowed. The lender of cash charges 
a haircut for the loan in order to compensate for market risk of 
collateral as well as counterparty risk. 


e Repo rate: This is the financing cost for the collateral. It varies ac- 
cording to the demand to borrow (or lend) the security. This rate 
has been denoted as L - x, since several liquid credits have repo 
rates that are usually, but not always, less than Libor. 


The haircut represents the Capital in the trade. As a result, institu- 
tions with the cheapest cost of Capital will be able to assume this 
credit exposure for the lowest net cost. If we assume a haircut of 0 for 
simplicity, then Table 4.8 shows that the net cash flow is 


(Sc-Ss)+x 


If the repo rate for the bond was LIBOR flat (x = 0) the exposure would 
simply be the asset’s swap spread (Sc — Ss). 

This cash flow is similar to that received by a protection seller on a 
CDS, that is, a simple annuity stream expressed in basis points for the 
life of the trade. 

If the bond defaulted, the repo would terminate and the investor 
would lose the difference between the purchase price and recovery 
price of the bond. In efficient markets, arbitrage relationships should 
drive default swap levels towards the asset swap level. Any mispricing 
between the markets would be arbitraged away by market makers. For 
example, if the default premium is greater that the asset swap level, 
protection sellers would enter the market and drive the default swap 
premium down towards the asset swap level. 


Table 4.8 Cash flows in the asset swap approach 


Investor Trade Receive Pay 
Buy Cash bond T+Sc 100 
Swap Hedge L T=+55 
Repo 100 ix 


Total Cash Flows T+Sc+L+100 100+ T + 5% 
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4.1.13 Hazard rate models 


Hazard rate model has become increasingly important when it comes 
to the pricing of CDS. The primary reason is the enhanced possibility 
to model the recovery rate associated with the reference entity and the 
probability of defaults in an explicit way. The financial mathematics 
behind the hazard rate models will be described here. 

The following assumptions are necessary for this model to be 
applied: 


e No counterparty default risk 


e No dependence between interest rates, default probabilities and 
recovery rates. 


With a hazard rate model, it is possible to strip out the recovery 
rate and trade it separately. It is also possible to price more exotic 
CDS, such as digital CDS, where a hazard rate model is superior to a 
replication-based model. 

In the event of default, it is important to understand the value of the 
settlement amount. That is, the amount the reference entity owner 
will receive at default. This amount is calculated by multiplying recov- 
ery rate times the claim value. When the recovery rates are non-zero, 
one must make an assumption about the claim value bondholders will 
claim in the event of default. 

The recovery rate is the percentage rate of the outstanding credit 
that will be recovered in the event of default. The claim is defined as 
the outstanding credit. 

Normally in the market, the claim is always the same as the face 
value of the reference obligation. Using this definition, the claim will 
remain constant over time. It is important that the recovery rate and 
the claim value uses the same underlying assumption. That is, the re- 
covery rate should be perceived as the percentage rate of the claim 
value and therefore, as the percentage rate of the face value. 

A Basket Credit Default Swap is a derived from a credit default 
swap. The difference between these instrument types is the underly- 
ing instrument. Instead of a bond as the underlying instrument as in 
the case with CDS, the basket credit default swap has a basket of bonds 
as the underlying. 


4 Interest Rate Instruments 125 
4.1.13.1 Hazard Rate and Credit Spreads 


Let t denote the uncertain time of default of a firm having issued debt: 
this can be modelled as a random variable, for which we are interested 
in finding its probability distribution. The main variable in reduced- 
form models is the risk-neutral rate of default per unit time, also called 
the hazard rate. This is defined as the probability per unit time of 
a default occurring, given the knowledge that the firm has not yet 
defaulted. If t > t, then the probability that a default occurs during 
the time interval [t,t + At] is given by 


X(t) At + o( At) 


where o0( Ar) denotes a term negligible with respect to At. Typically, if 
time is measured in annual units, à is a small number: default rates (tf) 
are between 0.1% and, say, 3%. 

The probability of survival, that is, the absence of default between t 
and t + At, is therefore 


1—[A() Att o( AD] 


Assume now that, conditionally on no default before t, the event of 
default during [t, t + At] is independent of the past. Dividing [0, t] into 
n periods of length At, we obtain the probability of no default between 
0 and t as follows 


1 (1-A) At), with t= kAt 
k=1 


Taking logarithms and using the fact that log(1 +x) = x+ o(x) for x close 
to zero, we obtain 


log o (A-At AD) = dX, log (1- A(t) At) = — 2 Mt) At + 0( AD 
t 


- f oas as At—>0 
0 
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So, as At — 0, the expression for the probability of survival up to t 
becomes 


t 
ga -AHAN > P(t > t) = exp | - J a(9ds 


0 


=> 
T 


P(t > T|t > t) = exp -J A(s)ds 
t 
Let us now introduce the benchmark discount rate r(t) relative to 
which credit spreads will be computed: typically this will be Libor 


or the risk-free Treasury rate. The value of a default-free zero-coupon 
bond is given by 


T 


Bt, T) = exp | — J r(s)ds 


t 


Denote by D(t, T) the value at time t of a corporate bond with nominal 
$1 and maturity T. Denoting by R the recovery rate at default, the 
corporate bond will pay $1 at maturity (T) in the absence of default 
between 0 and T, and 0 otherwise (adjusted for R). The value of this 
bond is given by the discounted risk-neutral expectation of its terminal 
payoff 


T 
D(t, T) = exp - f roas E[1 -Ir> +R -Igne > t] 


t 
T 


= exp - f roas E Tress +R (1-l>r)) |t > t] 
f 
T 


= exp - f roas [A-R E [Irgl > t] +R] 
T T 


= (1—R)- exp - f (6s) +09) as +R-exp - f roas 
t 


t 
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Comparing this expression with the value of a default-free bond, we 
observe that the principal effect of default risk is to modify the dis- 
count factor by adding a spread to the short rate: this spread is none 
other than the hazard rate i(f). This is one of the principal results of 
reduced-form models. The hazard rate can be identified from the term 
structure of credit spreads, a quantity that is observable in the mar- 
ket. Please note, however, that the above relation requires knowledge 
of the recovery rate, which is typically quite uncertain. In the case of 
zero recovery 


T T 
D(t, T) = exp -J (r(s) + à(s))ds | = exp -| r(s)ds + (T —t)s(t, T) 
t 


t 
so the term structure s(t, T) of credit spreads is simply given by 


T 


s(t, T) = = exp -J A (s)ds 


t 


The hazard rate A(t) can thus be chosen to reproduce an arbitrary term 
structure of credit spreads. This is an important advantage of reduced- 
form models when compared to structural models, where the form of 
the credit spread term structure is imposed. In particular, it is possible 
to obtain arbitrary credit spreads for short maturities, which was not 
possible in the Merton or Black-Cox models.” 

As noted above, retrieving hazard rates from credit spreads re- 
quires knowledge of the recovery rates. Since these are unknown 
in practice, the market standard is to use data collected by rating 
agencies for estimates of the average recovery rate by seniority and 
instrument type. 


4.1.13.2 Pricing and Hedging of Credit Derivatives 
in Reduced-Form Models 


To illustrate how the above concepts can be used to price credit deriv- 
atives, let us apply them to the pricing of CDSs. As discussed above, the 


5 http://www.larrylisblog.net/WebContents/Financial%20Models/BlackCoxModel. pdf 
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breakeven spread in a CDS should be the spread at which the present 
values of premium payments and the probability-weighted payoff of 
the protection legs are equal. Assume for simplicity that the hazard 
rate à and the discount rate r are constant. The premium leg pays 
continuously a spread S and its present value is given by 


1 — exp {-(r+A)T} 
r+À 


T 
S. [oe {-(r+)t}dt=S$ 
0 


The protection leg pays (1—R) in case of default: this occurs with prob- 
ability A(t)dt during [t, t+ dt]. So the discounted value of the protection 
leg is 


T 


-R f exp (A+ AN dt = C-RA 1 -exp {-(r+A)T} 
0 


r+x 


Equalizing the two expressions yields the following expression for the 
fair value of the CDS spread 


S=A(1-R) 


The spread risk can then be calculated as 


cvor = 2 (s. c eaa -exp {r+ A)T) 
as r+À r+ì 
eo (en) 


r(T) + 3% 


The relation S = A (1 — R) states that the credit spread compensates the 
investor for the risk of default per unit time. Note that in this simple 
case where the term structure of interest rates is flat, the interest rate 
does not appear in the relation between the CDS spread and the de- 
fault parameters. This corresponds to the idea that a position in CDS 
is a pure “credit exposure” and, at least at first order, does not in- 
corporate interest rate risk. When the term structure is not flat, the 
above computations can be carried out similarly but the interest rate 
dependency does not simplify the CDS spread which is then exposed 
to movements in the yield curve. 
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The main idea of the above-mentioned relation between hazard rates 
and CDS spreads is that once the CDS-spreads are known, it is pos- 
sible to deduce the hazard rate using the relation above and to price 
any credit derivative. Note that this hazard rate is a risk-neutral rate 
of default, implied by market-quoted CDS spreads. In principle, and 
also in practice, it can be quite different from historically estimated 
default rates or from those implied by transition rates of credit ratings. 
In the language of arbitrage pricing theory, the hazard rate represents 
the risk-neutral probabilities of default while historical studies estim- 
ate “objective” default probabilities. Once the (risk neutral) hazard rate 
has been calibrated to spreads on credit-sensitive bonds or CDSs, it can 
be used to value a credit-sensitive payoff H, by taking the discounted 
risk-neutral expectation of H 


T 
V (H) = exp - f roas E[A|F] 


t 


Denoting by Ho the payoff in case of default and H; the payoff in case 
of survival, we obtain 


T T 
V,(H) = exp -f r(s)ds 1 — exp - f noas E [HoF] 


t t 


T 
+ exp - f (6s) #209))a E|A\|F;] 


This pricing approach guarantees the absence of arbitrage opportunit- 
ies between, on the one hand, the instruments priced in this manner 
and, on the other hand, liquid instruments to which the models are cal- 
ibrated (CDSs, corporate bonds, etc.). However, it cannot give us an 
indication of the “fair value” of a credit spread in absolute terms. Also, 
while it is still possible to compute “sensitivities” of the model price 
of a credit derivative with respect to, for instance, CDS spreads on the 
underlying credits, there is no element in the model that allows us to 
interpret such sensitivities as hedge. In fact, as opposed to structural 
models, which typically lead to complete markets, hedging in reduced- 
form models cannot be done by simple delta hedging. Delta hedging 
will only neutralize a derivative with respect to small movements in 
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an underlying spread but not to losses incurred in case of jump-to- 
default (which is actually the main concern!) or unknown recovery 
rates. These need to be measured independently, typically through 
stress-test scenarios. Arrangers are then led to calculate reserves on 
their initial profit and loss, which are released over time, in order to 
account for these risks. 


4.1.14 Total Return Swaps 


Total return swaps are bilateral financial transactions (OTC) where the 
total return (which equals the coupon plus price change) on a fixed in- 
come security is exchanged for a funding cash flow, usually LIBOR plus 
a basis spread. Total return swaps are the historic precursors to CDSs. 
Investors in risky assets started swapping their risky returns for safe 
returns to others which in case of a default also offered to compensate 
the investor for any loss of principal. Note that this meant swapping 
the total returns which explains the name TRS. The problem with this 
was that besides the credit risk both parties also were subject to in- 
terest rate risk. This led to the creation of a cleaner instrument which 
only hade credit risk. Hence the CDS was born. In a CDS the investors 
only pay a premium to the party that is accepting the risk. This is like 
an insurance policy. And just like in insurance the counterparty of the 
CDS only pays out if a “credit event” occurs. Exactly what is meant by 
a credit event is specified in the CDS contract. Unlike CDS, in a TRS 
payments to balance the underlying credit’s price depreciation or ap- 
preciation are always exchanged without requiring the occurrence of 
a specific credit event. Total Return swaps are beneficial to investors 
as it involves a leveraged participation in a fixed income instrument 
without the origination cost. Total Return swaps are particularly at- 
tractive to investment firms that want to diversify their portfolio credit 
exposure. 


4.1.15 Caps, Floors and Collars 


Interest rate caps and floors are basic products for hedging floating 
rate risk. A cap is a call option on the future realisation of a given 
underlying LIBOR rate. More specifically, it is a collection (or strip) of 
caplets, each of which is a call option on the LIBOR level at a specified 
date in the future. Similarly, a floor is a strip of floorlets, each of which 
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is a put option on the LIBOR level at a given future date. caps and 

floors are widely traded OTC instruments. As explained below, they 

provide protection against widely fluctuating interest rates - a cap, for 

instance, is insurance against rising interest rates. caps and floors also 

reflect market views on the future volatility of LIBOR rates. caps and 

floors can be compared to Call and Put options in the equity markets. 
The parameters of caps and floors are: 


e Notional 
Cash-flow dates 


e Floating rate 
Strike rate. 


4.1.15.1 Caps and Caplets 


A plain vanilla Gnterest rate) Cap is, as mentioned above, a series of 
European interest rate call options (called Caplets), with a particular 
interest rate strike, each of which expire on the date when a floating 
loan/swap rate will be reset. 

For concreteness, suppose the underlying interest rate is the t - ma- 
turity LIBOR. Let L(t, T, T) denote® the forward LIBOR at time t for the 
accrual period [T, T + t]. The spot LIBOR at time T is then, by defin- 
ition, L(T,T, t). This rate fixes at time T, and one cash unit invested 
at this rate which pays 1 + t':L(T,T,Tt) at time T + t. The maturity T is 
expressed in terms of fractions of a year - for example, t = 0.25 for a 
3-month LIBOR. 

At each interest payment date the holder of a cap will exercise the 
current caplet if the strike rate is below the LIBOR swap rate. The 
seller have the obligation to compensate the buyer for the differences 
between the strike and the swap rate. Therefore, caps are often used 
by borrowers in order to hedge a floating interest rate. 

Banks and financial institutions will use caps to limit their risk ex- 
posure to upward movements in the floating interest rate. caps are 
equally attractive to speculators which can get a profit due to the 
volatility in market interest rates (Fig. 4.24). 


6 In L(t, T,t), the first argument is current time, the second argument is the start date for the 
accrual period, and the third argument is the length of the accrual period. 
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The Buyer pays 
an initial premium 


Fig. 4.24 The payout from a cap when the floating rate exceeds the cap-rate 
(strike level). 


The price of a cap is the sum of its constituent caplet prices, and 
so we focus on these first. A caplet is a call option on L. Specifically, a 
caplet with maturity date T and strike rate K has the following payoff: 
at time T +7, the holder of the caplet receives at T + t 


Ir = (LT, T,t)- K)+ 


Note that the caplet expires at time T, but the payoff is received at the 
end of the accrual period, that is, at time T +t. The payoff is day-count 
adjusted. The liabilities of the holder of this caplet are always bounded 
above by the strike rate K, and clearly if interest rates increase, the 
value of the caplet increases, so that the holder benefits from rising 
interest rates. 

By the usual arguments, the price of this caplet is given by the dis- 
counted risk-adjusted expected payoff. If {p(t, T) : T > t} represents 
the observed term structure of zero-coupon bond prices at time f, then 
the price of the caplet is given by 


Il, = T - p(t, T + t)E® (LT, T, t)— K)*] 


In this equation, the only random term is the future spot LIBOR, 
L(T,T,t). The price of the caplet therefore depends on the distribu- 
tional assumptions made on LCT, T, t). One of the standard models for 
this is the Black model, described in a later section. According to this 
model, for each maturity 7, the risk-adjusted relative changes in the for- 
ward LIBOR L(t, T, t) are normally distributed with specified constant 
volatility oy, that is, 


dL(t,T, T) 


Gino 
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This implies a lognormal distribution for L(t,7T,t), and under this 
modelling assumption the price of the T - maturity caplet is given by 


C(t) =T + p(t, T +t) [L(t,T, t)- N(d{)-K -N (d3)] 


where 


z In| MeO + S077 À 
1,2 7 


OrȚT -t 


For low interest rates, the Black model above can’t be used. With really 
low or negative rates, the logarithm above is not defined. Even for 
small positive rates, regulators want banks to stress a decrease of the 
rate, so that the stressed rate might be negative. At the writing moment 
(February 2015) the interest rates are negative for short maturities in 
many currencies. The solution is to use a normally distributed rate 
with the following process under the risk neutral measure 


dL(t, T, t) = oN dW(t) 


Under this modelling assumption the price of the T - maturity caplet 
is given by 


Naj = 2 
C(t) = t - pt,T +T) fac T,t)—K)-N(d)+ oe i 


where 
AGT, t)-K 
on T-t 


As we can see, this model, called Normal Black or the Bachelier’s 
model are valid also for negative rates (or strikes). 


4.1.15.2 Normal Volatility to Black Volatility 


When using different models, Black or Normal Black, it is possible to 
convert from one volatility type to another. In particular this is easy 
when you have an at-the-money (ATM) caplet. A formula also valid for 
strikes not given ATM is presented in a section below. This is important 
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when rates are low (near zero or negative) and when the market praxis 
moves to normally distributed models. The reason is, as seen above, 
that the Black model cannot be used. If the strike or the forward rate 
is zero or below, the variable dı (and d2) are not defined due to the 
logarithm An(L/K), where L here is the (forward) LIBOR rate and K the 
strike rate). The market will then quote the prices in normal volatility. 

We will now show how we can translate between the normal and 
log-normal volatilities for ATM prices, that is, where the strike and 
forward rate are equal. 

The normal model is, as we have seen above, derived from the risk- 
neutral stochastic process for the forward rate F 


giving a price function for a call option G.e. a Caplet) as 


onvT et 2 
Cyn =e’ (F- K)- NO + —— JA 
Hi | 
where 
F-K 
d= 
onvT 
If K = F, d = 0 giving 
CN = a ov T 
J 20 


Similarly, the Black model is derived from the process: 
dF = opFdv; 
giving a price function for a call option as 
Cp =e". (F-N(d\)—K - N(d2)} 
where 


In(F/K) + 503 -T 


= , dy=d,-ogVvT 
1 on T 2 1 B 
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If K = F, we get 
-rT 1 1 
Cg=e"T.}F.N 5oBvT -F.N -508V T 
1 
=e'F. {2-" (Sonv7) = 7 


Since the prices must be the same Gndependent of the model), that is, 
Cy = Cg we must have 


ony =F [2-» (ZonvF) -1| 
w= F-J? f2-n (osv) -1) 


This can be inverted to find the Black dog-normal) volatility from the 
corresponding normal volatility as 


oB = — N E ee 

B- JT \2F\2m 2 
where we have to invert the normal distribution. The argument in this 
function must be a probability, so the normal volatility must satisfy the 


following condition 
<F 27 
on < — 
PRSNI 


4.1.15.3 Caps as a Strip of Caplets 


or 


Let’s go back to caplets and look at some details. 

Suppose we have a loan with the face value of N and payment dates 
ti < t2 <- < tn, where ti — ti = Tt for all i. In practice, there 
will not be exactly the same number of days between successive reset 
dates, and the calculations below must be slightly adjusted by using the 
relevant day-count convention. The interest rate to be paid at time t; 
is determined by the t-period money market interest rate prevailing at 
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time t; — T, that is, the payment at time t; is equal to NTL(ti, tis). Note 
that the interest rate is set at the beginning of the period, but paid at 
the end. Define tọ = tı — t. The date’s fo, tj, ..., tn-1 where the rate 
for the coming period is determined are called the reset dates of the 
loan or swap. 

A cap with a face value of N, payment dates t;(i = 1, ..., n) as above 
and a so-called cap rate K yields a time t; payoff of Nt max{L(tj, ti — 
t)-K, 0}, fori=1, 2, ..., n. Ifa borrower buys such a cap, the total 
payment at time t; cannot exceed NtK. The period length t is often 
referred to as the frequency or the tenor of the cap. In practice, the 
frequency is typically either 3, 6 or 12 months. Note that the time 
distance between payment dates coincides with the “maturity” of the 
floating interest rate. Also, note that while a cap is tailored for interest 
rate hedging, it can also be used for interest rate speculation. 

A caplet can be characterized as a put option on a zero-coupon 
bond. The payoff at time t; is equivalent to 


Nt 
— L(t, ti—Tt)-K,0 
TO RAN 
or 
N(1 +K) 
max | N „0 
1 +TL(ti, ti— T) 


The expression N (1 + TK) / (1 +TtL(ti,ti—Tt)) is the value of a zero- 
coupon bond that pays N(1 + tK) at time ti. The expression above is 
therefore the payoff from a put option, with maturity t;, on a zero- 
coupon bond with maturity t; when the face value of the bond is 
N(1 + tK) and the strike price is K. It follows that an interest rate cap 
can be regarded as a portfolio of European put options on zero-coupon 
bonds. 

In the following, we will find the value of the i’th caplet before time 
ti. Since the payoff becomes known at time t; — t, we can obtain its 
value in the interval between t; — t and t; by a simple discounting of 
the payoff, that is, 


Cİ = p(t, t)Nt max {L(t;,t;- t) —K,0}, ti-tT StSt 


4 Interest Rate Instruments 137 
In particular, 
Ci_, = p(ti,ti— TNT max {L(t;, ti- t)—K,0}. 


The relation between the price of a zero-coupon bond at time t with 
maturity at T and the forward rate L(t, T) is 


1 
"ThE Tad 


p(t, T) 


or 


san) 
L(t, T) = —— -1 
T-t \ p(t, T) 


We then have 
C$; = pti, ti— T)N max {1 + TL, ti- T) - (1 + TK), 0} 


= piti- ON max | -(1+7K),0| 


P(ti, ti — T) 
P(t, ti no} 


=N(1+ rk) max | l 

1+tK 
We can now see that the value at time t; — T is identical to the payoff 
of a European put option expiring at time t; — t that has an exercise 
price of 1/(1 + tK) and is written on a zero-coupon bond maturing at 
time t;. Accordingly, the value of the ith caplet at an earlier point in 
time ¢ < t;— t must equal the value of that put option. If we denote 
the price of a call option on a zero-coupon bond at time t, with the 
strike price K, expiry T and where the bond expires at time S with 
z(t, K, S, T), that is, 


w(t, K, S, T) = max {p(T,S)-K,0} 
We can write 
ci =N(1+tK)z (: mtn) : 
1+tK 
To find the value of the entire cap contract we simply have to add 


up the values of all the caplets corresponding to the remaining pay- 
ment dates of the cap. Before the first reset date, tọ, none of the cap 
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payments are known, so the value of the cap is given by 


n n 
1 
Q= ) C,=N(1+tkK) ) IOTEN] t < fo. 
i=1 i=1 


At all dates after the first reset date, the next payment of the cap will 
already be known. If we again use the notation ti) for the nearest 
following payment date after time t, the value of the cap at any time t 
in [tọ, tn] (exclusive of any payment received exactly at time t) can be 
written as 


Ci = Np(t, tip)t max {Lltio ti -1)-K,0} 


n 1 
+N(1+tK) > a (agp et) ip <t<t 


i=i(t)+1 


If tn-1 < t < tn, we have iq) = n, and there will be no terms in the sum, 
which is then considered to be equal to zero. In later sections, we 
will discuss models for pricing bond options. From the results above, 
cap prices will follow from prices of European puts on zero-coupon 
bonds. 

Note that the interest rates and the discount factors appearing in 
the expressions above are taken from the money market, not from the 
government bond market. Also note that since caps and most other 
contracts related to money market rates trade OTC, one should take 
the default risk of the two parties into account when valuing the cap. 
Here, default simply means that the party cannot pay the amounts 
promised in the contract. Official money market rates and the as- 
sociated discount function apply to loan and deposit arrangements 
between large financial institutions, and thus they reflect the default 
risk of these corporations. If the parties in an OTC transaction have a 
default risk significantly different from that, the discount rates in the 
formulas should be adjusted accordingly. However, it is quite complic- 
ated to do that in a theoretically correct manner, so we will not discuss 
this issue any further. 
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4.1.15.4 Floors and Floorlets 


A plain vanilla interest rate) floor (as opposite to a cap) is represen- 
ted as a series of European interest rate options (called floorlets), with 
a particular interest rate strike, each of which expire on the date the 
floating loan/swap rate will be reset. 

At each interest payment date the seller of a floor agrees to com- 
pensate the buyer for a rate falling below the specified rate during the 
contract period. The difference occurs in that on each date the writer 
pays the holder if the reference rate drops below the floor. Lenders of- 
ten use this method to hedge against falling interest rates. The step up 
cap counteracts this by raising the strike of the later caplets to reflect 
the higher forward rates (see Fig. 4.25). 

The Buyer of a floor receives pay-outs when the floating rate falls 
below the floor-rate. 

Therefore, a floor is designed to protect an investor who has lent 
funds on a floating rate basis against receiving very low interest rates. 
It is similar to a cap except that it is structured to hedge against de- 
creasing interest rates (or downside risk). Interest rate floors can be 
purchased OTC from a bank. As a contract, when a chosen reference 
rate falling below the floor’s interest rate level (the floor rate), the in- 
terest floor seller agrees to reimburse the buyer for the difference, 
calculated on a notional principal amount and for a certain period. 
Therefore, the chosen reference rate must drop below the floor rate 
before any cash payment takes place between the two parties. 

An interest rate floor closely resembles a portfolio of put option 
contracts. The key elements of a floor are maturity, floor rate, reference 
floating rate, reset period and the notional principal amount. 

A typical interest rate floor can be considered as a portfolio of in- 
terest rate floorlets, which only yield payment on one period of time. 
We can consider floorlets as a European put on the chosen reference 
rate with delayed payment of the payoff. 


The Buyer pays 
an initial premium 


Fig. 4.25 The payout from a floor when the floating rate falls below the floor-rate 
(strike level). 
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The contract is constructed just as a cap except that the payoff at 
time ¢;(i= 1, ..., n) is given by 


Ps = Nt max {K -L(t;,t;-T), 0}. 


where K is called the floor rate. Buying an appropriate floor, an in- 
vestor who has provided another investor with a floating rate loan will 
in total at least receive the floor rate. Of course, an investor can also 
speculate in low future interest rates by buying a floor. 

The (hypothetical) contracts that only yield one of the payments 
above are called floorlets. Analogously to the analysis for caps, we 
consider each floorlet as a European call on a zero-coupon bond, and 
hence a floor is equivalent to a portfolio of European calls on zero- 
coupon bonds. More precisely, the value of the i'th floorlet at time 
tj -—T is 


1 
Fi, =N (l+ tK) max {Pt ti-T)— ae] s 


The total value of the floor contract at any time t < tọ is therefore given 
by 


n 
1 
PENO+OŅ a (sygnet) t< to. 
l= 
and later the value is 


F; = Np(t, ty)t max ÍK — L(ti, ti — T), Of 


1 
+N(1+tK) > IOTEN] MEIS 


i=i(f)+1 


4.1.15.5 Pros and Cons 


The major advantages of caps are that the buyer limits his potential loss 
to the premium paid, while retaining the right to benefit from favour- 
able rate movements. The borrower buying a cap limits his exposure 
to rising interest rates, while retaining the potential to benefit from 
falling rates. An upper limit is therefore placed on borrowing costs. 
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Interest rate options like caps and floors are highly geared instru- 
ments and, for a relatively small outlay of Capital, purchasers can make 
considerable profits. At the same time, a seller with a decay strategy 
in mind (i.e. where he would like the option’s value to decay over 
time so that it can be bought back cheaper at a later stage or even ex- 
pire worthless) can make a profit amounting to the option premium, 
without having to make a Capital outlay. 

The disadvantages of caps are that the premium is a non-refundable 
cost, which is paid upfront by the buyer, and the negative impact of 
an immediate cash outflow. Caps can theoretically lose all their value 
(i.e. the premium paid) if they expire as out-the-money or start to ap- 
proach their expiry dates. In addition, there are high potential losses 
for writers (sellers) of option-type interest rate derivatives if market 
movements are contrary to market expectations. Also, one needs to 
keep in mind that the bid/offer spreads on most option-type interest 
rate derivative products are quite wide. 


4.1.15.6 Strategies 


The cap is a guarantee of a future rate. The implied forward rate will 
change over time as the market changes its view of future rates. The 
price of the cap will therefore depend on the likelihood that the mar- 
ket will change its view. This likelihood of change is measured by 
volatility. An instrument expected to be volatile between entry and 
maturity will have a higher price than a low volatility instrument. The 
volatility used in calculating the price should be the expected future 
volatility. This is based on the historic volatility. 

As time goes by, the volatility will have less and less impact on 
the price, as there is less time for the market to change its view. 
Therefore, in a stable market, the passing of time will lead to the 
cap falling in value. This phenomenon is known as Time Decay. This 
increases in severity, as we get closer to maturity. The higher the 
strike compared to prevailing interest rates the lower the price of the 
cap. High strike Cout-of-the-money”) caps will be cheaper than “at- 
the-money” or low strike Cin-the-money”) because of the reduced 
probability of the caplets being in the money during the life of the 
option. The price of the cap will increase with the length of the tenor, 
as it will include more caplets to maturity. The further the strike is set 
out-of-the-money, the cheaper the cap, as the probability of payout is 
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less, therefore the cap is considered to be more leveraged. As rates 
rise, the cap will increase in value as it becomes closer to the money. 

It is therefore an interesting strategy to buy out-of-the-money caps 
for a small premium, which will increase in value dramatically (due to 
the leverage) if rates rise. This is a trading strategy rather than a buy- 
and-hold strategy. Sophisticated Investors or Borrowers may like to sell 
caps to benefit from time decay. This is also known as writing caps. In 
this case, the seller is providing the guarantee and therefore has an 
unlimited loss potential. The profit from this strategy is limited to the 
premium earned and will occur only when there are no claims against 
the cap. 

In the market, traders will use volatility to quantify the probability 
of changes around interest rate trends. Higher volatility will increase 
the probability of a Caplet being in the money and therefore the price 
of the cap. 


Corridor 


This is a strategy where the cost of purchasing a cap is offset by the 
simultaneous sale of another cap with a higher strike. It is possible to 
offset the entire cost of the cap purchase by increasing the notional 
amount on the cap sold to match the purchase price. The inherent 
risk in this strategy is that if short-term rates rise through the higher 
strike the purchaser is no longer protected above this level and will 
incur considerable risk if the amount of the cap sold is proportionately 
larger. 


Step up Cap 


In steep yield curve environments the implied forward rates will be 
much higher than spot rates and the strike for caplets later in the tenor 
may be deep in the money. The price of a cap, being the sum of the 
caplets, may prove prohibitively expensive. The step up cap counter- 
acts this by raising the strike of the later caplets to reflect the higher 
forward rates. This may provide a more attractive combination of risk 
hedge at a lower price. The payoff diagram is shown as in the Fig. 4.26. 

After purchasing the cap, the buyer can make “claims” under the 
guarantee should Libor be above the level agreed on the cap on the 
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Interest rate % 


5% 


Fig. 4.26 A step-up cap strategy. 


settlement dates. A cap is NOT a continuous guarantee; claims can only 
be made on specified settlement dates. The purchaser selects these 
dates. 


4.1.15.7 Numerical Example using a Binomial Tree 


We will consider a binomial tree for a 2-year semi-annual floor on $100 
notional amount with strike rate K = 4.5 %, indexed to the 6-month 
rate. At time 0, the 6-month rate is 5.54 % so the floor is out-of-the- 
money, and pays $0 at time 0.5. The later payments of the floor depend 
on the path of interest rates. Suppose rates follow the path in the tree 
below. The value of the floor is the sum of the values of the 4 puts on 
the six-months rates at times 0, 0.5, 1, and 1.5. We begin the evaluation 
at time 1.5 (Fig. 4.27). 

As in binomial valuation of put options, we calculate backwards 
from time 1.5. At time 1.5, the only possible floating interest rate 
below the floor rate of 4.5 per cent is 3.823 per cent. And, only when 
the floating interest rate falls to this level, will the buyer of the floor be 
compensated with the cash of $33.85 at time 2. For the calculation, 


$0.3385 = $100 x (4.5% — 3.823%)/2 
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7.864% 


$0.00 $0.00 


6.915% 
$0.00 


6.004% 6.184% $0.00 


$0.00 $0.00 
5.54% 5.437% 
$0.0386° $0.00 
4.721% 4.862% 
$0.0794° $0.00 $0.00 
Floor Rate = 4.5% + 
4.275% 
$0.1626° 
% 
50.3322 etree, 
Time 0 Time 0.5 Time 1 Time 1.5 Time 2 


Fig. 4.27 The binominal tree for a floor at time 1.5 year. 


For the value of $33.85, at time 1.5, its present values is, 


$0.3322 = $0.3385/ (1 + 3.823%/2) 


For time 1, 0.5 and 0, assume that in this example, the probabilities to 
raise and fall are both 50 per cent. The calculations for the values at 


these time spots will be 


$0.1626 = 0.5 x (0 + $0.3322)/(1 + 4.275%/2) 
$0.0794 = 0.5 x (0 + $0.1626)/(1 + 4.721%/2) 
$0.0386 = 0.5 x (0 + $0.0794)/(1 + 5.54%/2) 


Then, we calculate the floorlet due at Time 1 as below (Fig. 4.28). 
Base on the same calculation method, we simply provide here the 


calculation for each node as 


$0.1125 = $100 x (4.5% — 4.275%) /2 

$0.1101 = $0.1125/(1 + 4.275%/2) 

$0.0538 = 0.5 x (0+ $0.1101)/(1 + 4.721%/2) 
$0.0262 = 0.5 x (0 + $0.0538)/(1 + 5.54%/2) 


At time 0.5 and 0, the floorlets never get in the money, so the value of 


the floor will be $ 0.0648 = $0.0386 + $0.0262. 
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6.915% 


/ $0.00. ~~ $0.00 
6.004% 
$0.00 K 
5.54% 5.437% 
$0.0262' ` $0.00 $0.00 
4.721% 
$0.0538" N 
=== MMMM Floor Rate = 4.5%- -.--------- 
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NI, — seoaras! 
Time 0 Time 0.5 Time 1 Time 1.5 


Fig. 4.28 The binominal tree for a floor at time 1 year. 


4.1.15.8 Collars 


Combining a cap and a floor into one product creates a “collar”. A col- 
lar is a contract designed to ensure that the interest rate payments ona 
floating rate borrowing arrangement stays between two pre-specified 
levels. Collars can benefit both borrowers and investors. In the case 
of a borrower, the collar protects against rising rates but limits the 
benefits of falling rates. In the case of an investor, the collar protects 
against falling rates but limits the benefits from rising rates. Similar to 
caps and floors the customer selects the index, the length of time, and 
strike rates for both the cap and the floor. However, unlike a single cap 
and a floor, an up-front premium may or may not be required, depend- 
ing upon where the strikes are set. In either scenario, the customer is 
a buyer of one product, and a seller of the other. 

The buyer and the seller agree upon the term (tenor), the cap and 
floor strike rates, the notional amount, the amortization, the start date 
and the settlement frequency. If at any time during the tenor of the col- 
lar, the index moves above the cap strike rate or below the floor strike 
rate, one party will owe the other a payment. The payment is calcu- 
lated as the difference between the strike rate and the index times the 
notional amount outstanding times the day’s basis for the settlement 
period. 
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A typical collar can be seen as a portfolio of a long position in a cap 
with a cap rate K, and a short position in a floor with a floor rate of 
Kf < Kc (and the same payment dates and underlying floating rate). 
The payoff of a collar at time t;, i = 1,2,...,n, is thus 


Pi = Nt [max [LCt tig) —T) — Ke, 0} — max {Ky — L(t), ti) — T), 0} ] 
Nt [Kp -Ltinstiy—T)]. i£ L(t, tiw- T) < Ky 
=? 0, if Kp < tig, tia) T) < Ke 
Nt [L(ti), ti- T) — Ke | if Ke < L(t, tin T) 


The value of a collar with cap rate K. and floor rate Ky is of course 
given by 


Ly (Ke, Kp) = Ci (Ke) — F; (Ky) 5 


where the expressions for the values of caps and floors derived earlier 
can be substituted in. An investor who has borrowed funds on a float- 
ing rate basis will by buying a collar ensure that the paid interest rate 
always lies in the interval between Ky and Ke. Clearly, a collar gives 
cheaper protection against high interest rates than a cap (with the 
same cap rate K,), but on the other hand the full benefits of very low 
interest rates are sacrificed. In practice, Ky and Ke are often set such 
that the value of the collar is zero at the inception of the contract. 

Fig. 4.29 illustrates the payoff from buying a one-period zero-cost 
interest rate collar. If the index interest rate r is less than the floor 
rate rf on the interest rate reset date, the floor is in-the-money and the 
collar buyer (who has sold a floor) must pay the collar counterparty an 
amount equal to. When r is greater than rf but less than the cap rate 
rc, both the floor and the cap are out-of-the-money and no payments 
are exchanged. Finally, when the index is above the cap rate the cap is 
in-the-money and the buyer receives N x (r—r,) x d; — 360. 

Fig. 4.30 illustrates a special case of a zero-cost collar that results 
from the simultaneous purchasing of a one-period cap and sale of a 
one-period floor when the cap and floor rates are equal. In this case, 
the combined transaction replicates the payoff of an FRA (Forward 
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r, 
i š i Interest 
"i Rate 
a. Buy Cap b. Sell Floor c. Buy Collar 


Fig. 4.29 The payoff from buying a one-period zero-cost interest rate collar. 


= Interest 
% = Rate 
a. Buy Cap b. Sell Floor c. Buy FRA 


Fig. 4.30 The put-call parity between a long cap, a short floor and a forward rate 
agreement (FRA). 


Profit 


Profit 


Rate Agreement) with a forward interest rate equal to the Cap/floor 
rate. This result is a consequence of a property of option prices known 
as put-call parity. 

More generally, the purchase of a cap and sale of a floor with 
the same notional principle, index rate, strike price and reset dates 
produces the same payout stream as an interest rate swap with an 
All-In-Cost equal to the cap or floor rate. 
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Example 4.1.15.1 
If a manufacturing firm wanted to “swap out” its floating rate debt, its all-in-cost 
of fixed rate debt would be quoted at 7.50% assuming the following information. 


Term of floating debt 5 years 
5-year Treasury yield 5.70 % 


Loan spread 150 bps 
3-month Libor 3.50 % 
Swap spread 30 bps 


All in cost then approximately = 5.70 + 0.30 + 1.50 = 7.50% 
The manufacturing firm will now pay 7.50% over the next 5 years and receive a 
floating three-months Libor over the same term. 


Since caps and floors can be viewed as a sequence of European call 
and put options on FRAs, buying a cap and selling a floor with the 
same strike price and interest rate reset and payment dates effectively 
creates a sequence of FRAs, all with the same forward rate. But note 
that an interest rate swap can be viewed as a sequence of FRAs, each 
with a forward rate equal to the All-In-Cost of the swap. Therefore, put- 
call parity implies that buying a cap and selling a floor with the same 
contract specifications results in the same payment stream that would 
be obtained from buying an interest rate swap. That is, 


Cap — floor = Payers swap 


Interest 
Rate 


a. Unhedged b. Collar c. Hedged 
Exposure Payment Exposure 


Fig. 4.31 The effect of buying an interest rate collar on interest expense. 
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Finally, in this section, we will show how interest rate collars can 
be used for hedging. Fig. 4.31 illustrates the effect that buying a one- 
period, zero-cost collar has on the exposure to changes in market 
interest rates faced by a firm with outstanding variable-rate debt. Panel 
(a) depicts the firm’s inherent or unhedged interest exposure, while 
the panel (b) illustrates the effect that buying a collar has on interest 
expense. Finally, panel (c) combines the borrower’s inherent exposure 
with the payoff to buying a collar to display the effect of a change in 
market interest rates on a hedged borrower’s interest expense. Note 
that changes in market interest rates can only affect the hedged bor- 
rower’s interest expense when the index rate varies between the floor 
and cap rates. Outside this range, the borrower’s interest expense is 
completely hedged. 


Pros and Cons 


Pros 


1. Collars provide you with protection against unfavourable interest 
rate movements above the Cap Rate while allowing you to particip- 
ate in some interest rate decreases. 


2. Collars can be structured so that there is no up-front premium pay- 
able. While you can also set your own cap rate and floor rate, a 
premium may be payable in these circumstances. 


3. The term of a collar is flexible and does not have to match the term 
of the underlying bill facility. A collar may be used as a form of 
short-term interest rate protection in times of uncertainty. 


4. Collars can be cancelled (however there may be a cost in doing so 
- see the Early termination section for further details. 


Cons 


1. While a collar provides you with some ability to participate in in- 
terest rate decreases, your interest rate cannot fall to less than the 
floor Rate. 


2. To provide a zero cost structure or a reasonable reduction in 
premium payable under the cap, the floor rate may need to be 
set at a high level. This negates the potential to take advantage of 
favourable market rate movements. 
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4.1.15.9 Hedging Caps 


A cap is a basket of options on a strip of forward LIBORs, and so is 
sensitive to changes in these. By the nature of the payoff of each caplet, 
this sensitivity is similar to that of call options on the underlying stock. 
A long cap position benefits from rising interest rates, and so a hedging 
instrument must lose value if interest rates rise. Appropriate hedging 
instruments include FRAs (receive fixed pay floating), futures strips 
dong) and swaps (receive fixed). The amount of hedge depends on 
the delta or hedge ratio. The broad strategy is to allocate more money 
to the hedge if interest rates rise and unwind the hedge if interest 
rates fall. 

To illustrate the basic concept of delta-hedging, consider hedging 
with a futures strip. We shall focus on hedging an individual caplet. 
The payoff from the caplet is determined by 


V (T, Lr) = (LT, T,t)- K) = (Lr - K)* 


By no-arbitrage, the present value of the caplet is V(t, L;), where we 
have adopted the shorthand notation L; = L(T,T,t). By the Black 
model assumption, 


dL; = oL,dw 


The terminal value of a futures contract is Fr = 1—Lry. One of the con- 
sequences of the Black modelling assumptions is that we approximate 
the present value of the futures contract with 


F,=1-L,; 


Consider a portfolio consisting of one caplet and long A units of the 
T-maturity futures contract. The value of this portfolio is 


Tl; = V(t, Lt) + A(1 - Lo) 
By Ito’s lemma, 
ƏV 1 aga V av 
dT, = | — + 10° L — | dt+oL,(—-A | dw. 
dt 2 al? aL 
By choosing 
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we can net out the randomness in the value of the portfolio. This is the 
delta-hedge. Additionally, since we are hedging two sets of cashflows 
which are initialized to be equal, we must have dT], = 0, and solving 
the resultant PDE (which is just a Kolmogorov backward equation) 
gives another equivalent way of calculating the price of a caplet. 

The owner of a cap is always short the market, that is, as bond prices 
rally (increase), the price of the cap decreases, as does its delta, and 
caplets become more out-of-the-money (OTM). 

A cap is, however, long Vega - its value increases with volatility. The 
value of a cap also increases with increasing maturity, as the holder 
now owns a basket containing more caplets, and hence has more 
options. 


4.1.15.10 Exotic Caps and Floors 


Above we have considered standard, plain vanilla caps, floors and 
collars. In addition to these instruments, several contracts trade on 
the international OTC markets with cash flows that are similar to plain 
vanilla contracts, but differ in one or more aspects. These deviations 
complicate the pricing methods considerably. Let us briefly look at a 
few of these exotic instruments. 


e A bounded cap is like an ordinary cap except that the cap owner 
will only receive the scheduled payoff if the sum of the payments 
received so far due to the contract does not exceed a certain pre- 
specified level. Consequently, the ordinary cap payments C i are to 
be multiplied with an indicator function. The payoff at the end of a 
given period will depend not only on the interest rate in the begin- 
ning of the period but also on previous interest rates. As many other 
exotic instruments, a bounded cap is therefore a path-dependent 
asset. 


e A dual strike cap is similar to a cap with a cap rate of Kı in periods 
when the underlying floating rate /(t+4, t) stays below a pre-specified 
level /, and similar to a cap with a cap rate of K2, where K? > Kj, in 
periods when the floating rate is above /. 


e A cumulative cap ensures that the accumulated interest rate 
payments do not exceed a given level. 
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e A digital cap is a strip of digital caplets, each of which is a digital 
call on the underlying LIBOR rate. Consider a digital caplet maturing 
at time T. The payoff from this caplet, received at the end of the 
accrual period T + T, is 


DC(T) = tT O(L(T, T, t)-K) 


where 0 is the Heaviside function, that is, 0(x) = 0 if x < 0 and 1 
else. The price of the digital cap is therefore given by 


n-1 


DC(t) = X plt, Tai) « N(d3') 
i=0 


e A knock-out cap will at any time t; give the standard payoff C 
unless the floating rate I(t + ô,t) during the period [t; — ô, ti] has 
exceeded a certain level. In that case, the payoff is zero. Similarly, 
there are knock-in caps. They are named as: down and out, down 
and in, up and out, and up and in. 


Other exotic caps and floors are: 


e Ratchet Cap 
A ratchet cap is like a plain vanilla cap except that the strike is 
given by: 


_ | min[K, m] i=l 
!— | min [Ki +X,m] i>l 


where K and K; are the strikes and m a given limit. In a ratchet cap 
there are rules for determining the cap rate for each caplet. The cap 
rate equals the LIBOR rate at the previous reset date plus a spread 
see Fig. 4.32. A limit, m is set on the strike level, above which a 
strike cannot be set. 
e Sticky Cap 

A sticky cap is like a plain vanilla cap except that the strike is 
given by 


i= 


min [K, m] i=1 
min [min {Kj_1,Li-1} +X,m| i>l 
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Strike (cap rate) = LIBOR rate at previous reset date + Spread 


LIBOR rate 
at reset date 


Fig. 4.32 A ratchet cap. 


The sticky cap rate equals the previous capped rate plus a spread. 
A limit is set on the strike level, above which a strike cannot be set. 


e Flexi Cap or Auto Cap 
An auto cap or a flexi cap has the same structure as a vanilla cap, 
that is, it consists of n appropriately constructed caplets, except 
that the holder only receives payoff from m < n of these. The cap 
disappears once the specified number of exercises is reached. Ex- 
ercises are mandatory. These caps are cheaper than regular caps 
with n caplets and more expensive than regular caps with m caplets. 
Markov functional models, which we do not discuss here, are used 
to price these heavily path-dependent instruments. 

e Chooser Cap 
Chooser caps have the same structure as auto caps, except that the 
holder has the right to choose which caplets to exercise. The added 
optionality makes them more expensive than auto caps. Once the 
reset of a Caplet has taken place, it can no longer be chosen. 


e Momentum Cap 


A Momentum Cap is like a plain vanilla Cap except that the strike is 
given by 


min [KĶ, m] i=1 
K; = { min [Ki-1 +X, m| i> 1,L;-b > Li 
min [Kj_-1,™m] i> 1,Li—b = Li-t 


The sticky cap rate equals the previous capped rate plus a spread. 
A limit is set on the strike level, above which a strike cannot be set. 


4.1.15.11 Options on Caps and Floors 


Options on caps and floors are also traded. Since caps and floors them- 
selves are (portfolios of) options, the options on caps and floors are 
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so-called compound options. An option on a cap is called a Caption 
and provides the holder with the right at a future point in time, tọ, 
to enter into a cap starting at time fo (with payment dates t1,..., tn) 
against paying a given exercise price. 


4.1.16 Interest Rate Guarantees — IRG 


An interest rate guarantee (RG) is an option on a forward rate 
agreement (FRA), sometimes called a Fraption, that is traded over-the- 
counter (OTC). The holder of an IRG has the right to enter into an 
FRA at a specific strike rate during a predetermined amount of time. A 
buyer of an IRG is therefore protected against a falls in the interest 
rates for which he pays a premium. An IRG can also be seen as a 
single-period interest rate cap, that is, a caplet. Historically IRGs are 
the precursors to both caps and floors. 

There are two types of IRGs, a call-on-IRG also called a borrower’s 
IRG and a put-on-IRG called a lender’s IRG. When exercising a call-on 
IRG, the holder has the right (but not the obligation) to take a loan 
with a predetermined amount at a predetermined interest rate (the 
strike rate) during the predetermined time period. When exercising a 
put-on IRG, the holder has the right (but not the obligation) to make 
a loan with a predetermined amount at a predetermined interest rate 
(the strike rate) during the predetermined time period. Of course, the 
seller has always the obligation to fulfil his obligations if the holder 
exercises his option. 

Consider the pricing model of a call-on-IRG whose strike rate is 
Lirg. The holder of the IRG receive at time t an amount equal to 
N-max {Li-ı(Ti-1)— Lirg, 0}. The present value of this payment at T;_; is 


N 
1+ (7; - Tia) Li-1(Ti-1) 
1 + - LIRG | 
1 +o- Liai) 


max {Li-1(Ti-1)— Lire, 0} 
= N . max fı — 


Here a = T; — Tiz is the time period for the IRG (Caplet) and Liz 
the forward rate settled at the beginning of the period. Remember the 
value of a pure discount bond 


1 


T:_ si; = 
p (Tii, Ti) L+a-Li4(7j-1) 


4 Interest Rate Instruments 155 


Therefore, we get the same simple formula for the IRG as for 
a Caplet 


N-a 
C(t) = mae [Lit - N(d1) —Lirg - N(d2)] 
where 
pitt the |= 3a 
l oya 
and 


dy = dı -ova 


Here « is the tenor and N the face value of the fictive loan. 


4.1.17 Repos and Reverses 


A Repo/Reverse (repurchase agreement) involves the sale of assets 
and a simultaneous agreement to repurchase the same or similar 
equivalent assets at a future date (Fig. 4.33). 


e A Repo involves lending securities with a simultaneous agreement 
to repurchase at some time in the future. 

e A Reverse involves borrowing securities with a simultaneous agree- 
ment to sell them back at some time in the future. 


Sale on Repurchase 
Start day on End day 
Same nominal amount 
Collateral of collateral 
Investor Repo dealer Investor Repo dealer 
Cash Same amount of 


cash plus interest 


Fig. 4.33 Illustration of a repo transaction. 
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Other key features of a Repo/Reverse deal: 


e Provides a legal sale of collateral, meaning that the legal title is trans- 
ferred to the buyer. This provides protection against default for the 
buyer. Other implications of this characteristic are that the buyer 
has the right to sell the collateral short, and that the voting rights 
(on equity collateral) are transferred by the Repo/Reverse deal. 

o Provides an economic loan of cash and collateral, meaning that 
the risk and return is retained by the seller because sale and 
repurchase are for the same value. 


o Coupons that are paid out during the life of the loan should be 
transferred to the original owner of the underlying instrument. 
The present value of a repo trade is the present value of all future 
cash flows included in the repo transaction. The cash flows are 
the initial and final payments. 

The general cash-flow structure of Repo/Reverse instruments de- 

pend on the following factors (Fig. 4.34): 

o Is the deal a Repo or Reverse transaction? 


o Is the required rate of return fixed, or based on a floating 
reference rate? 


When you are entering into a typical fixed rate “reverse”, you face the 
following cash-flow structure: 

You pay a premium on the start day and receive (borrow) securities 
as collateral. After the term, you return the securities and receive a 
cash amount equal to your initial premium plus interest earned during 
the repo term. 


Spot 
days 
offset 


Start Day End Cash 


Premium 


Today End Day 


Fig. 4.34 The cash-flow structure of a repo transaction. 
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4.1.17.1 Special’s and GC’s 


There are two types of assurance in repo transactions, Specials and 
GCs. In a Special, a specific security is used as assurance in the deal. 
The seller needs a cheap financing, a low rate with the use of the de- 
mand for a specific instrument (bond, bill or note). The buyer is short 
in the same instrument and is not that sensitive in the change in repo 
rate. If many actors on the market are short in the same instrument, 
the repo rate will decrease. 

A GC general collateral) is a basket of securities (e.g. bonds) used 
in the repo contract. The seller chooses the securities to deliver with 
the purpose to get a low cost for the loan. 

In a pure repo, the seller keeps the coupon pay-outs during the 
lifetime of the contract. If instead the buyer gets the coupons, this has 
to be considered in the repurchase of the securities. 


4.1.17.2 Other repos 


An open-date repo is a contract that can be closed at any time by any 
of the parties. The repo rate is negotiated on daily basis. The advantage 
is that the collateral security does not have to be sent back and forth. 
A cross-currency repo involves two different currencies, one for 
the collateral security and another one for the loan. The advantage is 
that you can avoid exchange rates. 
Two variants that reduce the transaction costs are: 


e Holdin-costody: Here, the issuer (the bank) keeps the collateral se- 
curity in a separate account for the buyer. Therefore, the costs for 
deliveries are eliminated. 


e Tri-party-repo: Here, a third party (security bank) handles the 
transactions and the margin requirements. 


Four variants are used to increase the income yield: 


e High-yield repo: Here, the buyer is given collateral security with 
low credit ranking. 

e Multi-collateral repo: A repo with many bonds with small prin- 
cipals. 

e Floating-rate repo: A repo rate based on a certain formula or some 
index. 
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e Options involving repos: This can be caps or floors on the repo rate 
or a freedom to choose a fixed repo rate. 


Also, central banks use repos. These are used in the money markets 
to control liquidity and short rates. If a central bank is borrowing 
securities, it is said to do a reverse repo. 

There are a number of named repos. Some of them are: 


e O/N (COver-Night): The overnight repo is a loan from today until the 
close of the next banking day. On a Friday, the next banking day will 
be on next Monday if this is not a holiday. 


e T/N CTomorrow-Next or just TomNext): The amount of money is 
paid out tomorrow §(or if this is not a banking day the day after 
tomorrow etc.) and paid back one banking day§thereafter. 


e C/W (Corporate-Week): This is a loan for a week starting two bank 
days from today. 


e S/N (Spot-Next): The amount of money is paid two bank days from 
today and paid back one bank day thereafter. 


4.1.18 Loans 


A security loan is a contract where a security is temporarily lent to 
a party. A lending fee is paid to the party that originally owned the 
security (Fig. 4.35). 

The lending fee payment is based on the lending rate, the day-count 
method and the time period. Coupons paid out during the life of the 
loan should be transferred to the original owner of the security. 

A Promissory Loan has the property that the coupon is split 
between the historical owners of the security. 


Loan on Return on 
Start day End day 
Securities Securities + Fee 
Lender Borrower Lender Borrower 
Collateral Collateral 


Fig. 4.35 Illustration of a security loan. 
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For example, assume yearly coupons and that Party A owns the se- 
curity for the first nine months of the current cash-flow period and 
then Party B buys the security and keeps it at least three months. 75% 
of the coupon will be paid out to Party A and 25% of the coupon will 
be paid out to Party B. Obviously, the size of the next coupon depends 
on the acquire day of the trade. The coupon cash flows for trades are 
presented exactly as they will be, taking the acquire day into account. 


4.1.19 CPPI - Constant-Proportions-Portfolio-Insurance 
4.1.19.1 Introduction — Funds 


Mutual funds, hedge funds and funds of funds have a number of fea- 
tures that are markedly different from funds holding regular equities. 


1. They can only be traded at discrete times. For example, mutual 
funds are often only tradable once a day. Some hedge funds or funds 
of funds can only be traded on a weekly or monthly basis. 


2. Frequently notice has to be given before one intends to trade. For 
example, 5 days’ notice has to be given before purchasing, while 
30 days’ notice has to be given before selling the fund. 


3. One might agree on a value to trade, rather than a number of fund 
units to trade. 


4. When using the cash in the fund for purchasing the cash might have 
to be delivered several days before trading, while on redeeming a 
part of the investment in the fund, it might take several days or 
weeks for delivery of the proceeds. 


5. One might be limited in the volume that can be traded on a 
given day. 


For pricing and risk management, the first feature is typically the most 
significant. A frequently used structure to reduce the risks of a fund is 
a CPPI. Only being able to trade at specific times makes the fund more 
vulnerable to sharp market moves. Consequently, we have to extend 
the models for the evolution of stock prices and include additional 
random jumps. 
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4.1.19.2 Hedging of funds 


In a continuously tradable Black-Scholes world, the fair price and the 
cost of a delta hedge are equal. In the case of discrete hedging, this 
is no longer the case. It is simple to show that the discrete delta 
hedge might cost more than the equivalent continuous hedge. Con- 
sider the hedging of a call option over a month where the price of the 
underlying rises steadily: 


1. In the case of continuous hedging, one steadily buys more delta. 


2. In the case of discrete monthly hedging, one can only increase delta 
at the end of the month, which means that one must buy the addi- 
tional delta at the highest price over the month, rather than on the 
way up. 


In the case of the price dropping continuously over a month the 
discrete delta also costs more as one is forced to sell at the lowest 
point. 

So when does the discrete case cost Jess than the continuous hedge? 
Consider the above case, with the modification that the underlying 
goes up and then returns to its original level by the end of the month. 
If one compares monthly hedging with bimonthly hedging, we know 
that bimonthly hedging will cost something on the way up, and then 
something on the way down. In contrast, monthly hedging will be 
approximately free. 

Considering all the possible paths, one ends up with a distribution 
for the costs of the delta hedge. The average of this distribution is the 
continuous Black-Scholes fair price. The more frequent the re-hedging 
times, the narrower the distribution of delta hedging costs. 

It is important to realize that this risk cannot be hedged. One can 
be lucky and make a profit, or unlucky and make a loss with respect to 
the Black-Scholes “fair” price. Of course, by taking sensible provisions 
with respect to the Black-Scholes “fair” price, the risk of loss for the 
fund can be significantly reduced. 


4.1.19.3 CPPI Structures 


A CPPI (Constant Proportions Portfolio Insurance) is a so-called 
structured product and we will now discuss CPPI structures as an 
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alternative investment strategy. Such an investment strategy will pro- 
tect against large losses. The CPPI can, as we will see, use any kind 
of underlying structure. The CPPI contract that we will study has a 
number of parameters, such as: 


e akernel 

e asatellite 

e a floor 

e a multiplier and 


e a pillow. 


The kernel and satellite will consist of two different assets with differ- 
ent risks. The kernel consist of an asset with relatively low risk, while 
the satellite holds the risky assets that hopefully will give better profit 
than the kernel. The kernel is considered to be a passive component, 
typically a bond (or a zero-coupon bond) and the satellite is the act- 
ive part of the portfolio. The reason for the kernel-satellite parts is to 
control the risk of the CPPI portfolio. 

The strategy is to rebalance between the kernel and the satellite 
over time, due to changes in the value of the satellite. The floor is 
used as a protection (or a trigger level) of the CPPI. If the value of our 
portfolio will hit the floor, all investments are placed in the kernel, for 
the rest of the CPPI lifetime. The pillow is defined as the total portfolio 
value minus the floor; P = V — F. 

The multiplier m is used to give the portfolio manager the possibility 
to invest more in the satellite if this will give a better profit than the 
kernel. The multiplier times the pillow gives the amount of the port- 
folio value that will be invested in the satellite. The invested amount 
in the satellite is S = m x P. The remaining amount is invested in the 
kernel, 


K=V-mxP. 


The value of the floor F and the multiplier m is decided by the investor 
due to the current market condition and the investors view of the risk. 
A low value of the floor gives high risk and a positive view of the 
satellite. In some contracts, the floor and multiplier can vary over time. 
The difference between the floor and the initial invested amount gives 
the maximum loss. 

To get a perfect protection against losses, one needs continuously 
rebalance between the kernel and the satellite. This would give high 
transaction costs and therefore the CPPI is rebalanced only at discrete 
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times. If the performance of the satellite is better than the kernel, the 
multiplier and the pillow will act to increase the investments in the 
satellite. We will show this in a simple example: 

A CPPI with multiplier. Suppose we have the following initial data 


Initial market index, I 100 


Initial portfolio value, V 100 
Initial satellite, S 40 
Initial kernel, K 60 
Floor, F 90 


Initial pillow, P 10 


Now, suppose we have the following relative changes of the market 
index, as function of time: [+10%, -9,09%, +12%, +8%, -7%, +10%, -5%, 
7%, -3%]. Assuming no transaction costs, we then get the following 
values: 


100 110 100 112 112.49 111.68 119.5 115.91 
100 104 98.91 103.19 107.41 102.53 100.03 104.04 101.23 104.37 102.65 
40 56 35.64 52.74 69.62 50.13 401 56.14 4492 5749 50.59 
60 48 6327 5044 37.78 524 59.92 47.89 5631 4688 52.06 
10 14 891 13.19 12.53 11.23 14.37 12.65 


Two other scenarios are shown below, one with a decreasing index 
and one with an increasing market index. 


100 110 104.5 91.96 846 8291 73.87 70.92 65.95 63.98 
100 104 101.2 95.82 93.96 93.64 93.5 92.1 91.76 91.27 91.12 
40 56 448 23.3 15.84 14.57 13.99 839 7.05 5.08 447 
60 48 56.4 72.53 78.12 79.07 79.51 83.7 84.71 86.19 86.65 
10 14 112 5.82 3.96 3.64 21 176 1277 12 


100 110 115.5 143.93 158.32 176.18 181.46 
100 104 106.8 114.86 122.82 125.45 126.86 141.61 149.87 166.63 175.83 
40 56 672 9946 131.28 141.78 14746 20644 23947 30652 343.3 
60 48 39.6 1541 -8.46 -16.34 -20.59 -64.83 -89.6 -139.89 -167.48 
10 14 16.8 . 36.86 51.61 76.63 85.83 
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As we can see, the result is a high profit in a bullish and a god pro- 
tection on a bearish market. We also see that in a bullish market we 
can go short in the low-risk security, that is, the kernel and use the 
money to buy more of the risky asset, that is, invest in the satellite. 

The values are calculated as 


ICi) = T(t) A + Al(tj — t-1)) 

V(t) = max {V(4-1) + S@i-1) - A(t; —t-1); F} 
P(t;) = V(t) -F 

S(t;) =m - P(t) 

K(ti) = V(t) — SG) 


From the example above, we realize that Monte-Carlo simulations must 
be used to value a CPPI. 


Example 4.1.19.1 


A 6-year Capital Protected CPPI Note linked to a Basket of assets. (The Lehman 
Brothers International issued the specific CPPI structure discussed below in April 
2006.) 


A CPPI consist of a nominal amount in a European Quality Fund and a risk-free 
asset in cash. The final payment to the investor (buyer) of the CPPI is given by the 
following formula 


P=SD. [100% . max { 00%. CPP Irinal || 


CPPI nitiat 


where 


SD = Value per Bond (SEK 500 000) 
CPPI initia) = The value of the CPPI in April 2006 
CPPl einai = The value of the CPPI in April 2012 


A yearly fee of 0.75% is subtracted in the calculation of the final CPPI value. This is 
the same to say that the financial cost is 75 bp. The initial allocation of the CPPI is 
100% in the Fund and 0% in the risk-free asset (cash). The target exposure in the 
Fund is 


CPPI,- BF, 


TE; = min | max 
CPPI, 


x m, Emin | > Enx 


where 


CPPI, is the value of the CPPI at time ¢. 

BF, is the interest rate floor at the potential rebalancing date t. This value starts 
at 80% of the nominal amount and increases linearly with 2.66667% per annum 
to 100% of the nominal amount on the final potential rebalancing date. 
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m= 5 is the multiplier 
Emin = minimum exposure of the fund = 0% 
Emax = Maximum exposure of the fund = 150% 


Remark! The maximum exposure of the fund > 100%. The reason for this is that an 
investment bank can add from their own Capital to the CPPI in order to increase 


the leverage. 
Here are two numerical scenarios: 


1.) 


2.) 


Assets down by 10% 
Initial CPPI Value: 
Distance = 
CPPI value — Bond floor (80%): 


Target Exposure = Distance x m (= 5): 


Fall in Premium Asset: -10% x 100 % 
New Notional Value: 
New Distance: 
New Target Exposure: 
New Risk-less Asset Allocation: 
Assets up by 10% 
Initial CPPI Value: 
Distance = 
CPPI value — Bond floor (80%): 


Target Exposure = Distance x m (= 5): 


100 SEK (Notional invested) 


20% 

100% in Premium and 0% in 
Riskless Asset 

-10% 

100% — 10% = 90% — 90 SEK 
90% — 80% = 10% 

10% x 5 = 50% — 50 SEK 

90 SEK - 50 SEK = 40 SEK 


100 SEK (Notional invested) 


20% 
100% in Premium and 0% in 


Riskless Asset 

10 % 

100% + 10% = 110% — 110 SEK 
110% — 80% = 30% 

30% x 5 = 150% — 150 SEK 


Increase in Premium Asset10% x 100 % 
New Notional Value: 

New Distance: 

New Target Exposure: 

Risk-less Asset Allocation: 0% 

Leverage: 150 SEK - 110 SEK = 40 SEK 

We find that, thanks to the multiplier we earned 50 % on an increase of 10% 


An important CPPI Parameter is the Target Exposure. It denotes 
the maximum sustainable proportion of the CPPI Balanced Account, 
which can be invested in the Premium Asset without jeopardizing the 
Capital protection at maturity. It is calculated on daily basis, based 
on the multiplier/Crash Size, the bond floor and the Balanced Ac- 
count Value. Crash Size denotes the maximum loss of the underlying 
Premium Asset between two potential rebalancing dates. The Distance 
denotes the Capital, which can be put at risk without jeopardizing the 
Capital protection at maturity. 
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Yield Curves 


5.1 Introduction to Yield Curves 


Ordering the current spot yields to maturities for any group of bonds. 
By maturity we get a so-called yield curve. This curve is often rep- 
resented as a graph with time to maturity on the horizontal axis and 
yields on the vertical axis. The group is usually defined as bonds by 
the same issuer and/or the same credit rating. Thus, we speak of yield 
curves for government bonds, for mortgage bonds or for corporate 
bonds of the same credit rating. The word bond here is used in the 
academic sense which means bills, notes and bonds. Interest rates in 
international or domestic time deposit markets too can be ordered by 
maturity and credit class. Thus, we get London inter-bank offered rate 
(LIBOR) or XIBOR yield curves or yield curves for domestic depos- 
its in any currency. There are many different yield curves. In general, 
yield curves may slope upwards or downwards, their shapes can be 
concave, convex or have humps. 

In Table 5.1 and Fig. 5.1, we show the yield curve for UK govern- 
ment bonds. This data was taken from The Financial Times September 
6, 2016. 

Today, many countries have negative interest rates. A few years ago, 
many actors Gf not all) thought that negative interest rates could not 
exist. But things have changed and nowadays it is a fact. In Table 5.2 
we have market prices for the Swedish government securities! (bills 
and bonds) at 2016-09-09. 


1 https://www.riksgalden.se/sv/For-investerare/Statspapper/Utestaende-statspapper/ 
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Table 5.1 Government bond yields in UK 2016-09-06 


J.R.M. Roman 


Maturity Yield Today’schange 1 week ago 1 month ago 
1 Month 0.18% 0 0.18% 0.20% 
3 Month 0.23% > -0.01 0.22% 0.27% 
6 Month 0.31% 0.05 0.31% 0.28% 
1 Year 0.15% 0.06 0.17% 0.16% 
2 Year 0.10% < 0.01 0.16% 0.14% 
3 Year 0.09% 0 0.14% 0.13% 
4 Year 0.16% > -0.01 0.19% 0.17% 
5 Year 0.19% > -0.01 0.22% 0.21% 
7 Year 0.36% 0 0.36% 0.43% 
8 Year 0.46% > -0.01 0.44% 0.57% 
9 Year 0.56% -0.06 0.54% 0.59% 

10 Year 0.66% > -0.01 0.64% 0.67% 

15 Year 1.03% > -0.01 0.96% 1.14% 

20 Year 1.18% > -0.01 1.11% 1.32% 

30 Year 1.30% > -0.01 1.24% 1.49% 

Term Structure of Interest Rate 
1.20% 
1.00% 
0.80% 
= 
p] 
> 0.60% 
0.40% 
0.20% | 
0.00% 


Fig. 5.1 Government bond yields in UK 2016-09-06 


Maturity 


15 


The bootstrapped zero-coupon rates from Table 5.2 are shown in 
Fig. 5.2. As we can see, the zero rate is negative up to nine years. 

Term structure models are based on the assumption that the whole 
term structure of interest rates can be derived from the stochastic be- 
haviour of one or many variables. The reason for modelling the entire 
term structure is to make all model prices internally consistent. 
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Table 5.2 Quotes of Swedish Government securities” 


Securities Issue date Maturity Coupon Price 
STB 21 Sep 16 2016-03-11 2016-09-21 0 100.02 
STB 19 Oct 16 2016-07-01 2016-10-19 0 100.09 
STB 16 Nov 16 2016-08-05 2016-11-16 0 100.15 
STB 21 Dec 16 2016-06-03 2016-12-21 0 100.23 
STB 15 Mar 17 2016-09-02 2017-03-15 0 100.42 
SGB 1051 3.75% 12 Aug 17 2006-09-15 2017-08-12 3.75 104.45 
SGB 1052 4.25% 12 Mar 19 2007-11-21 2019-03-12 4.25 114.47 
SGB 1047 5% 1 Dec 20 2004-01-28 2020-12-01 5.00 127.47 
SGB 1054 3.5% 1 Jun 22 2011-02-09 2022-06-01 3.50 123.18 
SGB 1057 1.5% 13 Nov 23 2012-10-22 2023-11-13 1.50 113.68 
SGB 1058 2.5% 12 May 25 2014-02-03 2025-05-12 2.50 123.27 
SGB 1059 1.0% 12 Nov 26 2015-05-22 2026-11-12 1.00 109.57 
SGB 1056 2.25% 1 Jun 32 2012-03-20 2032-06-01 2.25 124.84 
SGB 1053 3.5% 30 Mar 39 2009-03-30 2039-03-30 3.50 153.64 
1.5% 
1.0% 
0.5% 
8 
k 
£ 
Ss 0.0% 
-0.5% 
-1.0% 
0 5 10 15 20 


Years to Maturity 


Fig. 5.2 The Swedish treasury zero-coupon rates per 2016-09-09 


In categorising these models, two properties are significant: 


e Number of state variables 
o Most models lack analytical solutions and have to be solved using 
numerical methods. The computing time increases dramatically 
for each new state variable. 


e External consistency. 
o By external consistency, we mean coherence between the model 
term structure and the observed term structure. When the model 


E Source, https://www.riksgalden.se/sv/For-investerare/Statspapper/Utestaende-statspapper/ 
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is used to price derivative instruments, it is essential that the 
underlying instrument is priced in accordance with observed 
market prices. 


Although this yield curve obviously includes T-bills, T-notes and 
T-bonds, we refer to these collectively as “bonds” in the usual aca- 
demic sense. In parallel to the US government yield curve, there are 
yield curves for domestic time deposits between banks, for the in- 
ternational deposit market (LIBOR), for interest rate swaps, and for 
municipal and corporate bonds. Closest to the US government yield 
curve are curves for instruments with the highest credit rankings. 

As an example consider the yield curve on the same day for USD 
interest rate swaps. The yields are given in buckets as seen next: 


2010-05-10 1 0.5069 
2010-05-11 2 0.5323 
2010-05-12 3 0.5235 
2010-05-16 7 0.4882 
2010-06-08 30 0.3082 
2010-08-07 90 0.2225 
2010-11-05 180 0.2944 
2011-02-03 270 0.4067 
2011-05-09 365 0.5564 
2012-05-08 730 1.1271 
2013-05-08 1095 1.6642 
2014-05-08 1460 2.0844 
2015-05-08 1825 2.4084 
2017-05-07 2555 2.8126 
2019-05-07 3285 3.1287 
2020-05-06 3650 3.2642 
2025-05-05 5475 3.4964 
2030-05-04 7300 3.4964 
2040-05-01 10950 3.4964 


This data uses a day count conversion 30/360. 

To find the yield to maturity (ytm) for intermediate maturities, in- 
terpolation is used. In C/C++ the following function can be used to 
interpolate the y-values and return y for a given term/maturity x (PX 
and pY are arrays of length N), 


double IPOL (double x, double, *pX, Double *pY, int N) 
{ 

if (x <= pX[0]) return pY[0]; 

if (x >= pX[N-1]) return pY[N-1]; 
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for (int i = 1; i < N; i++) { 
if (x == pX[i-1]) return pY[i-1]; 
if (x == pX[i]) return pY[il]; 


If (x > pX[i-1] && x < pxX[i]) 
return pY[i-1] + (x - pX[i-1])*(pY[i] - pY[i-1])/ 
(pX[i] - pxX[i-1]); 


When you have the interpolated values, forward rates between two 
arbitrary future dates can be calculated. 


double forwardRate(int Days1, double r_t1, int Days2, double r_t2) 


{ 


return pow((pow(1.0 + r_t2, Days2/365.0))/ 
(pow(1.0 + r_tl, Days1/365.0)), 365.0/ 
(Days2 - Daysl1)) - 1.0; 


Both these examples show yield curves that are upwards sloping. 
This is the typical case. Why is this so? Why do yims for instruments 
of the same credit rating differ because of maturity? The traditional 
explanations are: 


e Expectations theory 
e Liquidity preference theory 
e Market segmentation theory 


Briefly, the expectations theory argues that the slope of the yield curve 
(or equivalently the term premium) reflects the market’s average ex- 
pectations about future interest rates/yields. Lending short term while 
borrowing long term you can lock in yields on any forward starting 
loan today. This approach was used to evaluate interest rate swaps in 
the preceding chapter. In particular, it was argued that implied forward 
rates calculated from the current yield curve were unbiased forecasts 
of future spot rates, while the liquidity preference theory argues that 
forward rates are always biased high because investors prefer liquidity. 
Market segmentation based on credit ratings is clearly an empirical fact 
but it has also been used to explain why yield curves typically should 
slope upwards. The reason is that there was a chronic shortage of long- 
term investors in relation to the supply. Typically insurance companies 
prefer to invest their cash long term while banks rely more heavily on 
short-term funding. 
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5.1.1 Credit Ratings 


Next, we see the notation used for credit rating Moody’s and Standard 
and Poor's: 


Standard and Poor’s Moody’s 
AAA Aaa 
AA Aa 
A Investment grade A 
BBB Baa 
BB Ba 
B Speculative grade B 
CCC “Junk” Caa 
CC Ca 
C C 
D Default D 


A few years ago, government bonds issued by the government of 
Argentina was classed as D. 

Some models use a transition matrix to describe the probabilities 
for transitions between the different credit ratings. For the financial 
crises in 2008, see Table 5.3. The transition matrix is an implied mat- 
rix sampled from bond prices in emerging markets. It describes the 
transition probabilities between different credit ratings. By the same 
method, it is also possible to calculate a cumulative default probability 
matrix, which is illustrated in Table 5.4. 


Table 5.3 The Transition Matrix in the beginning of 2008 


1-Year Transition Matrix 
From To Rating 
Rating AAA AA A BBB BB B CCC D 


AAA 88,658% 10,294% 1,017% 0,000% 0,031% 0,000% 0,000% 0,000% 
AA 1,079% 88,705% 9,553% 0,342% 0,145% 0,145% 0,000% 0,031% 
A 0,063% 2,876% 90,205% 5,919% 0,740% 0,177% 0,010% 0,010% 
BBB 0,053% 0,339% 7,069% 85,238% 6,053% 1,005% 0,085% 0,159% 
BB 0,033% 0,077% 0,557% 5,680% 83,572% 8,083% 0,535% 1,464% 
B 0,011% 0,044% 0,174% 0,652% 6,595% 82,703% 2,760% 7,062% 
ccc 0,000% 0,000% 0,660% 1,050% 3,050% 6,110% 62,970% 26,160% 
D 0,000% 0,000% 0,000% 0,000% 0,000% 0,000% 0,000% 100,000% 
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Table 5.4 The cumulative default probability matrix 


Cumulative Default Probability Matrix 


AAA AA A BBB BB B ccc 
1 Year 0,00% 0,31% 0,1% 0,159% 1,464 % 7,062% 26160% 
2 Years 0,004% 0,073% 0,056% 0,477% 347% 13722% 43111% 


3 Years 0,12% 0,127% 0,145% 0,950% 5678% 19828% 54255% 
4Years 0,027% 0,198% 0,284% 1,568% 8,157% 25,339% 6172% 
5 Years 0,050% 0,289% 0,477% 2,317% 10,750% 30270% 66,840% 


5.2 Zero-coupon Yield Curves 


An important subclass among the yield curves are so-called zero- 
coupon yield curves. These can be derived almost directly from money 
market instruments or calculated from interest rate swaps or groups 
of coupon paying bonds using special bootstrapping techniques. A 
zero-coupon yield curve defines a set of discount factors that can be 
used for the discounting of future cash flows. An older name for this 
construct was the term structure of interest rates. 

While the previous examples showed ytms for each bond individu- 
ally, the zero-coupon yield curve shows a curve that when used for the 
discounting of the future cash flows of all the bonds in the curve rep- 
licate their market prices. Note that the yield curves in the examples 
were obtained by applying the present value (PV) formula to each in- 
dividual bond in order to translate from price to ytm. Thus, different 
ytms were being used for “discounting” cash flows at future dates de- 
pending on the bond. This is inconsistent. The proper way to discount 
future cash payments is to apply the same ytm to all the bonds which 
pay cash on the same future date. All the underlying cash flows from 
the whole set of bonds should be discounted with a unique yield that 
only depends on the future date of the cash flow. There should only be 
one yield per future date. Otherwise portfolios of bonds could be con- 
structed that exploits any mispriced cash flow. This is a no arbitrage 
requirement. 

So when the quoted ytms are given for a subset of bonds, we need 
to use a method called bootstrapping to calculate a matching zero- 
coupon yield curve. With this technique, we strip the bonds to create 
virtual zero-coupon bonds from the coupons and the principal. This 
is not a trivial exercise and the results will be different depending on 
the method used. One method is used by the US Treasury Department 
and the results are published as Separate Trading of Registered Interest 
and Principal of Securities (STRIPS). 
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The coupons and principal of normal bonds are split up, creating 
artificial zero-coupon bonds of longer maturity than would otherwise 
be available. 


Example 5.2.0.1 


Let us study the price of a bond maturing in exactly one year with semi-annual 
coupons of 10 % and a quoted ytm of 5.951%. Using the PV formula to derive the 
cash price, we get 


5 105 


+ = 103.874 
1 + 2.05951 0.05951 
7E (pep) 


This is not necessarily the one-year, zero-coupon yield. Suppose the six-months 
zero-coupon yield is 4%. Then the matching zero-coupon yield for one year, say 
s, must be given by 


5 105 


— ouat = 103.874 
2 


(1+5) 


Solving the equation we get s = 6.0% which is close but not exactly equal to the 
given 12m yield on the coupon bond. 


We know that the quoted ytm on a bond y can be used in the PV 
formula to calculate its market price. Vice versa, given the price P, we 
can find the ytm by solving the following equation 


; 100 
pay m E a 
: (+ytm)i (1+ ytm)” 


where c; is the coupons of the bond, t; the time for the payouts and 
P the market price of the bond. For continuously compounded yims, 
the formula is 


P= ) Ge OS 100s ee 


L 


Remember that the ytm on a bond is only an adequate measure of the 
rate of return on this investment if all coupons can be reinvested at 
the same yield. 
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5.2.1 ISMA and Moosmiller 


There exist a number of different methods to calculate the yim and 
we will give two of them, International Securities Market Association 
ASMA) and Moosmilller. ISMA is given by 


where 


1 


~ ylmh 
l+ 


ytmı is the given H coupons per year. A common formula in Germany 
is the Moosmüller method that can also handle parts of coupons. The 
Moosmüller formula is given by 


a 1 C 1-v" Nom+g- E En 
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In the next section we'll show how zero-coupon yield curves can be 
derived from any given set of quoted market yields. 
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Bootstrapping Yield Curves 


6.1 Constructing Zero-Coupon Yield Curves 


We will now explain how to obtain zero-coupon yield curves from 
market data for coupon bonds or interest rate swaps. To do so, we 
begin with some simple examples and show how to use linear boot- 
strapping to find the spot rates and forward rates from a number 
of benchmark instruments. Also we will show how to use the de- 
rived zero-coupon yields to discount future cash flows. Finally, we 
will use some real market data, such as bonds, deposits, forward rate 
agreements (FRAs) and swaps in the bootstrap procedure. 

As a first example suppose we have the following benchmark bond 
quotes 


T Yield Coupon Price 

0.5 2.15 % - 98.94 
1.0 2.50 % 5.0 % 102.45 
1.5 2.90 % 6.5 % 105.24 


2.0 3.20 % 9.0 % 111.14 


where T is time to maturity. This data can be given by a Government 
bill (T = 0.5) and three Government bonds. In some countries (like 
Sweden), both bills and bonds are quoted as yields-to-maturity (vims). 
Therefore, we can calculate the prices as 


100 
i= Tow. d 
1+ytm- 360 
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for instruments with no coupons and by 


n 


P= — + > = 
(1 + ytm) al (1 + ytm)" 
for bonds paying coupons, where C is the coupon (i.e. 2.5, 3.25 
and 4.5 in the previous example). We use the day-count conven- 
tion act/360 and we suppose the bonds are paying the coupons 
semi-annually G.e. with frequency f = 2). 


6.1.1 The Matching Zero-Coupon Yield Curve 


We start by stripping the instruments to find the corresponding zero- 
coupon rates. The zero-coupon yield curve will then be used to 
discount the future cash flows for all the given instruments which here 
have maturities from zero to 2 years. Since the 0.5-year bond does not 
pay any coupon Cit is actually a T-bill), it can directly be considered to 
be a zero-coupon bond. From the aforementioned data we immediately 
find the first zero-coupon rate for borrowing today with a payback in 
six months. It is 


sy, = 2.15% 


For times to maturity less than six months the rates have to be 
calculated by extrapolation. 

The next bond will pay a coupon of 2.50 after six months (5 % ona 
nominal amount of $100). Using the zero-coupon rate for discounting 
the present value of this payout must be 


2.5 


2 


After a year, the same bond will pay $102.5 and we can solve for the 
second 1-year zero-coupon rate s2. The following must hold 


2.3 102.5 


+ 
1+ 0.0215 (1 + 2y 


= 102.45 


where $102.45 is the given (quoted) market bond price from the 
market data. Solving for s2 we get 


s2 = 2.504%. 
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Plugging in the calculated values for the zero-coupon yields for matur- 
ities 0.5 and 1 year we can solve for the 1.5-year zero-coupon yield s3 
from the future cash flow for the 1.5-year bond in the market data. Its 
coupon rate is 6.5% per year which means $3.25 every six months. So 


3.25 3.25 103.25 


gy 5 A 
0.0215 2 3 
1+ = (1 i cn | (1+ 3) 


Solving this equation we get: s3 = 2.923 %. 
In the same way, we can calculate s4:s4 = 3.244 %. 


Another way to look at the previous formula is 


103.25 
E 105.24 — 3.22 - 3.17 = 98.85 
(1+3) 
As we can see, we subtract the discounted values of the coupons from 
the current market price of the bond. What we have left is a zero- 
coupon bond with the face value (nominal amount) of $103.25 with a 
value of $98.85. This gives a discount factor of 98.85/103.25 = 0.9574 
or, equivalently, a zero-coupon yield of 2.923%. 
We then have derived the following zero-coupon yield curve 


T Yield Coupon Price Spot rate 
0.5 2.15 % - 98.94 2.150 % 
1.0 2.50 % 5.0 % 102.45 2.504 % 
1.5 2.90 % 6.5 % 105.24 2.923 % 
2.0 3.20 % 9.0 % 111.14 3.244 % 


As we can see this yield curve is slightly above the given quoted yim 
curve which included three coupon bonds. 

Once we have calculated the implied zero-coupon yield curve we 
also have the prices of the corresponding zero-coupon bonds (the dis- 
count function), and we can find the prices of all other bonds. If they 
are more risky than the treasury bonds given here, we can apply a 
spread-over-yield as was done in Chapter 3. 

In order to get a smooth and nice curve from these four calculated 
points, we have to use some kind of interpolation method in the boot- 
strap model. The reason is that we need derivatives (the slope) of the 
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yield curve for some calculations. This leads to a system of equations 
which will be described next. 


6.1.2 Implied Forward Rates 


From the derived zero-coupon curve, which consists of zero-coupon 
ytms, we can calculate implied forward rates as 


1 
Spot, ty \ DT 
porward = (4 z) = 1 


ti—t 
2—1 a + re yn 


or 


forward _ 1 ; (£ + Ti ) 


to-t ~ 
"E tate ery 


depending on the discounting method for the forward rates. We get 
the following values using the aforementioned “first” formula 


T Yield Coupon Price Spot rate Forward rate 
0.5 2.15 % - 98.94 2.150 % 2.150 % 
1.0 2.50 % 5.0 % 102.45 2.504 % 2.860 % 
1.5 2.90 % 6.5 % 105.24 2.923 % 3.766 % 
2.0 3.20 % 9.0 % 111.14 3.244 % 4.214% 


In Fig. 6.1, the zero-coupon spot-and-implied forward rates are plotted. 

The previous example of bootstrapping was really simple because 
all cash flow payouts happened at the same date. We will therefore 
consider four bonds where the cash flows do not coincide. Suppose 
then, we have the following benchmark data 


T Yield Coupon Price 

0.5 2.15 % - 98.94 
1.0 2.50 % 5.0 % 102.45 
2.0 2.90 % 6.5 % 106.94 


4.0 3.20 % 9.0 % 121.60 
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Fig. 6.1 The zero rate and the forward rate from bootstrapping 


We start by stripping the instruments to find the corresponding zero- 
coupon spot rates. This yield curve can then be used as the risk-free 
yield for instruments with maturities from zero to 4 years. As before, 
we start with the six-month zero rate: sı = 2.15 %. On time less than 
six months the rate has to be calculated by extrapolation. The next 
bond is the same as in the previous example, so: s2 = 2.504 % 

To calculate s3 we have to extrapolate. The reason is that we have 
one coupon at ¢ = 1.5 and the nominal plus a coupon at t = 2. There- 
fore we cannot subtract all the coupons to find the zero bond price at 
t = 2. When we extrapolate we use the known points at t = 0.5 and 
t = 1.0. That is, 

S2—S] S52 —S] $2 —S] 


, 2 
c= 3 = -h =So+ - (t3 — 12) 
3 h-t b-t b-t 
2.504 — 2.150 
= 2.504 + (1.5 — 1.0) = 2.859 
1.0-0.5 


With s3 known, we can calculate s4 from: 


3.25 3.25 3.23 103.25 


0.0215 


$ + -+ 7 = 106.94 
1+ = (1 4s naan) (1 i anes) (1+ 3) 


giving s4 = 2.918. Next, we have to perform a new extrapolation and 
finally get the result shown in Table 6.1. 

In the leftmost columns (T, Coupon, Yield and Price) we have the 
given bond data. Then, in the rows for each bond we see the projected 
cash flow and its present value. That is, in the square with 103.25 and 
97.44 we have the projected cash flow of 103.25 and PV(103.25) = 
97.44. In the row Time we have the time for each cash flow and in 
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Spot the calculated zero-coupon spot rate. The values at times 1.5, 


2.5, 3.0 and 3.5 are calculated with extrapolation. The values dY/dT 
and m is the coefficients of the line used for extrapolation. That is, 


dY _ 2.504—2.150 


7 = 0.708 
dT 1.0-0.5 
2.504 — 2.150 
m = 2.504 - 1.0 = 1.796 
1.0-0.5 


giving 
r(1.5) = 1.796 + 0.708 - 1.5 = 2.858 


We have also calculated the implied forward rates from the arbitrage 
condition between the zero-coupon spot rates. These are listed in the 
last row in Table 6.1. We then have the zero-coupon spot-and-implied 
forward curves as shown in Fig. 6.2. 

As we can see, these curves have “knees”. We can get better res- 
ults using a Newton-Raphson method. If we use the fact that the yield 
between times 1 and 2 should be connected with a line, then we can 
solve the following equation 


103.25 ; 3.25 
2) (14 205% 4 g. (29004) (1.5-1) 


+3.17 + 3.22 — 106.94 = 0 


2-1 


Fig. 6.2 The bootstrapped spot rate and forward rate 
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where 


S4 — 0.02504 
53 = 0.02504 + aS) ss) 


-1 


is given by interpolation. Solving s4, we can use Newton-Raphson to 
solve the other rates as well. The final result is given in Table 6.2. 
Finally, we can draw the graph in Fig. 6.3 which should be compared 
with Fig. 6.2. 
Instead of straight lines, other functions can be used to connect 
the nodes, such as different kinds of polynomials, in order to get a 
smoother result. The Newton Raphson method can be derived as 


fà] 
df = ax = fn) -f En) =f’ On)(%ne1 — Xn) 
SQnev =0 => 
P R FQn) 
n+ n f' Qn) 


6.1.3 Bootstrapping with Government Bonds 


The data in Error! Reference source not found. is taken from 
NasdaqOMxX at January 12, 2010 (Table 6.3) 

We will use bootstrapping to find the zero-coupon curve. Swedish 
bonds are quoted in ytm with day-count conversion: 30/360. The 
coupon frequency is 1 (i.e. there is one coupon per year for bonds). 

We start with the bills and immediately have the zero-coupon yields 


r (1m) =r (30d) = 1.25 % 
r (2m) =r (60d) = 1.22 % 
r (3m) = r (90d) = 1.30 % 
r (4m) = r (120d) = 1.31 % 
r (6m) = r (180d) = 1.49 % 


If we ignore business days (weekends and holidays), from RGKB 1045 
we also have the rate at 


t= 360 - (Y; — Y;-1) + 30 : (Mi - M1) + Di- Da1 
= 360 - (2011 — 2011) +30 - (3-1)+15-12 
= 63 days 
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Fig. 6.3 The bootstrapped spot rate and forward rate using Newton Raphson 


Table 6.3 Market data from Nasdaq OMX 


Bonds Coupon YTM Maturity 
RGKB 1041 6.75 2.415 2014-05-05 
RGKB1045 5.25 1.24 2011-03-15 
RGKB1046 5.5 1.79 2012-10-18 
RGKB1047 5 3.219 2020-12-01 
Bills YTM Maturity 
RGKT 1101 1.25 1 month 
RGKT1102 1.22 2 month 
RGKT1103 1.3 3month 
RGKT1104 1.31 4month 
RGKT1106 1.49 6 month 
as 


r (2011 — 03 - 15) = r (63d) = 1.25 % 


We now start the bootstrap with the bond RGKB 1046. This bond 
has a coupon rate c = 5.5%, ytm = 1.79 % and maturity at T = 2012- 
10-18. That is, time to maturity = ly9m6d = 360 + 270 + 6 = 636 days. 
Therefore, we also have a coupon payment of 5.5 at 276 days from 
now. We start by calculating the present value of this coupon. We do 


this by extrapolation using 180 and 120 days 


1.49 — 1.31 
r(276d) = 1.49 + (276 — 180) = 1.778 % 
180 — 120 
The present value of the coupon is therefore: 
2 


= 5.4262 


V= 
(1 + 0.01778)?7360 
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The price of the bond is given by the quoted yield: 


2 5.5 n 105.5 
(140017990 © (1 + 0.0179) 14276360 
= 5.4257 + 102.2445 = 107.6702 


This means that a zero-coupon bond with maturity T = 636 days from 
now, has the price P = 107.6702 — 5.4262 = 102.2440. This gives the 
zero-coupon rate at time t = 636 days: 


105.5 


102.2440 = (1 + r) 1276/360 


f ) — 1 = 1.7903 % 


noSGa)= Gan 


This is close to the yim (yim = 1.79) which shows that the result is 
correct. 

We then continue with the next bond, RGKB 1041 with coupon 
rate c = 6.75 %, ytm = 2.415 % and maturity at T = 2014-05-05. That 
is, time to maturity = 3y3m23d = 1193 days from today. We also have 
coupon payments of 6.75 at 833, 473 and 113 days from now. We 
start by calculate the present values of the coupons using inter- and 
extrapolation: 


(113) = 1.304 LL30 (113 — 90) = 1.3077 % 
i Bi 120 —90 “= ° 
(473d) = 1.49 + 1203 = 14? 473—180) = 1.6830 % 
ó m 636 — 180 Ta g 
(833d) = 1.49 + 1203 -149 (933 _ 180) = 1.9200 % 
ú = 636 — 180 m ° 
Remark 
1.7903 — 1.49 
(833d) = 1.7903 + ———--—— (833 — 636) = 1.9200 % 


636 — 180 
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The present value of the coupons is therefore: 


T- 6.75 , 6.75 
(1 +0.013077) 1360 * (1 +0.01683) 1113360 
6.75 


i (1 4 0.0192)?+1 13/360 
= 6.7225 + 6.6045 + 6.4594 = 19.7864 


The price of the bond is 


= 6.75 n 6.75 
~ (1 +0.02415)!13/360 ` (1 +0.02415)1+113/360 
6.75 106.75 


+ + 
(1 + 0.02415)2+119/360 © (7 + 0.02415)3+113/360 


1 
~ (1 +0.02415)!193/360 


(1 + 0.02415)* —1 
0.02415 


[100 +6.75 = 118.2621 


Where we have used the formula 
1+ytm)¥ -1 

Pvom = y [n cE] 
(1 + ytm) (1+ ytm)!f -1 


We now have that a zero-coupon bond with maturity at T = 1193 days 
have the present value P = 118.2621-19.7864 = 98.4757. This gives the 
zero-coupon rate at t = 1193 days 


106.75 
al + r)! 193/360 


106.7 360/1193 
r(1193d) = (pas) _1=2,4645 % 


98.4757 = 
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This is close to the yim (tm = 2.451) which shows that the result is 
correct. 
We now have the following zero-coupon yields: 


r(30d) = 1.25% 
r(60d) = 1.22% 
r(90d) = 1.30% 
r(120d) = 1.31% 
r(180d) = 1.49% 
(276d) = 1.778% 
1(636d) = 1.7903% 
r(1193d) = 2.4645% 


The last bond has maturity 2020-12-01. This is in 9y10m19d. That is, in 
3559 days with coupons at 3199, 2839, 2479, 2119, 1759, 1399, 1039, 
679 and 319 days from today. 

We start by calculating the present value of the interpolated 
coupons (319, 679, 1039 days from today) 


r(319d) = 1.778 + soles eae (319 — 276) = 1.7795 % 
636 — 276 
r(679d) = 1.7903 + onal is (679 — 636) = 1.8423 % 
1193 — 636 
r(1039d) = 1.7903 + e (1039 — 636) = 2.2781 % 
1193 — 636 


We continue by calculating the present value of the extrapolated 

coupons (3199, 2839, 2479, 2119, 1759, 1399 days from today) 
r(1399d) = 1.7903 + 0.0012104 - (1399 — 636) = 2.7138 % 
r(1759d) = 1.7903 + 0.0012104 - (1759 — 636) = 3.1496 % 
r(2119d) = 1.7903 + 0.0012104 - (2119 — 636) = 3.5853 % 
r(2479d) = 1.7903 + 0.0012104 - (2479 — 636) = 4.0211 % 
r(2839d) = 1.7903 + 0.0012104 - (2839 — 636) = 4.4568 % 
r(3199d) = 1.7903 + 0.0012104 - (3199 — 636) = 4.8926 % 
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The present value of the coupons is therefore 
~ (1 +0.017795)319360 (1 +.0.018423)979/360 
+ 2 + 5 
(1 + 0.022781)!089360 (1 + 0.027138)!3°%/360 
+ ° j 5 
(1 + 0.031496)!799 (1 + 0.035853)?11%360 
5 5 


+ + 
(1 + 0.040211)747936 (1 +.0.44568)7839/300 
5 


i (1 + 0.048926)3 199/360 

= 4.9225 + 4.8308 + 4.6853 + 4.5059 + 4.2970 + 4.0637 + 3.8113 
+ 3.5451 + 3.2706 

= 37.9321 


The present value if the bond is 


1 
P= 
(1 + 0.03219)7959360 
Therefore, a zero-coupon bond with maturity at T = 3559 days from 


today have the present value of P = 115.4397-37.9321 = 77.5076. This 
gives the zero-coupon rate at t = 3559 days as 


105.0 


(1 +0.03219)!? 21 
0.03219 


{10050 = 115.4397 


77.5075 = (1 + 735597360 
105.0 \ 360/3559 
r(3559d) = (= a) —1=3.1185 % 


The resulting zero-coupon yield curve will have a knee, since we 
overestimated the interest rates with extrapolations with many cash 
flows. 

To calculate the zero-coupon yield beyond the last maturity, we 
need to make an assumption. Here, the assumption is made that the im- 
plied forward rate remains constant. This is a reasonable assumption, 
because the forward rate is actually a kind of prediction about the fu- 
ture spot rate. We then use the following formula for the zero-coupon 
rates/yields for times > 14.6 years 


Sni = (1+ Sp) (+ F) —n)tn =] 
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The upper limit of the zero-coupon rates is given by Soo = F where F 
is the constant forward rate. 

If we do this for 10, 11, 12, 13, 14 and 15 years from today on the 
previous curve, we can calculate the forward rate between the last 
two points in the curve: 


r(1193d) = 2.4645% 
1(3559d) = 3.1185% 


This is given by 
1 
spot HT 
porward = ad + re” y a _] 
t2—tı ~ (+ Poy 


-— 1 = 3.4500 % 


(1 + 0.031 185)355%/360 35-1193 
~ \ d +0.024645)1193 / 360 


Then, using 


(1+ iP)? = (1 Pg OO 
we get the 10 year rate as 
3600/360 _ 3559/360 | (3600-3559)/360 
(1 + roy) = (1 + 0.031185) (1.0345) 
= 1.35996 


rioy = 1.35996'/19— 1 = 3.1223 % 


and 

(1+rity)!! = (1 + 0.031223)!” - 1.0345 = 1.35996 
rly = 3.1520 % 

(1+ rizy)!? = 1.35996 - 1.0345 = 1.45541 
r12y = 3.1768 % 

(1 + r13)? = 1.45541 - 1.0345 = 1.50562 
ry = 3.1978 % 

(1+ ryay)'4 = 1.50562 - 1.0345 = 1.55756 
ry = 3.2158 % 

(1 + risy)> = 1.55756 - 1.0345 = 1.56113 
risy = 3.2314 % 
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Fig. 6.4 The zero-coupon curve as function of days to maturity 


Finally, we get the zero-coupon rate curve as in Fig. 6.4. 
We can summarize the previous bootstrap method in the following 
schema: 


1) Calculate the zero-coupon rates for all instruments, which have 
only one cash flow until maturity. 


2) Take the bond with the least number of coupons. 


3) Interpolate/extrapolate (or better, use a solver instead of an extra- 
polation) to calculate the yields between known zero-coupon rates 
at times when we have coupon payouts. 


4) Calculate the present value, PV(coupons) for all coupons with 
payout before the maturity of the bond in step 2. 


5) Calculate the zero-coupon price: ZCP = [P — PV(coupons)| . aw, 


6) Calculate the yield of a zero-coupon bond with the face value of 
100 and price ZCP. 


7) Add this yield to the known zero-coupon rates. 
8) If there are more bonds, go to step 2, if not, go to 9. 


9) Create a zero-coupon yield curve. 


6.1.3.1 The Swap Curve 


There are far more swaps of different maturities than there are bonds, 
so that in practice, swaps are used to build up the forward rates by 
bootstrapping. Fortunately, there is a simple decomposition of swaps 
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prices into the prices of zero-coupon bonds so that bootstrapping is 
still relatively straightforward. 

When the swap is first entered into, it is usual for the deal to have 
no value to either party. This is done by a careful choice of the fixed 
rate of interest. In other words, the present value, let us say, of the 
fixed side and the floating side both have the same value, netting out 
to zero. 


Why should both parties agree that the deal is valueless? 


There are two ways to look at this. One way is to observe that a 
swap can be decomposed into a portfolio of bonds and so its value 
is not open to question if we are given the yield curve. However, in 
practice the calculation goes the other way. The swap market is so 
liquid, at so many maturities, that it is the prices of swaps that drive 
the prices of bonds. The fixed leg of a par swap (the one having no 
value) is determined by the market. The rates of interest in the fixed 
leg of a swap are quoted at various maturities. These rates make up the 
swap curve. 


6.1.3.2 The Relationship Between Swaps and Bonds 


There are two sides to a swap, the fixed-rate side and the floating-rate 
side. The fixed interest payments, since they are all known in terms of 
actual dollar amount, can be seen as a sum of zero-coupon bonds. If 
the fixed rate of interest is r, then the fixed payments add up to 


N 
re) PGE) 
i=l 


This is the discounted value today, at time t, of all the future fixed-rate 
payments. Here there are N payments, one at each 7;. Of course, this 
is multiplied by the notional principal, but assume that we have scaled 
this to one. To see the simple relationship between the floating leg and 
zero-coupon bonds we draw some schematic diagrams and compare 
the cash flows. A single floating leg payment is shown in Fig. 6.5. 

At time T; there is payment of rņ of the notional principal, where rz 
is the period t rate of LIBOR, set at time 7; — t. We add and subtract 
$1 at time 7; to get the second diagram. The first and the second dia- 
grams obviously have the same present value. Now recall the precise 
definition of LIBOR. It is the interest rate paid on a fixed-term time 
deposit in the interbank market. Thus, the $1 + r;- at time T; is the 
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$1+LIBOR 


Fig. 6.5 A single floating swap cash flow in relation with bond cash flows 


same as $1 at time T; — t. This gives the third diagram. It follows that 
the single floating rate payment is equivalent to two zero-coupon bond 
cash flows. A single floating leg of a swap at time T; is exactly equal to 
a deposit of $1 at time 7;— t and a withdrawal of $1 at timer. 

Now adding up all the floating legs all $1 cash flows cancel out 
except for the first and last one. Thus, the floating side of the swap has 
the current or discounted value 


1-p(t, Ty) 


Bringing the fixed and floating sides together we find that the value of 
the swap, for the receiver of the fixed side, is 


N 


rs) p(t, Ti) -1 +p (t, Ty) 
i=1 


This result is model-independent, that is, relationship is independent 
of any mathematical model for bonds or swaps. At the start of the swap 
contract the rate rs is usually chosen to give the contract par value (.e. 
zero value initially). Thus the quoted swap rate is 


_ 1-pt Tn) 


N 
Èp (t, Ti) 
i=1 


S 


We will discuss this in more detail later. 
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6.1.3.3 Bootstrapping with Swaps 


Swaps are very liquid and there exists a wide range of maturities so 
that their prices determine the yield curve and not vice versa. In prac- 
tice, the swap rates r,(7;) are given in the market for many maturities 
T; and 1 uses the aforementioned formula to calculate the prices of 
zero-coupon bonds and thus the yield curve. For the first point on the 
discount-factor curve we must solve 


1-p(t,Tı) 
aos e 
p(t, Tı) 
That is, 
t, T1) = 
PS Te 


After finding the first j discount factors the j + 1st is then found from 


j 
p(t T) =1-rs(T) > p(T) 


i=] 


Jj 
1-rs (Ta) X p(t, T) 
i=l 


l+rs (Ta) 


p (t, Tj+1) = 


We will now show in practice how we can calculate a zero-rate yield 
curve using swaps. A typical data source for the underlying construc- 
tion of the nominal interest rate term structure can be the European 
swap rates for 1-10-years maturities (yearly intervals) and 12-, 15-, 
20-, 25-, 30-, 40- and 50-years maturities as they are listed on a daily 
basis by Bloomberg. In such interest rate swaps, 6-month EURIBOR is 
exchanged for a fixed interest rate. 
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Methodology 

The rates quoted in the market are par yields and the interest day- 
count convention of the fixed-rate side of an ordinary swap is 30/360, 
meaning that a month is set at 30 days and a year at 360 days. We 
define the following (annually accrued) interest rates 


r; = the (par) swap rate at maturity t, 
Z = the zero-coupon swap rate at maturity t. 
fa.n = the forward rate between tı and fp. 


The cash flows of the underlying fixed-rate bond included in a t-year 
swap are as follows 


date (years) 1 2 ee t-1 t 


cash flows ri rt TE ri l+r 


The value at the time the swap is made equals 1 (= 100%). 

The zero-coupon rate is derived from the par swap rate by means 
of bootstrapping, starting with the 1-year swap rate. Since (1 + r1)/(1 + 
z1) = 1, it follows that zı = rı. The 2-years zero-coupon interest is 
determined by calculating the present value, at the 1-and 2-years zero 
rate, of the cash flows from (the fixed-rate side of) the 2-years swap, 
and equating this present value to 1. The 1-year zero-rate is already 
known, so that this leaves an equation with a single unknown (the 
2-years zero-coupon rate z2): 


a) l+ 
toas 
l1+zi (1+z2) 


which may be rewritten as 


z3 through z10 are derived analogously. By way of explanation, we also 
derive the 1-year forward over 1 year (i.e. the forward interest rate 
accruing between f = 1 and f = 2) via: 


(+z) =(1+z1) (1+f1,2) 
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and hence 


(+z) 


a= Gay 


From maturities of 10 years onwards, not all Bloomberg swap rates 
are used. Intervening rates are derived from the 12-, 15-, 20-, 25-, 30-, 
40- and 50-years maturity points. To calculate, for instance, the 21- 
years zero-coupon rate, we need to make an assumption. Here, the 
assumption is made that the 1-year forward remains constant between 
20 and 25 years. This is a reasonable assumption, because the forward 
rate can be seen as a kind of forecast for the 1-year rate that will be 
realized 20, 21 etc. years from now. And the market is not very likely to 
take substantially different views on 1-year interest rates 20 or 21 years 
forward. Now, based on the assumption that f2021 = fo1.22 = fo2,23 = 
f23,24 = f2425 = foo,25, we may write the 21-, 22-, 23-, 24- and 25-year 
zero rates, respectively, 


(1 + 221)*! = (1 +220)” (1 + f20,21) = (1 + 220)” (1 + fo0,25) 

(1 +22)” = (1 +291)! (1 + for22) = (1 +220)” (1 + fro2s)° 
(1 + 293)°9 = (1 + 222)? (1 + fo2,23) = (1 +220)” (1 + fr025)° 
(1 + z04)"4 = (1 +223)” (1+ f23,24) = (1 + 220)? (1 + f20,25)" 
(1 + 295)? = (1 + 204)” 41 + fraos) = (1 +200)" (1 +a 


Consequently, we may formulate the present value of the 25-year 
swap as 


OPE p U g T25 P 1 +r25 
l+z  (1+z)? = a 


20 1 
= 125 p al ear a J 


(1 + 220 


(1 +f20 T ] 
1 


t 5 
(1 + z20)” (1 + f20,25) 


A numerical procedure is needed to solve for f20,25. Substitution of the 
result in the earlier equations will yield z2; through z25. 
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For other maturities, the calculation is analogous. For points beyond 
30 years, the 1-year forward is assumed to remain constant. The as- 
sumption of a constant forward rate may also be used in extrapolating 
beyond 50 years. Based on this latter forward rate, we may calculate 
spot rates for very long maturities. This method can also be used when 
bootstrapping bonds. 


6.1.4 Bootstrapping a Swap Curve 


When bootstrapping a zero-coupon curve it is very important to use 
liquid instruments. In the Swedish market these are typically: an over- 
night rate (O/N), a tomorrow-next rate (T/N), and interbank time 
deposit rates for one week, one month, two and three month ma- 
turities. For additional maturities we use some representative quotes 
for interbank Forward Rate Agreements (FRA) and finally, interest rate 
swap rates from 3 years up to 30 years. We do not use shorter swaps 
since the FRAs are more liquid. We also show the Swedish market due 
to the special handling of IMM FRA’s and the negative interest rates. In 
the Euro and US market the FRA are note quoted at the IMM days and 
this simplify the bootstrap calculations. 


6.1.4.1 Market Data 


The bootstrap process will be demonstrated here with market data 
from 2017-07-17. Starting with the STIBOR fixings (also known as cash 
deposits) with maturities O/N, T/N, 1W, 1M,...3M we have: 


STIBOR Fixing 
Maturity STIBOR 
T/N -0.518 
1W -0.526 
1M -0.523 
2M -0.503 
3M -0.474 


We also, for simplicity, suppose that the (O/N) is the same as the (T/N). 
We continue with the short-term FRA’s, FRA 3M, with maturities on 
IMM days. 
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FRA 3M Rate 

Maturity Bid Ask Mid 
2017/sep/20 —0.469 —0.449 —0.459 
2017/dec/20 —0.539 —0.519 —0.529 
2018/mar/21 -0.359 -0.339 —0.349 
2018/jun/20 —0.264 —0.244 —0.254 
2018/sep/19 —0.154 —0.124 —0.139 
2018/dec/19 —0.049 —0.019 —0.034 
2019/mar/20 0.081 0.111 0.096 
2019/jun/19 0.196 0.226 0.211 
2019/sep/18 0.310 0.350 0.330 
2019/dec/18 0.430 0.470 0.450 


Finally, we have the swap rates from SEK STIBOR A 3M. 


Swap 

Maturity Bid Ask Mid 

3Y —0.0375 0.0125 —0.0125 
4Y 0.1975 0.2475 0.2225 
5Y 0.4325 0.4825 0.4575 
6Y 0.6450 0.6950 0.6700 
7Y 0.8325 0.8825 0.8575 
8Y 0.9975 1.0475 1.0225 
9y 1.1400 1.1900 1.1650 
10Y 1.2625 1.3125 1.2875 
12Y 1.4550 1.5150 1.4850 
15Y 1.6775 1.7375 1.7075 
20Y 1.8775 1.9575 1.9175 
25Y 1.9575 2.0375 1.9975 
30Y 1.9775 2.0775 2.0275 


In the SEK market, rates and market quotes are the same since all 
instruments are quoted as yields to maturity. In most other markets, 
FRA contracts are quoted in clean price. In that case, we first have to 
calculate the yield to get the table above. We can also use the price to 
find the discount factors. 
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The data above results in the following table, where we will 
bootstrap only the mid curve. 


Tenor 


O/N 
T/N 
1W 
1M 
2M 
3M 
sep_17 
dec_17 
mar_18 
jun_18 
sep_18 
dec_18 
mar_19 
jun_19 
sep_19 
dec_19 
AY 

4Y 

5Y 

6Y 

TY 

8Y 

OY 
10Y 
12Y 
15Y 
20Y 
25Y 
30Y 


Start date 


2017-07-17 
2017-07-18 
2017-07-19 
2017-07-19 
2017-07-19 
2017-07-19 
2017-09-20 
2017-12-20 
2018-03-21 
2018-06-20 
2018-09-19 
2018-12-19 
2019-03-20 
2019-06-19 
2019-09-18 
2019-12-18 
2017-07-19 
2017-07-19 
2017-07-19 
2017-07-19 
2017-07-19 
2017-07-19 
2017-07-19 
2017-07-19 
2017-07-19 
2017-07-19 
2017-07-19 
2017-07-19 
2017-07-19 


Maturity 


2017-07-18 
2017-07-19 
2017-07-26 
2017-08-21 
2017-09-19 
2017-10-19 
2017-12-20 
2018-03-21 
2018-06-20 
2018-09-19 
2018-12-19 
2019-03-20 
2019-06-19 
2019-09-18 
2019-12-18 
2020-03-18 
2020-07-20 
2021-07-19 
2021-07-19 
2021-07-19 
2021-07-19 
2025-07-21 
2026-07-20 
2027-07-19 
2027-07-19 
2027-07-19 
2037-07-20 
2042-07-21 
2047-07-19 


Period days dq) 


1097 
1461 
1826 
2191 
2557 
2924 
3288 
3652 
4383 
5479 
7306 
9133 
10957 


Quote rate g(t) 


—0.518 
—0.518 
—0.526 
—0.523 
—0.503 
—0.474 
—0.459 
—0.529 
—0.349 
—0.254 
—0.139 
—0.034 
0.096 
0.211 
0.330 
0.450 
—0.0125 
0.2225 
0.4575 
0.6700 
0.8575 
1.0225 
1.1650 
1.2875 
1.4850 
1.7075 
1.9175 
1.9975 
2.0275 
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6.1.4.2 Cash Deposits 


We start by calculating the discount factor and from here the zero rate. 
By using O/N, we get 


l 1 
Dow = a, om = se 1,000014389 
TONS SR 100 360 


From here, we get the zero rate as 


In(D In(1.000014389 
Zone = 100,20? - 100, ) Z 9525198223 
doin 1 
365 365 


Zero rates are commonly given as continuously compounded rates, 
Act/365. If the day today is a Friday, doyy = 3 instead of 1 as above. 
Next, we use the T/N 


© Dow —— 1000014389 
Diwa m T 1.000028778 
ITIN- 360 100 360 


From here, we get the zero rate as 


In(D In(1.000028778 
Zr = -100 » PTM -100 . 000028778) _ 9525198223 
dTIN 1 
365 365 


Discount rates greater than 1.0 give, as we can see, negative zero- 
coupon rates. Sometimes also the spot next (S/N) is used. Now we 
have the beginning of the curve. The above calculations must be done 
because of different “Start Dates”. We continue with the money-market 
instruments (1W, 1M, 2M and 3M), i.e. deposits. All of them have the 
same Start date: 2017-07-19 (two days from today because of the two 
settlement days) 
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i= {1W, 1M,2M, 3M} 


1+4qi-—> 
965 


From here, we get the Zero rate as 


nD), 
de? 
365 


Zi = -100. 


i= {1W, 1M,2M,3M} 


As seen above we use D7,y as the numerator. However, we have 
here three choices dependent on the spot lag value. The spot lag is 
defined as the number of business days between the trade date and the 
value date. For most currencies the spot lag is two days. The choices 
are: 


1) Spot lag = 0 => The numerator = 1 
2) Spot lag = 1 => The numerator = DF gjy 
3) Spot lag > 1 => The numerator = DF ry 


6.1.4.3 Forward Rate Agreements — FRA 


Next, we are ready to handle the FRA rates. Since these are forward 
contracts (with netted principal cash payments), the corresponding 
quoted rates are forward rates. Therefore, we need a so-called stub 
rate. The stub rate shall have its maturity on the same date as the start 
date of the first FRA contract. This stub has to be calculated only if 
we have IMM FRA contracts. We can calculate that rate using (dinear) 
interpolation on the discount factors 


D(T)-—D 
DO =Dee— 2 CO) (4 19) 
— to 
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In our example, we get: 


Dos = D(2017 — 09 — 20) 
= D(2017 —09 — 19) + (D(2017 — 10 — 19) — D(2017 - 09 — 19)) 
(T2017-09-20) — (1017-09-19) 
(T2017-10-19) — (T2017-09-19) 
= 1.000907358 


The stub rate is then given by 


100 - In(Dstub) 
acne i p00 ESSR5 
som 65/365 


where 65 is the number of days between today (2017-07-17) and the 
stub maturity. Now, we can handle the FRA rates as given below: 


Digs = ERa i= {sep_17,dec_17,...,dec_19} 


where Dos, = D5stub From here we get the zero rate as 


In Di 
— i = {sep/11,dec/11,...,dec/14} 


FRA 
365 


Zirą(T) = -100 . 


If the FRA contracts are quoted in price, the first FRA discount factor 
is calculated as 


Dstup(t) 
Drra(d) = , (100=Prra) 91 
100 360 


where Prpa is the quoted price of the FRA contract and 91, the days 
between the two IMM dates. The implied par rates are calculated as 


implised t = 100- TIN 1N. 
"par (tFRA) DFRA trRA — ÍTN 
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6.1.4.4 Swaps 


Now, that the zero-rates up to 2014-09-17 have been calculated we can 
continue with the rest of the curve which is given by swap rates. Since 
they start at 3Y, we first calculate approximate swap rates for 1Y and 
2Y by dinear) interpolation 


Year Start date Maturity DF Zero rate 
1 2017-07-19 2018-07-19 = 1.004503375 -0.446877879 
2 2017-07-19 2019-07-19  1.004962055 -0.246813006 


We now recall how to calculate the par swap rates ie 


pu = Din -Dr = Dry — Dr 
T ~ T ~i 
XY,- Dy XY, - Di + Yr.Dr 
t=1 t=1 
We then have 
Dar Tol 
Drin-rp > Ye D; 
p= t=1 


Reg 


where Y, is the year fraction at time t, given by: 


y,- 360 OW +30: (m -mt -1) + di- dr 
= 360 


where y;_; is the previous year where a rate exist, mt the month for the 
rate and d; the days. For the years where swap rates are not quoted in 
the market (11Y, 13Y, 14Y, 16YE., 29Y) we use (linear) extrapolation 
to find the zero rate when calculating the discount factors. Suppose 
all tenor spreads are zero, then the swap rates can be considered as 
maturing once a year. This gives Y, = 1 for all t. We then have 


T-I 
Drmn-ry X} Dr 
= 


Dr = 
r ltr 


Finally, we get the result 
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Quote 

Tenor Start date Maturity rate Discount Zero rate 

O/N 2017-07-17 2017-07-18 —0.518 1.00001439 —0.52519822 
T/N 2017-07-18 2017-07-19 -0.518 1.00002878 —0.52519822 
1W 2017-07-19 2017-07-26 —0.526 1.00013107 —0.53152514 
1M 2017-07-19 2017-08-21 —0.523 1.00050844 —0.53009431 
2M 2017-07-19 2017-09-19 —0.503 1.00089583 —0.51067561 
3M 2017-07-19 2017-10-19 —0.474 1.00124162 —0.48181770 
sep_17 2017-09-20 2017-12-20 0.459 1.00207001 —0.48382869 
dec_17 2017-12-20 2018-03-21 —0.529 1.00341177 —0.50330985 
mar_18 2018-03-21 2018-06-20 —0.349 1.00429775 —0.46311196 
jun_18 2018-06-20 2018-09-19 0.254 1.00494298 —0.41952074 
sep_18 2018-09-19 2018-12-19 —0.139 1.00529620 —0.37077179 
dec_18 2018-12-19 2019-03-20 0.034 1.00538261 —0.32068484 
mar_19 2019-03-20 2019-06-19 0.096 1.00513870 —0.26649883 
jun_19 2019-06-19 2019-09-18 0.211 1.00460288 —0.21137413 
sep_19 2019-09-18 2019-12-18 0.33 1.00376557 —0.15518699 
dec_19 2019-12-18 2020-03-18 0.45 1.00262509 —0.09814374 
3Y 2017-07-19 2020-07-20 —0.0125 1.00040546 -0.01346347 
4Y 2017-07-19 2021-07-19 0.2225 0.99111701 0.22260951 
5Y 2017-07-19 2021-07-19 0.4575 0.97721010 0.46031544 
6Y 2017-07-19 2021-07-19 0.67 0.96013564 0.67708428 
7Y 2017-07-19 2021-07-19 0.8575 0.94084199 0.86978222 
8Y 2017-07-19 2025-07-21 1.0225 0.91991457 1.04129128 
9Y 2017-07-19 2026-07-20 1.165 0.89822023 1.19085400 
10Y 2017-07-19 2027-07-19 1.2875 0.87616010 1.32061722 
12Y 2017-07-19 2027-07-19 1.485 0.83187817 1.53216160 
15Y 2017-07-19 2027-07-19 1.7075 0.76590232 1.77605784 
20Y 2017-07-19 2037-07-20 1.9175 0.66854155 2.01107974 
25Y 2017-07-19 2042-07-21 1.9975 0.59192602 2.09519836 
30Y 2017-07-19 2047-07-19 2.0275 0.52919479 2.11958684 


To get high accuracy in the calculated values where we have to use ex- 
trapolation, we also use a Newton-Raphson method. This is applied for 
the discount factors. The Newton-Raphson method calculates the dis- 
count factors so that we can reprice the swaps and find their quotes, 
i.e., the interest rates for the fixed legs. 
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If we have semi-annual data, the above formula is replaced by 


T-0.5 
Drn-re” OY Ds 
t=0.5 


Dr= 
i ES 


From here, we get the zero rate as usual 


365 
Zr = —100- In(Dr) - — 
dr 


If the zero-coupon rates are expressed as annual bond equivalent yields 
we have 


1 
= C1 + Zp/100)497365 


Dr 


Solving the previous equation, the zero coupon rate is 


1 365/days 
zet — =i 
i a 


If you want continuously compounded zero rates, the discount factor 
will be calculated as 


Dr=ex Zr days 
T = xP 1-100 | 365 


From the latter equation, the zero- coupon rate becomes a function of 
the discount factor, as follows 


365 
ZT =— (mon. - 100 
days 


If you prefer to represent zero coupon rates as simple annualized 
rates, the discount factor should be written as 


1 
ye = ——— 
1 + Z7/100 
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6.1.5 A More General Bootstrap 


In the risk system of a bank the bootstrap procedure is slightly 
more complicated than described earlier. Generally, in such a risk 
system there are many different currencies and therefore many dif- 
ferent curves. Each curve will be bootstrapped from many different 
instruments with different maturities. Therefore it can be difficult to 
compare and aggregate the risk for a complex portfolio. Because of 
this added complexity, many risk systems use only specific nodes in 
time, where they specify the zero-coupon rates. These nodes can be 
something like 


[1d, 2d, 3d, 1w, 1m, 2m, 3m, 6m, 9m, 1y, 2y, 
3y, 4y, 5y, 7y, 10y, 12y, 15y, 20y, 25y, 30y] 


Here d denotes days, w weeks, m months and y years. Now, these dates 
will naturally not be the same as the quoted instruments that is used to 
bootstrap the curve. Especially, since the same nodes are used for all 
currencies. Also in the same currency, you might have multiple curves, 
like a Swap curve for the Interbank market, a Government curve from 
treasury bonds and a Mortgage curve for the valuation of real estate 
loans. 

The risk system will also use the zero-coupon yield curves for risk 
calculations and shift the aforementioned nodes. This is usually made 
by triangular shifts to calculate the risk in each time bucket. Here the 
ly bucket is the interval [9m, 1y]. By using specific nodes the risk can 
be aggregated to a total risk in each bucket. Also the sum of this risk 
will correspond to a parallel shift of the entire curve. 

Banks also use to sets risk limits for each such buckets. This risk 
can be interest rate risk (Delta and Gamma), Vega risk (by shifting 
the volatility) etc. Different limits can be used for different size of the 
shifts. Usually interest rate shifts are calculated for 1 bp, +100 bp and 
-100 bp. Here 1 bp (one basis point) represent 1/100 of a %. 

A problem by using “fixed” nodes (as shown earlier) is that you need 
an interpolation method between the nodes. Then, when you reprice 
the instruments used to bootstrap the curve, you will not replicate the 
input market quotes exactly. Therefore, when you bootstrap the curve, 
you must minimize the repricing error in order to find a “best fit”. Also, 
with different interpolation methods, you will get different curves. It 
is important to understand that there are no “true interest rate curves” 
since they always depend on what method is used to create the curve. 
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Also note that the Risk group in the bank shifts zero-coupon yield 
curves while the traders, on the other hand, typically shift market 
quotes. The reason is that the trades want to hedge their position. 
For the hedging purpose, they can only use instruments that exist and 
are quoted in the market. 

Therefore the risk in the trading system and in the risk system 
(which can be the same, with different setups) may often differ. Sub- 
sequently we will describe a typical problem when the risk manager 
discusses the risk with a trader. This is taken from a real-life situation. 


6.1.5.1 An Example of Risk Calculations of an FRA 


Consider an FRA contract between 2016-03-16 and 2016-06-15. The 
today’s date is 2015-05-05. The notional amount of the FRA is 1 500 
000 000 SEK and day count method Act/360. 

The trading desk calls the Group Risk and says that something is 
wrong! They see all the risk at 2016-03-16 when the FRA expires and 
the payments are made. They refer to their approximation of the risk. 


Risk = NotionalxTimex1| bp = 1 500 000 000*0.250.0001 = 37 500 SEK 


Here the time is a quarter of a year. They complain and say that the 
risk system gives a risk of - 70 000 in the 9m bucket and + 88 000 in 
the ly bucket. 

When Group Risk investigates their modelling system, they find the 
following. 

The used nodes are: 


{1d, 2d, 3d, lw, 1m, 3m, 6m, 9m, ly, 2y, 3y, ...}. 
In term of days, this corresponds to 
{1,2,3..7,30, 90, 180,270, 365, 730, 1095,... }. 


Since the FRA days will be Gn days) 316d and 407d, the risk manager 
will find risk when nodes {270d, 365d and 730d} are shifted. 


e With a triangular shift in the node 270d we will change the rates in 
the interval [180d, 365d]. 


e With a triangular shift in the node 365d we will change the rates in 
the interval [270d, 730d]. 
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e With a triangular shift in the node 730d we will change the rates in 
the interval [365d, 1095d]. 


Suppose we make these shifts and use continuously compounded zero 
rates in the discount function 


D(T) = exp{ - rT}. 


The Group Risk are satisfied if they can explain their calculations and 
find an approximation of the risk. So they just “guess” some zero rates 
at each node and calculate the values. 


(T) T D(T) 
0.25000% 270 0.998152394 
0.27000% 316 0.997665196 
0.28000% 365 0.997203916 
0.30000% 407 0.996660383 
0.40000% 730 0.992031915 


The forward rate (for the FRN) is then given by 
—365 - 1n(0.996660383/0.997665 196)/(407 — 316) = 0.4042% 
and the value of the FRN by 
0.997665 196 - 1 500 000 000 - 0.004043 - 0.25 = 1 512 121 


Now, we make a shift of 1bp on node 730d. The result is 


(T) T D(T) 
0.25000% 270 0.998152394 
0.27000% 316 0.997665196 
0.28000% 365 0.997203916 
0.30115% 407 0.996647595 
0.41000% 730 0.991833528 


The forward rate (for the FRN) is then given by: 0.4093% giving a new 
price = 1 531 375. 
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The risk on this node is therefore 1 531 375-1 512 121 = 19 254 
SEK. A check in the Risk systems (with correct interest rates) shows 
19 138 SEK. 

Next, we make a shift of 1bp on node 635d. We then get 


(T) T D(T) 
0.25000% 270 0.998152394 
0.27484% 316 0.997623374 
0.29000% 365 0.997104201 
0.30885% 407 0.996562042 
0.41000% 730 0.991833528 


The forward rate (for the FRN) is now given by: 0.4269% giving a 
new price = 1 597 221. 

The risk on this node is therefore 1 597 221-1 512 121 = 85 100 
SEK. A check in the Risk systems shows 89 329 SEK. (The trader said 
88 000 SEK). Finally, we make a shift of 1bp on node 270d. We then get 


(T) T D(T) 
0.26000% 270 0.998078561 
0.27516% 316 0.997620646 
0.28000% 365 0.997203916 
0.30000% 407 0.996660383 
0.41000% 730 0.991833528 


The forward rate (for the FRN) is then given by: 0.3863% giving a new 
price = 1 445 047. 

The risk on this node is therefore 1 445 047-1 512 121 = -67 074 
SEK. A check in the Risk systems shows 71 393 SEK. (The trader said 
-70 000 SEK). 

The total risk is now summed up to give 37 281 SEK (without dis- 
counting 37 500 SEK). The risk system gives 37 307 SEK and the 
traders said 37 500 SEK. As we can see, the error we made on a 
notional of 1 500 000 000 SEK by guessing the rates is only -26 SEK! 

With this simple analysis we can explain for the trader how the risk 
is calculated in the risk system. 
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What is important here is that management have to understand that 
the risk in buckets can be quite high, but that the sum of the risk is 
still OK. It is therefore important to set the limits so that the traders 
can hedge their positions without breaching the limits. 


6.1.5.2 Repricing the Instruments 


When repricing the aforementioned instruments, we can just invert 
the formulas. Instead, we will now proceed to use the zero rates and 
the matching discount factors resulting from the bootstrap. We also 
use interpolation between the calculated values. How close does such 
a valuation come to the initially given/quoted market prices? Clearly 
some of the repricing results should be the same as the used quotes, 
especially for Deposits and FRAs. 

When we invert the PV formula for the O/N and T/N Deposits, 


we get 
1 360 
a. 1). 


Doin doin 

Drm 360 

m= (2) 2 
TIN Doin dTIN 


The rest of the Deposits are given by 


par D 
pu — TIN ae 360 
Di di 


All of the FRAs are given by the same formula. This is 


i-l 
Eee DRA 1). 360 
FRA ~ \ pi 
Note that now we don’t have to use the calculation of the stub rate. If 
the FRA contracts are quoted in price, we instead use the formula 


Dstub(t 36000 
Prra = 100 stub(t) 1). 
Drra(t) 91 
The prices of the swaps are repriced as 
pu = Din — Dr _ Drın — Dr 
TIT 7 Fy 


T= 
XYY, -D X Y,- Di+Yr -Dr 


t=1 t=1 
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Here, remember to use the year fraction at time t, given by 
_ 360 - Or -ye-1) + 30 - (m — m-1) + dı - dt- 
360 


where y; 1 is the previous year where a rate exists, m; the month for 
the rate and d; the days. 


Y, 


6.1.6 Nelson-Siegel Parameterization 


Nelson and Siegel (1987) proposed a mathematical model for the 
forward curve 


S S S 
f(t, 5) = Bo + Bi - exp |->] + 2: — Exp {-=| 
TI TĪ 
Integrating this we can derive the corresponding zero-coupon yield 
curve/zero rates. 


t 
r(t) = “| fo + i - exp {-=| + Bo- - - exp {=} las 
t Ti Ti T1 
0 


Making a change in variables: x = s/t1, ds = T;dx we get 
t/t, tlt 


O= po ET f rare EE f xerar 


0 0 
t/t, 
t/t 


= Bo+ pi [e] + Po ie, - / e “dx 


0 


1 = elt 1 _ eT t/ 
= + + — o"t 
Po + Bi | Ia | f2 | fa | 


This implies the following (spot) zero-coupon yield curve 


NS @ as) =f 48; (== =) 


titi 


1- -t/ 
+ Bo ( exp {—t/t1} 
t/Ty 


exp { m) 


6 Bootstrapping Yield Curves 211 


6.1.6.1 The Svensson Extension 


The Nelson-Siegel model was extended by Svensson (1994) in order 
to take into account a second possible hump in the zero-coupon yield 
curve. He added an extra term to the polynomial 


f(t.8) = Bo + Bi exp |" | + fa» -exp {=| 4 As = -exp |=} 


T1 TI T2 T2 


This model is called the Nelson-Siegel-Svensson (NSS) model or the 
Extended Nelson-Siegel model. 


PNS (1, FNS) = By + Bi (jee os L) 


titi 


1- —t/ 
+ Bo ( pt) exp { m) 
titi 


+B G — exp a) 


t/ — exp {-t/t2} 


where@”® = (Bo, B1, 62,71) and Of" = (Bo, B1, Bo, B3, T1, T2) are con- 
stants to be estimated, used to fit the models to the bond university. 
This can be done with some kind of least-squares method, or with the 
solver in Excel. The same constants are assumed to apply for all matur- 
ities, so no splines are involved. The simple functional form ensures a 
smooth and yet quite flexible curve. 

The advantage with the Nelson-Siegel models are 


1. It can easily be fitted to empirical data. 


2. The fitted yield curve converge to a constant value: jim r(t) = Bo. 
—> 00 


3. The basis functions, given by: 


gi=1 
l=e"" 
p2 = zE 
Lae? Xr 
= _ gi 
93 ie 


can be interpreted as a parallel shift (91), tilting (g2) and flexing (g3). 
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Fig. 6.7 The Extended Nelson-Siegel basis functions 


This is illustrated in Fig. 6.6 and Fig. 6.7, which shows the basis 
functions for the two models when fitted to Swedish Government 
bonds. 

A drawback with the extended (Svensson) model is that there are 
so many parameters that they cannot always be uniquely identified. 
Similar numerical problems do not exist in the Nelson-Siegel four para- 
meter model. On the other hand, the extended model can be fitted to 
a yield curve with two maxima. 

The parameters (in the extended model) fo, 61, 82, 63, T1 and t2 have 
here been estimated by minimizing the sum of the squared bond price 


6 Bootstrapping Yield Curves 213 


errors weighted by (1/®;): 
Min 2 
fo, Br, Bo, t,t) Z {Li PPS (Bo Bis pom 72) a;] 


where ® equals the duration * price/(1 + yield to maturity) of the 
bond. The minimizing problem can easily be solved by using the solver 
in Excel. Alternatively, the sum of the mean absolute deviations can be 
minimized. 


6.1.7 Interpolation Methods 


Several methods for interpolation are available. Here we will discuss 


e Linear interpolation 

e Logarithmic interpolation 
e Polynomial interpolation 
e Cubic spline interpolation 


e Hermite interpolation 
6.1.7.1 Linear Interpolation 
A linearly interpolated curve of yims from the following market data 


consist of tree linear equations Y;(t), where each of them start at T; and 
end at Ti+1. 


Visi — Y; 
Yi (t) = Yi + ———~ - (t-Ti) 
Tis1 — Ti 
Years YTM 
0.0 4.00% 
2.0 5.00% 
4.0 6.50% 
10.0 6.75% 


If we use this market data to calculate the ytm for an instrument with 
maturity in 6 years from now we obtain 


6.75 — 6.50 
Y2 (6) = 6.50 + 10.4 (6 —4) = 6.5833% 
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Yield (%) Linear Interpolation 
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Fig. 6.8 Linear interpolation. Remark the sharp knees in the forward curve 


A problem with linear interpolation is that the resulting yield curve can 
get sharp angles at the intersection points, which gives jumps when 
we calculate the forward rates, as shown in Fig. 6.8. 

For an implementation in C/C++, see the function 
double IPOL(double x, double, *pX, Double *pY, int N) above. 


6.1.7.2 Logarithmic Interpolation 


In logarithmic interpolation we use the following expression based on 
the discount function 


Tait tT; 


DQ) = D (T) . D (Tp) TT 
Taking the logarithm of both sides, we get 


In {D} =In{D(T)} + MD dinh RP A) -[t-T] 
i1- Ti 
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Year Yield Discount Natural Log 
actor 


4 650% —*0.7773— -0.2519 


6 6.6388% =— 0.6800 =— - [ 0.2519 + {2/6 x (0.6532 - 0.2519) } ] 
=-0.3857 


10 6.75% —+> 0.5204—> -06532 


Fig. 6.9 The alculation made in logarithmic interpolation 
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Using the same market data as before to calculate ytm for an in- 
strument with maturity in 6 years we now perform the following 


steps 


Poe SSS 


Calculate the discount factors for the years 4 and 10. 
Take the logarithm of the values. 

Make a linear interpolation between the values. 
Calculate the discount factor for the 6 years interest rate. 
Translate that into a zero-coupon yield. 


This is illustrated in Fig. 6.9. 

There are a number of disadvantages with logarithmic interpol- 
ation. The calculated interest rate will be higher than with linear 
interpolation. There will be jumps in the forward curve. The zero- 
coupon yield/zero rate will become piecewise linear between the 
interpolated points (see Fig. 6.10). This is however, what we want 
when we use hazard rates. 


6.1.7.3 Polynomial Interpolation 


With polynomial fitting the sharp edges are smeared out and we get a 
smooth/differentiable curve. If we have n + 1 given discrete points we 


can fit the data to a polynomial of degree n through all the points: 


Y,(t) = ag + a1 tif fag? + cee 
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Yield (%) Log-linear Interpolation 
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Fig. 6.10 Logarithmic interpolation 
using the method of Lagrange 
(t—Ti)(t— Ta)(t—T3)...¢-Tn) 
(To =- T1)(To - T2)(To = T3) . . . (To - Tn) 
(t—To)(t— Ta)@—-73)...¢-Tn) 
(Ti = To(Ti - T2)(T1 - T3)... (Tı - Tn) 
(t—To)(t—Ti)@—73)...¢-Tr) 
(T2 - To)(T2 = TG a=13) . . . (T2 - Tn) 
+.. 


Y,(t) = 


Yo 


1 


Y2 


(t—Tot—Ti)t-T2).-.@-Tra) 
(Tn — To)X(Tn — To)X(Tn — T3)... (Tn-Taa) ” 


With numbers from our example, we get 


(t= 2)¢=4)t=10) 4 go, E90-90-10 

(0 —2)(0 —4)(0 — 10) (22-02-42-10) 
C-OC-DE-10 sso, CDE-D0- o 
(4 —0)(4— 2)(4 — 10) (10 —0)(10 —2)(10 — 4) 

= -0.0151 - £ + 0.15313 - Ê +0.25417 -t+4.0 


Y3(t) = 5.00 
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Polynomial Interpolation 


Yield (%) 
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Fig. 6.11 Polynomial interpolation. Here the forward rate might be negative 


When t = 6 we get Y3(6) = 7.775 %. 

A disadvantage with this method can be seen in the Fig. 6.11. When 
a point gets the polynomial slope to change the sign, we can get 
negative forward rates. 


6.1.7.4 Cubic Spline 


In this technique, we add certain stiffness to the yield curve. At the 
same time, the curve will be continuous and differentiable. We fit a 
third-order polynomial between the points 


Yo(t) = ag + bo : t+ co- Ê +do- P? between To and T] 
Y(t) =a, +b, -t+c,- A +d. P between Tı and T? 


Y(t) =a2 +b2-t+c2- P+ d - P between Tz and T3 
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Each equation has four unknown (the coefficients a - d). With tree 
equations, we get the following system with 12 unknowns to solve: 


1I To TR ROO 0 0 00 O 0 a 4.00 
IT T? FT00 0 0 00 0 0 bo 5.00 
00 0 017 T T 00 0 0 co 5.00 
00 0 0 1R T TĘ 00 0 0 do 6.50 
000000 0 01h TÉ F a 6.50 
00 0 000 0 0 173 TS TZ |} a] _ 1675 
0 1 27, 3T? 0-1-27, -3T7700 0 0 ci 0 
00 0 00i 273 3 0 -1 -2T, -3T? | | 4 0 
00 26700 0 000 0 D a2 0 
000 000 0 0 00 2 sã ||» 0 

0 2 6h00 2 6%00 0 0 c2 0 
00 0 000 2 6 00 2 -673 | L% 0 


where we have used that, the first and second derivatives in the con- 
nections are equal. The second derivatives at Ty and T3 are zero. In our 
example the coefficients is calculated as 


{0.022, 0.000, 0.413, 4.000, 0.047, 0.411, -0.410, 
4.548, 0.008, —0.249, 2.230, 1.029} 


The 6-year interest rate is then given as 
Y2(6) = 0.008 - 6° — 0.249 - 6? + 2.230 - 6 + 1.029 = 7.173% 


The curve is shown in Fig. 6.12. 

However, there also exist some disadvantages in this model. When 
we are studying risk measures by shifting a part of the yield curve, the 
entire curve will get affected. This effect is small but not desirable. 


Bootstrap and Cubic Splines 


Bootstrapping can only provide knowledge of the discount factors for 
(some of) the payment dates of the traded bonds. In many situations, 
information about market discount factors for other future dates will 
be valuable. In this section and the next, we will consider methods to 
estimate the entire discount function P(t, T) (at least up to some large 
maturity T). To simplify the notation in what follows, let P(t) denote 
the discount factor for the next t periods G.e. P(t) = P(t, t+T)). Hence, 
the function P(t) for t € [0, co) represents the time t market discount 
function. In particular, P(0) = 1. 
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Yield (%) Cubic Spline Interpolation 
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Fig. 6.12 Cubic spline interpolation 


We will use a similar notation for zero-coupon rates and forward 
rates: y(t) = y(t,t + T) and f(t) = f(t, t+ t). The methods studied in 
this section are both based on the assumption that the discount func- 
tion P(t) can be described by some functional form involving some 
unknown parameters. The parameter values are chosen to get a close 
match between the observed bond prices and the theoretical bond 
prices computed using the assumed discount function. 

The approach studied in this section is a version of the cubic 
splines approach introduced by McCulloch (1971) and later modified 
by McCulloch (1975) and Litzenberger and Rolfo (1984). 

The word spline indicates that the maturity axis is divided into 
subintervals and that the separate functions (of the same type) are 
used to describe the discount function in the different subintervals. 
The reasoning for doing this is that it can be quite hard to fit a relat- 
ively simple functional form to prices of a large number of bonds with 
very different maturities. To ensure a continuous and smooth term 
structure of interest rates, one must impose certain conditions for the 
maturities separating the subintervals. 
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Given prices for M bonds with  time-to-maturities of 
Ti < T2 < --- < Ty. Divide the maturity axis into subintervals defined 
by the “knot points” 0 = Tọ < T1 <--- < Tk = Ty. A spline approxim- 
ation of the discount function P(t) is based on an expression like 

k-1 
Pj=} GOG) 
j=0 
where the G;’s are basis functions, and the J;’s are the step functions 
Is if “7%. 
I(t) = ma 
0, otherwise. 


Hence, P(t) = Go(t) for t € [to, t1), P(t) = Go(t) + G(T) for 
tT € [T1, 72), etc. We demand that the G;’s are continuous and 
differentiable and ensure a smooth transition in the knot point’s 
tj. A polynomial spline is a spline where the basis functions are 
polynomials. Let us consider a cubic spline, where 


Gt) = aj + B(t— 1) + VCT -= Tj)? + (tT - T), 
and aj, Êj, yj, and 6; are constants. For t € [0, t1), we have 
P(t) = œo + Bot + yor? + dot. 


Since P(0) = 1, we must have ag = 1. For t € [t1, T2), we have 
P(t)= (co + Bot + yor? + sor’) 
+ (a1 + Bilt — 11) + yE- +i- t1)) 


To get a smooth transition between in the point tT = 1, we 
demand that 


P(t + 6) = P(t, — ô), 
P'(t, + ô) = P'(t — ô), 
P"(r, +8) = P"(t, -8) 


The conditions ensure that the discount function is continuous and 
twice differentiable. The first condition implies a; = 0. Differentiating 
the two connected polynomials, we find 


P'(t) = Bo + 2yot +359t7 0 < T < T1 
and 


P'(t) = Bo +2yoT + 350t? + Bi +271 (T - 11) +381 (T -1 T< 
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The second condition now implies 6; = 0. Differentiating again, we get 
P(t) = 2yo + 650T C27 27) 
and 
P"(t) = 2yo + 6ôoT + 2y, + 65,(T —T)T] ST <T 


Consequently, the third condition implies yı = 0. Similarly, it can be 
shown that a; = 6; = yj = 0 for all j = 1,...,k—1. The cubic spline is 
therefore reduced to 


k-1 
P(t) = 1+ Bot + yot? + dot? + X 8j — GTC) 
j=l 


Let ti, t2,...,ty denote the time distance from today (date t) to the 
each of the payment dates in the set of all payment dates of the 
bonds in the data set. Let Yj, denote the payment of bond i in tn 
periods. From the no-arbitrage pricing relation (the present value of 
the coupon paying bond is equal to the sum of the present value of 
each cash flow), we should have that 


N 
Pey ePG) 


n=1 


where PV; is the current market price of bond i. Since not all the 
zero-coupon bonds involved in this equation are traded, we will allow 
for a deviation £; so that 


N 
PV; = > YinP(tn) + &1 


n=1 


We assume that £s; is normally distributed with mean zero and variance 
o? (assumed to be the same for all bonds) and that the deviations for 
different bonds are mutually independent. We want to pick parameter 
values that minimize the sum of squared deviations 


M 
dei 
i=l 
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Substituting the polynomial expression with these yields 


N k-1 
PVi = Yin į 1+ Botn + yota + Sota + X jln -Y LCt) f + £i 
n=1 j=l 


which implies that 


PVi — ra = po Y he + n AJ Yar 


n=1 n=1 n=1 


+ rs ` Yin(tn — 1) IjC) + £i 


n=1 


Given the prices and payment schemes of the M bonds, the k + 2 
parameters ßo, Vo, 50, 61, ..., dg-1 Can now be estimated using ordin- 
ary least squares. Substituting the estimated parameters, we get an 
estimated discount function; from which estimated zero-coupon yield 
curves and forward rate curves can be derived as explained earlier. 

It remains to describe how the number of subintervals k and the 
knot point’s t; are to be chosen. McCulloch suggested to let k be the 


nearest integer to vM and to define the knot points by 
Tj = Th, + 9} (Thy+1 — Try) 


where h; = [j - M/k] (here the square brackets mean the integer part) 
and 6; = j-M/k—h,. In particular, tk = Ty. Alternatively, the knot points 
can be placed at for example 1 year, 5 years and 10 years, so that the 
intervals broadly correspond to the short-term, intermediate-term and 
long-term segments of the market. 

The Fig. 6.13 shows the discount function on the Swedish govern- 
ment bond markets on April 24, 2006 (the same data as in the previous 
bootstrap) estimated using cubic splines and data with maturities up 
to 15 years. 

The nodes and values are given in Table 6.4.(Fig. 6.14) 


Discount functions estimated using cubic splines would usually 
have a credible form for maturities less than the longest maturity in the 
data set. Although there is nothing in the approach that ensures that 
the resulting discount function is positive and decreasing, as it should 
be, this will usually be the case. As the maturity approaches infinity, 
the cubic spline discount function will approach either plus or minus 
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Fig. 6.13 The discount function 


Table 6.4 Parameters of fitting the discount 


function 

Parameter Value Time 
B -2,27E-02 

y -2,64E-04 

ôo —1,30E-03 

51 1,84E-03 1,00 
52 5,21E-04 2,00 
63 -1,08E-03 3,00 
54 4,09E-05 5,00 
65 —5,17E-05 10,00 
56 5,94E-05 14,00 


Spotrate and Forwardrate 


Rate 


Maturity 


Fig. 6.14 Spot and orward rate with cubic spline 


infinity depending on the sign of the coefficient of the third-order 
term. Of course, both properties are unacceptable, and the method 
cannot be expected to provide reasonable values beyond the longest 
maturity Ty, since none of the bonds are affected by that very long 
end of the term structure. 
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Two other properties of the cubic splines approach are more dis- 
turbing. First, the derived zero-coupon rates will often increase or 
decrease significantly for maturities approaching Ty,. Second, the de- 
rived forward rate curve will typically be quite rugged especially near 
the knot points, and the curve tends to be very sensitive to the bond 
prices and the precise location of the knot points. Therefore, forward 
rate curves estimated using cubic splines should only be applied with 
great caution. 


6.1.7.5 Hermite Interpolation 


With this technique, sometimes called clamped cubic spline, this 
effect is eliminated. When a shift is made, only the closest part of the 
curve will affect. Let r be a vector Y’ = {y1, y2, . . . Yn} and 


Y(t) = Y; + m((t) - (Via — YD + mt) - (1 —m,(0)) - gi + m7 (1) -A - m;t) - ci 
where 


m;,(t) = tT 
Tis — Ti 
8i = (Ti+1 — Ti) - yi — (Yiri — Yi) 
ci = 2 (Yni — Yi) — (Tis — Ti) - Gin + yi) 


The vector Y’ is calculated as 


1 |e ee S| 


Ji= 


Ti+ı — TA Ti-Ti Tini -Ti 
With the boundary 
an l oN Urk ha 
Me Ti TT} T-T 
_ 1 
al Tn- — Th-2 


7 |S = Ya) 4 (Tn -T -1) ¥ (Yn = Yai) y (2 y Tn < Th-1 = e 
Ty-1 — Th_2 Th — Tn 
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A variant of the Hermite interpolation is a method called Hermite RT. 
In this method, we interpolate with Hermite as shown previously but 
via the logarithm of the discount rates given as 


Di) =e" 


where r is the continuous interest rate at time t. In[D(t)] = -rt which 
has named the method. For the spot rate, we then have 


(+Yy=se" 


This curve is nicer than the ordinary Hermite curve. Especially when 
the liquidity is low and the number of instruments are limited. In many 
advanced risk software, there is a possibility to combine the earlier 
methods with different magnitudes. 


6.1.8 Spread and Spread Curves 


Spreads are used to value securities with certain properties, such as 


e The credit ranking of the issuer 

e Liquidity 

e Ranking due to a default 

e Embedded options 

A spread is defined as a number of bps above an underlying yield 


curve, the base curve. The value of the instruments decreases due to 
the spread. 


Example 6.1.8.1 
A spread above the spot rate gives a discount rate as: 


discount _ 


r ———— 
ti spot ti 
l+r, +8 
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The Interbank Market 


7.1 Spreads and the Interbank Market 


We will now take a look at the Interbank market and different kind 
of spreads. We explain some of the details using the Swedish market 
(as Riksbanken, the Central bank in Sweden’). 

Banks can borrow under the marginal lending facility (Swedish: 
utlaningsfaciliteten) Gif they made adequate security) in the National 
Bank at an interest rate, lending rate, which is a bit above (typically 
0.75 %) the repo rate.” Banks with a surplus can use the National Bank 
deposit facility (Swedish: inlaningsfaciliteten) that provides a deposit 
rate a bit (typically 0.75 %) lower than the repo rate. 

Since there is a quite large gap between deposit rate and lending 
rate, this gives a strong incitement for banks, to instead, settle directly 
with each other to get a better interest rate. This rate is called the 
overnight rate (O/N). The central bank tries to control this rate, via 
the repo rate. With this rate, the central bank signals where they want 
the O/N will be a week ahead. 

If the banking system as a whole have a deficit or a surplus, the cent- 
ral bank implements a reverse every week. Imbalances may still occur 
day by day. To create balance and gain greater control over the O/N, 
the central bank also try on a daily basis, get the banks’ total deficit is 
the same as the total surplus. This is done by fine-tuning operations, 
which lend money at the repo rate +0.10 % and lend at the repo rate 
—0.10 % to create a balance. 


1 The Swedish central bank is the first central bank in the world. 
2 The Swedish Repo Rate is the reference (policy) rate decided by the Central bank in Sweden. 
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Overall, the central bank therefore ensures that balance exists in 
the single payment system (in Sweden called RIX). Surplus and deficit 
held by individual banks, can however, been managed by the banks 
themselves. At the end of each day, banks that need to borrow use a 
bank with a surplus. 

TheO/N for today runs from today until tomorrow. Tomorrow 
next (tom next or T/N) runs from tomorrow until the next day. Next 
maturity of fixed income market is called the S/N (spot/next) which 
runs from the day after tomorrow and one business ahead, 1W runs 
from the day after tomorrow for a week. All days above are bank days. 


7.1.1 TED-Spread and Other Spreads 


XIBOR (the general Interbank Offer Rate) is the rate that banks can 
borrow from each other’s. To assess how the market views the risk of 
lending to another bank, we put the XIBOR rate in relation to any other 
interest. The safest player on the market is the government because 
they can always pay debts by printing new money (debt monetiza- 
tion). Therefore, we compare the XIBOR rates by the interest rate 
on government securities with the same maturity, to see which risk 
premium imposed on bank loans. The difference in yield between 
2 securities with similar characteristics is called a spread. The dif- 
ference between a 3-month interbank rate and the rate on 3-month 
government securities is known as the Treasury-Euro-Dollar (TED) 
spread. TED denotes the spread between the Treasury bill yield and 
the Libor rate for the same maturity (usually 3 months). In Fig. 7.1 we 
show the TED spread in USD? from the beginning of 2007 to the end 
of 2009. We observe the very high spread during the period of the 
financial crisis. 


7.1.2 Overnight Indexed Swaps (OIS) and Basis Spread 


A 12-month XIBOR rate reflects not only the expectations of the O/N 
that will prevail in the average for the next 12 months, but also a risk 
premium, which raises the rate of long-term loans. Therefore, it is easy 
to understand that the market is interested in interest-rate instruments 


3 Source, FRED, https://fred.stlouisfed.org/ Federal Reserve Economic Data - St. Louis Fed 
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Fig. 7.1 The USD TED-spread during the financial crises. 


for a period longer than O/N, but that keeps the same rate as the aver- 
age for the O/N during the period. Such instruments are called as the 
overnight indexed swaps (OIS). 

With an OIS, 2 parties may agree that party 1 receives a fixed rate 
from party 2 (the fixed leg of the swap) and party 2, a rate equal to 
the average of the O/N from party 1 (the floating leg of the swap). 

In several areas, currency swaps are based on the central bank 
policy rate. In Sweden, this rate is the repo rate, but unfortunately, 
Sweden does not have an OIS based on the repo rate. The closest we 
have is the STIBOR T/N Average (STINA) swaps. STINA is the average 
rate for the minimum rate on the STIBOR market. A STINA swap gives 
the holder of the floating leg the average rate of STIBOR T/N over the 
period of the swap. 


Example 7.1.2.1 

Given a 4-year to maturity bond with a principal 1000 and an annual coupon Party 
1 signs a 3-month STINA swap with party 2 and receives a 4.6 % rate from party 2. 
Party 2 receives STIBOR T/N from party 7. No payments are made during the term, 
but instead, after3 months, the average interest rate for STIBOR T/N, is calculated 
and the difference against the swap are paid to the party who should have paid 
the lowest rate over the period. In that way, the contract is pretty riskless, since the 
maximum loss is the profit from the swap itself. 


STIBOR T/N is closer related to the repo rate than the government 
securities. Therefore the STINA swaps better reflects the expectations 
of the repo rate than, for example, a Swedish 3-month Treasury bill. 
It is therefore interesting to complement the comparison between 
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STIBOR-interest and the interest rate on government securities (TED 
spread, and so on), with a spread calculation that sets STIBOR 
rate in relation to the STINA rate. This spread is “cleaner” in the 
sense of risk premium than the expected average of the repo 
rate. This spread is sometimes called Basis spread. The spread 
between STINA swap and government bond rate is called the swap 
spreads. 

Unfortunately, this Basis spread is not “clean” in the sense that it 
would consist only of interbank risk premium. Remember that we 
have seen previously, that there is a risk premium built in STIBOR T/N. 
Basis spread contains thus the risk premium in the interbank market 
for the period you study, minus the expectations on the risk premium 
in STIBOR T/N compared to the repo rate. As long as we in Sweden 
have no repo-rate swap, we will get to live with this problem. Let us 
look at the numbers and calculate the Basis spread and TED spread at 
2007-12-28. This is shown in Table 7.1. 

In Fig.7.2 and Fig.7.3 we show the market interest rates and the 
spreads in SEK 2007-12-28. 

We see in Fig.7.3 that the Basis spread indicates a great concern 
that the market does not believe the financial turmoil is heading off in 
the near future. The risk premium on interbank loans against STIBOR 
T/N market is much higher for longer maturities. This is what we saw 
from the spread between STIBOR and government securities (the TED 
spread and the TED spread curve). 

In general, basis swap spreads reflect the underlying funding needs 
of the general banking community. Thus for basis swaps within a 
single currency the spread reflects the need for banks to preserve their 
liquidity (i.e. funding for long periods). This results in the fact that 
6-month money is generally more expensive than rolled up 3-month 
money. This spread between swaps with different tenors is called a 
Tenor spread. 


Table 7.1 Market rates and their spreads in SEK 2007-12-28 


Term STINA STIBOR Treasury-bill Basis-spread TED-spread (SEK) Swap-spread 


IM 4.64 4.7 4.22 0.06 0.48 0.42 
2M 4.65 4.808 0.16 
3M 4.73 5.103 4.345 0.37 0.758 0.39 
6M 4.85 5.42 4.406 057 1.014 0.44 
9M 4.885 5.603 0.72 


12M 4.92 5.725 4.561 0.81 1.164 0.36 
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Fig. 7.2 The market rates in SEK 2007-12-28 


Basis-spread 
----TED-spread 
— — Swap-spread 


Spread in % 


1 2 3 4 5 6 7 8 9 10 11 12 
Times in months 


Fig. 7.3 The spreads in Swedish maket rates 2007-12-28 


For cross currency basis spreads it’s similar. There is more 
demand for funding in one currency and more supply in another 
currency. For instance many Japanese banks have funding sources in 
Japanese Yen JPY) but have commitments in USD. They therefore will 
swap their JPY for USD. The basis swap spread reflects this supply 
and demand situation. The same effect is seen in the FX swap market 
which is the other means of exchanging the funds. 
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7.1.3 Some Overnight Indices 


EONIA (Euro Overnight Index Average) is an effective O/N interest 
rate calculated by the European Central Bank as a weighted average 
of all overnight unsecured lending transactions in the interbank 
market. It has been initiated within the euro area by the contribut- 
ing Panel Banks. It is one of the 2 benchmarks for the money and 
capital markets in the euro zone (the other one being Euribor). The 
banks contributing to Eonia are the same as the Panel Banks quoting 
for Euribor. In Fig. 7.4 we show the Eonia rates between 1999-01-04 to 
2016-08-12. 

SONIA is the acronym for Sterling Overnight Index Average. It 
is the reference rate for O/N unsecured transactions in the Sterling 
market. Each London business day the Sonia fixing is calculated as 
the weighted average rate of all unsecured O/N sterling transactions 
brokered in London by WMBA members. The rate conventions are 
annualised rate, act/360, and 4 decimal places. 
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Fig. 7.4 The Eonia (EUR OIS) between 1999 and mid Augist 20164 


4 Source, FRED, https://fred.stlouisfed.org/ Federal Reserve Economic Data - St. Louis Fed 


7 The Interbank Market 233 


CHOIS (based on SARON, Swiss Average Rate Overnight) is an 
O/N interest rates average referencing the Swiss Franc interbank repo 
market. It was launched by the Swiss National Bank (SNB) in co- 
operation with 6 Swiss Exchange. Since August 25 2009, SARON 
has replaced the previously used repo O/N index. The reference 
rate is based on CHF repo interbank market data provided by Eurex 
Zurich Ltd. 

TONAR is the acronym for Tokyo Overnight Index Average. It is 
the reference rate for O/N unsecured transactions in the Japanese Yen. 


7.1.4 Basis Swaps 


Strictly speaking, a basis swap or a floating/floating cross currency 
basis swap, is a swap in which 2 streams of money market floating 
rates of 2 different currencies are exchanged. 

In contrast to a standard interest rate swap fixed for floating, notional 
are exchanged at the starting of the swap and exchanged back at ter- 
mination. Typical example of a basis swap is swapping dollar Libor 
versus Yen Libor. 

By extension, basis swap refers to floating/floating (cross currency 
or not) swap in which 2 streams of floating rates are exchanged, regard- 
less if these floating rates are in the same currency. Typical example of 
basis swap in the same currency are swapping dollar Libor for floating 
commercial paper, Prime Treasure bills or Constant Maturity Treasury 
rates or even 90 days Dollar Libor for 180 days Dollar Libor. In the case 
of a swap in the same currency, notional do not change hands as there 
is no currency exposure. 

As far as the cross currency swap market is concerned, basis swap 
enables traders and investor to swap their interest rate risk exposure 
in another currency. Basis swap market reflects the global demand for 
swapping from one currency into another as well as the credit quality 
of the central bank. This is a huge market with billions of notional 
transaction every day. One of the most active markets is the Yen-Dollar 
market. 

When an investor wants to swap his currency exposure into another 
one, he may go to the forward foreign exchange markets. However, 
this market is only liquid up to 2 to 3 years, after which the basis swap 
market is taking over. Basis swap market is an important component 
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to build a cross currency swap market used for cross currency swap 
pricing as well as other cross currency type transaction. 
Basis swap should not be confused with: 


e General cross currency swaps: the intersection between basis swap 
and cross currency swap lies in the floating for floating cross cur- 
rency swap. However, a basis swap is not necessarily based on 2 
currencies, while a cross currency swap is not necessarily floating 
for floating but can be fixed for floating, floating for fixed or fixed 
for fixed. 


e Quanto- or differential-swap, which implies to pay in 2 currencies 
but with the same notional and no exchange of notional. 


Like any standard swap, a basis swap can have tailor made notional 
such as amortising, accreting, or roller coaster notional. A rollercoaster 
swap is a swap with a notional principal that differs during various 
payment periods. In other words, it is a swap agreement in which 
counterparties agree to flexibility of payments. 


7.1.4.1 Pricing Methodology 


The basis is more pronounced on the USD/JPY market, hence we will 
examine the case of the 10 year basis swap paying US Dollar 3-month 
Libor Flat versus receiving JPY 3-month Libor plus a spread. The mar- 
ket quotes this spreads as being 15 basis points (bps) running. This 
means that to enter into a swap where one would pay US Dollar 3- 
month Flat Libor, one would require receiving JPY 3-month Libor plus 
15 bps. 

At first sight, this may look strange to someone accustomed to plain 
vanilla interest rates as she has been always taught that a floating leg 
should always be at par. Hence the 2 legs, USD 3-month Libor and JPY 
3-month Libor should be equal. However, one has to bear in mind that 
interest rate swap Libor are approximate averages of offer rates from 
different banking institution. Libor rates bare credit and liquidity risk. 
Hence a USD Libor rate may have a better credit and liquidity quality 
as the JPY Libor fixing, hence the spread required by USD investors 
to receive a worst currency. In addition, the basis swap market is very 
much driven by supply and demand for issuance. A spread of 15 bps 
means that there is little demand to receive JPY Libor, hence one has 
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to pay a premium to convince investors to swap. To build a consistent 
methodology for pricing, one can take 2 approaches 


e Single interest rate curve method: Build an interest curve that 
uses all the constraint of the forward foreign exchange market and 
the basis swap market to price consistently basis swaps. Although 
simple, this method has the disadvantage to oblige the trader to 
change curve when pricing a JPY leg in the JPY market as opposed 
to pricing a JPY versus USD swap. Interestingly, one can look at the 
discount factor difference between the JPY normal bootstrapped 
interest rate curve and the basis swap interest rate curve to quantify 
the basis swap market effect. 


e JPY Libor curve and spread curve used to account for the 
basis swap market: One has first to create the normal interest 
rate swap curve by bootstrapping the domestic market. Then using 
this curve, one can bootstrap another curve called the basis swap 
spread curve that adjusts for credit quality to get the JPY basis swap 
leg GPY plus 15 bps) to be at par. Basically this spread curve says 
that a 3-month JPY Libor leg is not at par and one need 15 bps to 
bring it at par. When pricing in the JPY domestic market, one only 
uses the standard interest swap curve. In this market, a leg paying 
JPY 3-month Libor is at par. When pricing a cross currency swap 
JPY versus USD, one has to apply to the JPY curve the basis swap 
spread curve to price correctly the JPY leg. More generally, one can 
build an interest rate infrastructure that uses standard Libor curve 
plus a funding curve or spread curve to account for various market 
effects like credit and counterparty risk, basis swap market, CMS 
and CMT adjustment and etc. 


The existence of this basis swap curve implies the same swap could 
be at par for a JPY investor while not at par for a USD investor as they 
have a different view on credit quality of the Bank of Japan. 


8 


Measuring the Risk 


8.1 Risk Measures 


In this section we present some traditional risk measures based on the 
present value formula used in the markets for the quoting of prices and 
yields to maturity (vtms). These measures are calculated by trading 
software in order to at least partially manage the risk in instruments 
and portfolios. 


8.1.1 Delta 


The delta value of an instrument shows the sensitivity of the price! 
to changes in the main source of risk of an underlying instrument. 
Examples of sources of risk are yield curves changes and the price of 
underlying asset and the delta is calculated separately for these. 


8.1.1.1 Delta Price 


The price delta calculations are only applicable for derivative instru- 
ments with an underlying instrument (that have a price’), valued 
on the basis of a non-term structure model. It shows the change in 
theoretical price given a unit change in the price of the underlying. 


1 With price, we here refer to the present value sometimes called the fair value of a financial 
instrument. 

? Interest rate is not a tradeble instrument. But a bond option have an underlying instrument, 
the bond. 
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The general Delta Price formula is 
Ə (PV) PV(U+h)-PV (U) 
Aprice = = 
aU h 
where U is the current value of the main source of risk and h is the 
differentiation step. When the market price of the underlying is used, 
the price shift is a relative shift, that is, 


h=0.0001 x U 


When a theoretical underlying price is used, the price shift is an 
absolute shift, that is, 


x scale 


h=0.01 


Sometime this value is called delta explicit. 


Example 8.1.1.1 
We want to calculate the Delta Price for a bond using 


a) the market price of the underlying, and 
b) the theoretical price of the underlying. 


First, assume that the current market price of the underlying asset is U = 100.17. 
The present value will now be calculated twice, the first time using the current 
price of the underlying and the second time after applying a shift to the price of 
the underlying with the shift size expressed as h = Ux 0.0001 = 0.010017. 
We obtain 
PV(U+h)-PV(U) 100 
h ` Nom 


Aprice = 


where Nom is the nominal amount, typically one million. 

Next, assume that the theoretical price of the underlying asset is U = 100.15. The 
shift size is now h = 0.01 and U +h = 100.16. The present value is calculated twice, 
using these two different prices for the underlying, which gives the result with the 
previous formula. 


8.1.1.2 Delta Yield 


The yield curve delta shows the change in the present value, given a 
shift of 1 basis point (bp) in all yield curves used. The shift is applied 
to the annually compounded zero coupon curve, using the day count 
fraction Act/365. 

The yield delta can either refer to an upward or a downward shift 
of yields. The general Delta Yield formula is 


A yield = [PV (r + h) -PV (r) | * scale 
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where 
h = +0.00001 and scale = 1000. 


Sometimes, but not always, the shift step used in the calculations is 
thus actually 1/1000 of a bp to get high accuracy of the slope, but 
the result is scaled to a 1 bp shift. The delta can also be broken down 
according to different time buckets, to illustrate the sensitivity to a par- 
ticular shift in a given time bucket. These time buckets can be defined 
in the software used to calculate the risk. This can be 1, 2, 3, 7 days 
followed by 2 and 4 weeks, then 3, 6, 9 and 12 months and 2, 3, 4, 5, 
7, 10, 12, 15, 20, 25 and 30 years. In such a way that the time buckets 
are well defined between the given terms. 


Example 8.1.1.2 


We will calculate the Delta Yield of a bond using the theoretical price of the 
underlying interest rate, the yield y. 

The calculations are based on the present value using the current yield curves 
and the present value using yield curves that are shifted with a shift size of 1 x 10%. 
The result is then scaled so that the shift represents a size of one bp. We have 


Ayieta = [PV(y + 0.00001) - PV(y)| - 1000 


8.1.2 Duration and Convexity 


The Macaulay duration (or just duration) is a measure of the price sens- 
itivity of an interest rate instrument with the respect to an absolute 
change in the ytm. This measure can be interpreted as the average 
life of the bond, when a bond is the financial instrument. It is easy to 
show that the duration for a zero-coupon bond is the same as its time 
to maturity. 

The modified duration measures the percentage bond price change 
for an absolute yield change. It can also be interpreted as the negative 
slope of the price-yield relation. In a similar way convexity can be 
interpreted as the curvature of the relation between the price and ytm. 

We use the following 4 risk measures 


Macaulay’s duration 
Modified duration 
e Dollar duration 


e Convexity 
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They will depend on 


e Time to maturity 
e The coupon rate 


The coupon frequency 
e The market rate 


For a bond, the duration measure of the weighted average of the times 
until the fixed cash flows are received and is given in year. Therefore, 
the duration of a zero-coupon bond is the same as its time to matur- 
ity. A coupon-paying bond has duration less than its time to maturity 
because part of the cash flows, the coupons, are paid before maturity. 
This will be illustrated later. 

Suppose we have n cash flows c;,i = 1,2,...,n at times ¢;. Then, the 
quoted bond price, P is given by (using continuous compounding): 


n 
P= ) cje" 
i=l 


where y is the yim. The duration is defined as: 


Le k cje 
D=— tice" =Y t| 
D ie 


where the factor in [.] is the present value of each cash flow using the 
continuously compounded yim for discounting of the cash flows. This 
can also be expressed as 


LeyoP 1) tC tm: N 
b= py P D F aty" | 
y = y y 


where for simplicity we assume there is 1 coupon per year and 


P = the present value (which is the quoted price, if this exist), 
y = the bond yim, 
C = coupon size (the coupon rate times the nominal amount, N) 
N = the nominal amount (or the principal) 
n = number of years to maturity Gif we have 1 coupon per year). 
P is given by 
N ae © 
Pa aay 
Cay" aty 
The factor (1 + y) comes from the fact that duration is defined as the 
derivative with respect to the yim in the market quoting formula. For 
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continuously compounded yim we get 


10P 10P , 
D=-—— = -—— SCG PHN om 

P oy P oy = 

1 n 


If the coupon frequency is m times per year, the formulas has to be 
slightly modified. 


Example 8.1.2.3 


Given a 4-year maturity bond with a principal 1000 and an annual coupon rate of 
7.5%. This bond will have the following projected? cash flows. 


a a a a 


1 2 3 4 


Suppose we have a constant (flat) market rate of 8%. Then the present value 
Df the cash flows will be 


A BB BoB b 


1 2 3 4 


We then get duration of 3.6 year. 


8.1.2.1 Swap Duration 


Duration, as we have seen for aforementioned bonds, can also be 
defined for other kinds of interest rate instruments. Portfolio managers 
like to find the duration for their entire portfolio. Therefore we also 


3 Projected cashflows are the coupons payes or received in the future given by the coupon rate. 
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need also to define a duration for other instruments. One problem is 
that no ytm is defined for other instruments. 

Some managers use an approximation for swaps by calculating the 
duration of the fixed leg as 0.75 times the time to maturity. Similarly, 
one may calculate the duration of the floating leg as 0.5 times the tenor. 
This means that for a floating leg with 3-month tenor, the duration 
should be 0.25 x 0.5 = 0.125 years, for a 6-month tenor 0.5 * 0.5 = 0.25 
and for a 1-year tenor it will be 0.5. 


Example 8.1.2.4 


A 10-year receiver swap with a 3-month tenor will have a duration of 7.5 — 0.125 = 
7.375 year. Similarly, the payer swap has -7.375 year. Portfolio managers used payer 
swaptions to hedge duration from bonds. 


A better calculation of the Swap duration would be to use the 
interest rate sensitivity and use the following formula 


MVo - MV, 
Durswap = —————— x 10000 
N+MVo 
Here MVo is the market value of the swap and MV, the market value we 
get if we shift the market swap curve 1 bp (up) and N is the nominal 


amount. 


Example 8.1.2.5 

In the following table, we show how the duration varies for a semi-annual coupon- 
paying bond when the ytm is 5% and the coupon rate is 1, 2, 5 and 10%, 
respectively. 


Coupon Rate 


Years to maturity 1% 2% 5% 10% 
1 0.997 0,995 0.988 0.977 
2 1.984 1.969 1.928 1.868 
5 4.875 4.763 4.485 4.156 
10 9.416 8.950 7.989 7.107 
25 20.164 17.715 14.536 12.754 
50 26,666 22.284 18.765 17.384 
100 22.572 21.200 20.363 20.067 
Infinity 20.500 20.500 20.500 20.500 


When time to maturity increases to the limit, we find the value 


1+ y/ 
D wif 
T— œ y 


Where y is the ytm per annum. 
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Example 8.1.2.6 


A 3-year bond with principal 1000 paying an annual coupon of 10%. If the market 
price of this bond is 951.97 with a yield of 12%, the duration is given by 


D= 0.10 - 1000/1 + 0.12) + 2 - 0.10 - 1000/(1 + 0.12)? +3-(1+0.10)- 1000/(1 +0.12)3 
~ 951.97 
= 2.73 years 


If we have a portfolio of interest rate instruments, the portfolio 
duration is defined by 


1 
D p = ) PV; - D; 
portfolio PV portfolio i i 


8.1.3 Modified Duration, Dollar Duration and DV01 


In contrast to the Macaulay duration, modified duration (MD) is a 
price sensitivity measure, defined as the percentage derivative of price 
with respect to yield. MD applies when a bond or other asset price is 
considered as a function of yield. In this case one can measure the log- 
arithmic derivative with respect to yield. The MD shows the change 
in price in percentage terms, resulting from a change in the ytm. It is 
defined by 


1 oP 
= ——— = {using the simple formula} = 
P oy 1+y/n 


where n is the number of cash flows per year and D is the Macaulay 
Duration: 


i ie t- G ta: N 
D= > ras m 
P (i+y)" (+y) 


i=l 
The duration gives a value of the risk. Long duration } high risk. 


Definition 8.1.3.1. Dollar duration (DV01) measures the change 
in price Gn money, £, $, SEK) if the market interest rate increases 
with 1%. 


DD=MD-N 
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The DVO1 is defined as the derivative of the value with respect to 
yield. 


aPV 
mao, 
dy 


DV01 is analogous to the delta in derivative pricing since it is the ratio 
of a price change in output (dollars) to a unit change in input (1 bp 
of yield). DVO1 is called Dollar duration because it is the change in 
price in dollars, not in percentages. It gives the dollar variation in a 
bond’s value per unit change in the yield. It is often measured per 1 
bp - DVO1 is short for “dollar value of a 01” (or 1 bp). 

DVO1 can be used for instruments with zero upfront value such as 
interest rate swaps where percentage changes and MD are less useful. 

For a par bond and a flat yield curve, the DVO1 is the derivative of 
the price with respect to the yield, and PVO1, the value of a one-dollar 
annuity will actually have the same value. 


8.1.3.1 PV01—- Val01 — BPV 


The names PVO1 (or Val01, present value of a bp) refers to the change 
in the present value on a shift of 1 bp (1/100 of a %) on the yield curve. 
Often, this is also referred as a BPV (the bp value). PVO1 also refers to 
the value of a 1 dollar or 1 bp annuity. 


Definition 8.1.3.2. The Base Point Value measures the change in 
price if the market rate increases by 1 bp (1bp = 0.01%). 


Dmodifiea(%) DirtyPrice 
100 100 


BPV = 


Val0O1 is calculated as 
Valol = P(YTM — 0.5bp) — P(YTM + 0.5bp) 


where P represents the dirty price and bp 1 bp. The shifts are added 
to the yield compounded according to the period of the bond. 

In the BPV formula we first divide the MD by 100 to convert it from 
a percentage into a decimal (i.e. 5% is 0.05). The second divisor of 100 
reduces the scale of risk from a 100 bp change in yield (MD) to just 
1 bp. 
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Example 8.1.3.7 
Calculation of a Base-Point Value (BPV) — its price sensitivity to a 1 bp change in 


yield? 
Security: 5% US Treasury note 
Type: Semi-annual, actual/actual 
Price 99.48 
Accued interest: 0.84 
MD: 1.50 % 


1.50 99.48 + 0.84 
BPV = — . ——___—_ = 0.01504 
100 100 oe 


Thus, a 1 bp rise in the bond’s yield will result in: 


e A fall in the price from 95.4800 to 95.4654 
e A loss of USD 1.46 cents per USD 100 nominal 
e A loss of USD 145.98 on a USD 1 million position 


BPVs tend to come out as very small figures with many decimal places. 
For convenience, many bond analysis systems scale the BPV figure by 
a factor of 100, so in our example the reported Risk Factor would be 
1.4598. Thus, a 100-point change in the bond’s yield would result in: 


e A fall in the price from 95.48 to 94.02 (minus 1.46) 
e A loss of USD 1.46 per 100 nominal 
e A loss of USD 14,598 on a USD 1 million position 


8.1.3.2 CV01 


CV01 is the sensitivity to a lbp shift in credit spreads. 


8.1.4 Convexity 


Convexity measures the percental change in the MD if the market 
rate increases with 1 bp. This can also be defined as the change in 
BPV for a change in the yield. The convexity can be calculated as the 
derivative of the duration with respect to the yield or as the second 
order derivative of the bond price with respect to time. This is the 
corresponding measure to gamma in option theory. 
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Fig. 8.1 The slope or derivative of the bond price with respect to the yield 


The convexity is a nonlinear function, which can be compared by 
gamma in the option analysis. In Fig. 8.1, we show the error in the 
theoretical price if we do not consider the convexity on a change in 
yield. 

If we take the derivative of the bond price with respect to the yield 
(continuously compounded) we get 


oP 
= ; Jti — 
ay = > t;cje > = -PD 
i=l 
That is, 
AP 


This can be applied to a portfolio as well. If we express y in terms of 
annual profit we get 
P-D. Ay 


1+y/m 


where m is the number of annual coupons. The convexity can be 
written as 


1 n 
So 2 Si 
Cnvx = ZP 2 t Cie 
f= 
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or 


n 


(l+y)?a’P 1 Se a 
P 3y 2P (+y)! (+y) 


Cnvx = 


Example 8.1.4.8 


Consider a 7% bond with semi-annual coupons 3 years to maturity. Assume that 
the bond is selling at a yield of 8%. We then have 


Year Cashflow Discounting PV PV/Price Yeai* pv/Price 
0.5 3.5 0.962 3.365 0.035 0.017 
1.0 3.5 0.925 3.236 0.033 0.033 
1.5 3.5 0.889 3.111 0.032 0.048 
2.0 3.5 0.855 2.992 0.031 0.061 
2.5 3.5 0.822 2.877 0.030 0.074 
3.0 103.5 0.790 81.798 0.840 2.520 


The price is the sum of individual PV, giving 97.379. The duration is 2.753. Suppose 
the yield changes to 8.2%, then the change in bond price is approximated by: 


1 AP D 7.379 - 0.2% - 2.7 
a ur APs 97.379 - 0.2% 53 0.5156 
P Ay l+y 1+0.04 


Using the convexity the change in the bond price on a change in yield 
is given by: 


AP Du 
P 1+ 


II? 


r 1 2 
Ay + —Cnvx - (Ay) 
y 2 


So, if X and Y are 2 different portfolios with the same duration, the 
difference in convexity can become large for changes in the yield. The 
convexity, C has its maximum close to a coupon payment day. 


8.1.5 Gamma 


The gamma value shows the extent of the change in the delta value 
when the same shift is applied to the delta as was used when the delta 
was first calculated. 
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8.1.5.1 Gamma Price 


The Gamma price differentiation formula is 


a(U+h)-d0(U) PV(U+2h)—-2PV(U+h)+PV(U) 
VP price Reo a a x scale. 
h h 
The Gamma price calculates the change in Delta Price, given a unit 
change in the underlying asset price. This value is sometimes called 
gamma explicit. 


Example 8.1.5.9 

We are going to calculate the Gamma Price of a bond call option where the price 
of the underlying asset is U = 100.17, the shift step h = U «0.0001 = 0.010017 and the 
present values are PV(U) = 6,419.56, PV(U + h) = 6, 434,49 and PV(U + 2h) = 6,449.46. 
The Gamma Price is then given by: 


_ 6,449.46 — 2 x 6, 434, 49 + 6,419.56 100 


Dorice = í = 0.0399. 
P 0.0100172 1, 000, 000 


8.1.5.2 Gamma Yield 
The Gamma yield formula can be represented as 


Tyield = [ay + h) — a(y)] = [PV(y + 2h) — 2PV(y + h) + PV(y)| * scale 
The yield curve gamma can, like the delta, be broken down into differ- 
ent time buckets. If this is the case, the gamma value shows the change 
in delta for the corresponding time bucket given a 1 bp change in the 
yield curve as a whole and not just in the individual bucket. 


Example 8.1.5.10 

Calculate the Gamma yield of a call option on a bond where the shift size is 0.00001 
and the present values are PV(y) = 7,377.6943211, PV(y + h) = 7,377.69432195 and 
PV(y + 2h) = 7, 377.6943231: 


Vyieia = [PV + 2h) — 2PV(y + h) + PV(y)] * scale 
= [7,377.6943231 — 2 * 7, 377.69432195 + 7, 377.6943211] - 1,000 = 0.3. 
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8.1.6 Accrued Interest 


Accrued interest is defined and calculated as the upcoming coupon 
payment times the number of days after the previous coupon was 
paid using the relevant day-count convention. When expressed in per- 
centage points of the nominal amount of the bond it is equal to the 
difference between the dirty price and the (quoted) clean price. 


8.1.7 Rho 


Rho represents the change in the present value, given a shift of 1 bp 
in the repo curve. In the calculations, the yield is normally shifted by 
1/1000 of a bp. The result is then scaled to a 1 bp shift by multiplying 
it by 1000. 


Example 8.1.7.11 


To calculate the Rho value of a put option on a bond we base the calculations on 
the present value of the option with unchanged conditions and the present value 
calculated using a repo curve that is shifted 1 bp 


p = [PV (repo + 0.00001) — PV(rrepo)| - 1000 


8.1.8 Theta 


The Theta value shows the change in present value (PV) from the 
valuation date until the next calendar date, given unchanged market 
conditions. 

Unchanged market conditions here imply that the yield curve will 
stay the same on both dates. For generic periods, the zero coupon 
rates are the same on both days, while all rates for fixed dates will be 
rolled down the curve by 1 day. Forward rates for fixed periods will 
also be affected when shifting the zero coupon yield curve. 

Volatility values used for option pricing are also affected by a shift in 
the valuation date. This is only significant when a volatility landscape 
with a slope in the option expiry dimension is used. When shifting 
the valuation date, the time to expiration of the option will be 1 day 
shorter and another volatility will be fetched. When the underlying 
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market price is used in the calculations, the underlying price is not 
affected by the 1-day forward shift. 


Example 8.1.8.12 
Consider a bond position in a 5-year government bond. 


© = PV(2004 — 11 — 05) — PV(2004 — 11 — 06) 


where PV(2004-11-05) and PV(2004-11-06) are calculated after moving the valu- 
ation date and the yield curve rates one day forward. In a positive interest rate 
environment, the Theta of a bond position is normally positive. 


The theta value has 2 components 


e The first is due to the decrease in time to maturity. When valuing 
the bond 1 day later, the value of the bond will be higher because 
of the shorter time used when discounting the cash flows. 


e The second component is due to the shape of the yield curve. If the 
yield curve is upwards sloping, each cash flow will be discounted 
with a slightly lower yield when valued as of tomorrow. 


This is often referred to as “rolling down the curve”. The exact slope 
of the curve will decide the size and sign of the contribution to the 
theta value. If the yield curve has a negative slope, this contribution 
can make the theta value negative for a bond. 


8.1.8.1 Theta Classic 


The Theta Classic value shows the change in PV from the valuation 
date until the next calendar date, given unchanged market conditions. 

Here, an unchanged market condition means that the yield curve 
for tomorrow will be the one implied by today’s forwards. There is no 
“rolling-down-the-curve” effect. 

Volatility values, repo rates and underlying prices used for option 
valuation are kept constant for the 2 days in the calculations. The un- 
derlying price is kept constant, even if the theoretical price of the 
underlying is used. 

For options priced with the Black-Scholes formula, the Theta Classic 
value represents the time value derived from that formula. 
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8.1.9 Vega 


The Vega value shows the change in the PV from an upward shift in 
volatility of 1 %. The calculations are normally performed using a shift 
size of 0.01% and then scaling the result to a 1% shift: 


v =[PV(o +0.01) — PV(o)] - 100 
8.1.10 YTM 


As we have seen, for bond price quoting, several yim calculation 
methods are available. 

As the ISMA and the Moosmiiller methods were presented earlier, 
we will not repeat the formulas here. When calculating yim, bond 
coupons are treated as follows 


e Coupons are estimated to be the full yearly coupon dividend divided 
by the number of coupons. 

e The time factor used when discounting each cash flow is: 

e Time to next coupon according to instruments day count conven- 
tion + (number of Coupon x number of coupons per year) 


A simple version of the yim formula looks like this 


c 100 
P= D : + 
; (l+ytm)ji (1+ ytm)n 
where c; are the coupons of the bond, t; the time for the payouts and P 
the market price of the bond. With continuously compounding yims, 
we can write this formula as 


P= X "Ci . giyim +100. emyimn 


1 


In the case of promissory loans, a minor correction has to be made 
because the accrued interest is not paid on the value date, but 
deducted from the next coupon. However, this simple pricing formula 
is not used very frequently in practice, because it is a cumbersome 
process to incorporate the exact time elements of the coupons. If the 
adjustment to the coupon payment dates, to account for non-banking 
days are ignored, the formula can be simplified. Since all bonds 
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pay coupons periodically, time can be measured in coupon periods 
defined previously. 

The main problem with the use of yim as a measure of interest rates 
is that it is not consistent across instruments. One 5-year bond will 
typically have a different yim compared with another 5-year bond if 
they have different coupons. It is therefore impossible to associate a 
single interest rate with each maturity. One way of overcoming this 
problem is to use forward-rates. 

Forward-rates are interest rates that are assumed to apply over a 
given periods between 2 future times. This contrasts with yields that 
are assumed to apply up to maturity, with a different yield for each 
bond. This is why the forward rate can be calculated by an arbitrage 
condition and the spot rate. The forward rate will also depend on the 
method used for the rate, if using continuously compounding rate or 
using a certain day-count method. 


8.1.10.1 Simple Yield Formula 


Another formula used for transformations between price and yim in 
fixed income markets is the Simple yield-to-maturity formula, also 
known as Japanese yield. It takes into account the effect of the Capital 
gain or loss on maturity of the bond, as well as the current yield. Any 
Capital appreciation/depreciation is assumed to occur uniformly over 
the bond’s life 


c+ 
yim = ——————__, 
Pelean 


Nom-Pelean 
L 


where c is the annual coupon rate in % and L the life to maturity in 
years. A special day count fraction is used: L = the number of days to 
maturity, excluding February 29 in any year divided by 365. 


8.1.10.2 The Money Market Formula 
The money market formula is given by 


Nom+c 


POTT gymet 
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where c is the annual coupon rate in % and T the time from spot to 
maturity in years, using the day count method of the instrument. 

This method is relevant for instruments with one remaining coupon 
and for non-coupon instruments (zero bonds and bills). For the latter 
the ytm reduces to the simple annualized rate of interest. 


8.1.11 Portfolio Immunization Using Duration 
and Convexity 


Let PV,(y) denote the present value of some liability for a given yield 
y and PV;(y) the present value of some bonds, j in a bond portfolio 
given the yield y. We suppose in the following example that we have 3 
bonds (i.e. j = 1, 2,3). The present value of the bond portfolio is then 
given by: 


PV,(y) = PVO) + PV2(y) + PV3(y) 


Furthermore let Dz (y) denote the MD of the liability, Dj(y) the MD of 
bond j, CL(y) the convexity of the liability and C;(y) the convexity of 
bond j. 

The derivative is then given by 


d 
Tb VEO) = DLO) - PVLO) 
y 


d 
g PO) =- [D1 0) - PVi(y) + D20) - PV20) + D30) - PV30)] 


and 


2 
LPV) = [C10) PVO) + C20) - PV2(y) + CGO) - PV30)] 
for all y. Ideally, we would like to have PV,(y) = PVz(y) for all y, 
since that would immunize the liability using the bond portfolio. If 
y changes, the portfolio can still be used to meet the liability. 

Say that yı is the present yield value. Certainly we want PV,(y1) = 
PV_(y1). We can conclude that PV, is a better approximation to PV; 
at yı if also PV 1) = PV, 1) and PV% 1) = PV{O1). 
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Thus, we want to achieve 


PV,(y1) = PVLO1) 
PV’ 1) = PV 01) 
PV’ (1) = PV 01) 


If we use a Taylor series expansion 


/ 1 ” 
PViQ) = PVO) + PV, ODO -9 + ZPV, ODO -7 


+ higher order terms 


where the right hand side converges and represents the function 
PV_(y) for those values of y for which all the derivatives exist and for 
which the higher order terms go to zero. Note that 


f 1 n 
PVi() - PVLO1) = PV GOEY ODO -yiy 


+ higher order terms 


If we let Ay = y- y1, we get 
1 1 hid 2 
PVi()) - PVLQ1) © PV, (1) Ay + 5PV, Oy 


when we drop the higher order terms. 

If we have PV) (y) = PV;(y1) and PV/(y1) = PV/(1), we can con- 
clude that PVL) — PVLO1) © PV) — PV,(1). Thus, a change in 
the value of the portfolio would track the change in the value of the 
liability if there were a change in the yield. 

We are essentially trying to construct PV,(y) to make it a good 
approximation to PV,(y). We can make the approximation perfect 
for y = yı, and “good” for y “near” yı. The higher order terms 
we consider the better the approximation we get. To have PV,(y;) 
= PVi(yi); PVO) = PV; (yı) and PV% 01) = PV! (y1) we need 


PV y1) + PV21) + PV31) = PVLO1) 
PV 1) - D101) + PV21) - D201) + PV301) - D301) = PVLO1) - DLO) 
PV 1) - C101) + PV21) - C21) + PV31) - C301) = PVLO1) - CLO) 
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If these three equations hold then PV, is a good approximation to PV; 
up to second order. 

Because PV;(y,) is the present value of bond j in the portfolio at yı 
we can choose it. It is just the amount of bond j we purchase. Fur- 
ther, the duration values and convexity values do not depend upon 
the amounts of the bonds that we purchase; they just depend on the 
yield. Hence, we have a system of three equations in three unknowns 
to solve. The unknowns are the PV;(y;). 

Note we can use durations instead of MDs because all the durations 
have the same modifier and it cancels out. 


8.1.12 The Fisher-Weil Duration and Convexity 


The Macaulay duration measures do not provide any information for 
how the price of a bond is affected by a change in the zero-coupon 
yield curve. Therefore, they are not useful for comparing the interest 
rate risk of different bonds. The problem is that the Macaulay measures 
are defined in terms of the bond’s own ytm, and a given change in the 
zero-coupon yield curve will generally result in different changes in 
the yields of different bonds. It is easy to show that the changes in 
the yields of all bonds will be the same if and only if the zero-coupon 
yield curve is always flat. In particular, the yield curve is only allowed 
to move in parallel shifts. Such an assumption is not only unrealistic, it 
also conflicts with the no-arbitrage principle. 

In 1938 Macaulay defined an alternative duration measure based on 
the zero-coupon yield curve rather than the bond’s own yield. After 
decades of neglect this duration measure, it was revived by Fisher and 
Weil in 1971. They demonstrated the relevance of the measure for 
constructing immunization strategies. We will refer to this duration 
measure as the Fisher-Weil duration. The precise definition is 


Š 2 Jejen 
FW j i —y;ti ; ) iE ~ 
D = P — ticje Yili = — ti | P | 
I= 1= 


or 
n 


1 N-t C-ti 

FW _ n l 
D TP 1 19 çi 
(1 + yn) (1 + yi) 


i=1 
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where y; is the zero-coupon yield prevailing at time 0 for the period 
up to time ¢;. If the changes in all the zero-coupon yields are identical, 
the relative price change is proportional to the Fisher-Weil duration. 
Consequently, the Fisher-Weil duration represents the price sensitiv- 
ity towards infinitesimal parallel shifts of the zero-coupon yield curve. 
Note that an infinitesimal parallel shift of the curve of continuously 
compounded yields corresponds to an infinitesimal proportional shift 
in the curve of yearly compounded yields. We can also define the 
Fisher-Weil convexity as 


or 


CankW - 1 N-t 8 Coe 
NVX 
TP | Aty)" +y 


8.1.13 Hedging with Duration 


Suppose we want to use a futures contract to hedge a position in an 
interest rate instrument. Let F, be price of a futures contract, Dr the 
duration of the underlying instrument, P the future value of the port- 
folio we want to hedge and Dp the duration on the portfolio at the end 
day of the contract. We then have 


AP =-P.- Dp. Ay 
AF, © —F,: Dr: Ay 
The duration based hedge factor expressed in the number of futures 
contracts is given by 
_ P-Dp 
Fo» Dr 


This approach is subject to the following complications 


e We have to guess which instrument that is cheapest to deliver 
(CTD) at expiration. 


e The CTD instrument may change in time. 
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e The convexity. 
e We can have non-parallel shifts on the yield curve. 


8.1.14 Shifting the Zero-Coupon Yield Curve 


The delta and gamma yield values are calculated by shifting the seg- 
ment of the zero coupon yield curve that corresponds to the time 
bucket. The bucket shifts are constructed so that their sum always 
represents a single bp shift in the whole curve. 

The calculations used when shifting the yield curve are actually per- 
formed using a differentiation step of 1/1000 bps and then scaling to 
1 bp by multiplying by 1000. The reason for this is that changes in 
implied forward rate calculations can be quite substantial when shift- 
ing a segment of the curve in which only one of the forward points is 
located. These substantial changes can then suddenly make out-of-the 
money options, caps and floors, for example, in the money. This kind 
of non-linear effect should be avoided in a first order measure such as 
delta. 

The choice of yield shift method affects the distribution of risk fig- 
ures (such as delta and gamma) between time buckets. Their sum, that 
is, the total risk figure, is however not affected. 


8.1.14.1 Rectangle Shift 


The yield curve is shifted 1 bp between the end of the previous 
bucket specification (exclusive) and the end of the current bucket 
specification (inclusive) (Fig. 8.2). 


8.1.14.2 Triangle Shift 


The shift in the yield curve takes the form of a triangle with its apex 
at the bucket date and ending at the boundaries of the two adjacent 
buckets. In the first and last bucket, the two triangles are extended 
indefinitely to ensure that the sum of all the shifts corresponds to a 
total parallel shift of 1 bp (Fig. 8.3). 


258 J.R.M. Roman 


Example 8.1.14.13 


Suppose there are only four time buckets: 3y, 5y, 10y and the rest bucket. The 5y 
bucket has its maximum shift (1 bp) at 5y, and linearly decreasing to 0 at 3y and to 
10y. The shift at 7y is 0.6 bp. 

The 10y bucket has its maximum shift at 10y and decrease linearly to 5 years. The 
shift at 7y is 0.4 bp. It also has a linearly decreasing shift towards higher maturities; 
with 0 shifts at 15y (a date determined using the step between 5y and 10y). The 
shift at 12y is 0.6 bp. 

Therefore, the Rest Bucket has a 1 bp shift starting at 15y, running parallel to 
the end of time. It is linearly decreasing from 15y back to 10y. With this definition, 
the total of all buckets will add up to a parallel shift of 1 bp, which is important. 

It may be argued that a rest bucket should not be used at all in the application, 
since it introduces the seemingly strange 15y time point. The reason is that if we 
use rectangular shifts, the rest bucket is needed for including all sensitivities above 
10y. The 10y bucket includes every maturity between 5y and 10 y (including 10y). 


8.1.14.3 Smooth Shift 


The shift in the yield curve takes the form of a smooth shape with its 
highest point at the bucket date and ending at the boundaries of the 
two adjacent buckets. 

The smooth yield shift method is recommended for contracts that 
are valued according to finite difference methods. The smooth shape 
implies a continuous shape of the yield curve, which is essential when 
using the finite difference solver. 

The smooth shift has a cubic formula, where the first half represent- 
ing the upward slope is defined by 


3P2P 


where t is the time factor of the bucket (0 < t < 1). The second half 
of the shift is symmetrical to the first half.Fig. 8.4) 
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Fig. 8.2 A rectangular shift on the yield curve 
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Fig. 8.3 A triangular shift on the yield curve 
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Fig. 8.4 A smooth shift on the yield curve 
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Risk Management 


9.1 Introduction to Risk Management 


We will now give a short introduction of how to measure risk and how 
to define limits on risks for a portfolio with many different instruments. 
Such limits are used by financial institutions to control and minim- 
ize risks. There have been more and more focus on risk management, 
especially after the financial crises in 2007-2008. 

Financial risk management is the practice of creating economic 
value in a firm by using financial instruments to manage exposure to 
risk, particularly Counterparty Credit risk and Market risk. Here 
we will focus on market risk. Market risks includes: 


e Equity risk, the risk that stock or stock indices prices and/or their 
implied volatility will change. 

e Interest rate risk, the risk that interest rates and/or their implied 
volatility will change. 


e Currency risk, the risk that foreign exchange rates and/or their 
implied volatility will change. 


e Commodity risk, the risk that commodity prices and/or their 
implied volatility will change. 


Some other sources of risk have been discussed in other sections of 
these lecture notes. Such risks include foreign exchange risk, liquid- 
ity risk, inflation risk, model risk, settlement risk, correlation risk, 
operational risk etc. 

In order to ensure the survival of the financial firm and to comply 
with the provisions of the regulators, firms must have methods in place 


© The Author(s) 2017 261 
J.R.M. Roman, Analytical Finance: Volume II, 
https://doi.org/10.1007/978-3-319-52584-6_9 


262 J.R.M. Roman 


to regularly measure and maintain sufficient Capital to cover the nature 
and level of the risks to which the firm is or may be exposed to. The 
firm has both an obligation and an opportunity to design appropriate 
risk management systems that are tailored to their unique business 
requirements. Financial risk management can be both qualitative and 
quantitative. 

In the banking sector, worldwide regulations are developed, such 
as the Basel Accords which are generally adopted by internationally 
active banks for tracking, reporting and exposing operational, credit 
and market risks. 

The companies’ systems for managing market risks should fulfil two 
general purposes. First, from a general risk management perspective, 
the systems should sufficiently provide the companies with a good 
understanding of the size of the market risk. Secondly, the systems 
should allow the companies to take risk mitigation measures that 
will ensure that their balance sheets are not exhausted. These sys- 
tems can also form the basis for the companies’ Capital requirement 
calculations. 

The recent financial crisis has demonstrated numerous weaknesses 
in the global regulatory framework and in banks’ risk management 
practices. In response, regulatory authorities have considered various 
measures to increase the stability of the financial markets and to pre- 
vent future negative impact on the economy. One major focus is on 
strengthening global Capital and liquidity rules. 

Perhaps, the most important risk to measure is the potential loss 
due to the market and credit risk. As with all forms of risk, the loss 
amount may be measured in a number of ways or conventions. Tradi- 
tionally, one convention is to use Value-at-Risk (VaR). The use of VaR 
is well established and accepted in the short-term risk management 
practice. 

However, traditional VaR contains a number of limiting assumptions 
that constrain its accuracy. The first assumption is that the composi- 
tion of the measured portfolio remains unchanged over the specified 
period in time. Over a short time horizon, this limiting assumption 
is often reasonable. However, over longer time horizons, many of the 
positions in the portfolio may have been changed and the VaR of the 
initially measured portfolio is no longer relevant. Another assumption 
is that changes are normally distributed which excludes fat tails and 
black swans. This has caused extensions of traditional CaR such as 
stressed VaR or credit VaR. 
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The Variance-Covariance and Historical Simulation approach to 
calculating VaR also assumes that historical correlations are stable and 
will not change in the future or breakdown under times of market 
stress. 

In addition, care has to be taken regarding the intervening cash 
flows, embedded options, changes in floating interest rates etc. in the 
portfolio. These features cannot be ignored since their impact might 
be large. 


9.1.1 Capital Requirement 


One critical question is how much, and what type of, Capital a bank 
needs to hold so that it has adequate protection from losses due to 
future events. 

In its simplest form, Capital represents the portion of the bank’s 
liabilities, which does not have to be repaid, and therefore is available 
as a buffer in case the value of the bank’s assets decline. If banks always 
made profits, there would be no need for Capital. 

Unfortunately, such an ideal world does not exist, so Capital is ne- 
cessary to act as a cushion when banks are impacted by large losses. 
In the event that the bank’s asset value is lower than its total liabilities, 
the bank becomes insolvent and equity holders are likely to choose to 
default on the bank’s obligations. 

Naturally, regulators would hold the view that banks should hold as 
much Capital as possible, in order to ensure that insolvency risk and 
the consequent system disruptions are minimised. On the other hand, 
banks would wish to hold the minimum level of Capital that supplies 
adequate protection, since Capital is an expensive form of funding, 
and it dilutes earnings. 

There are three views on what a bank’s minimum Capital require- 
ment should be. 

First, in the regulatory view, the minimum Capital requirement 
as demanded by the regulators; it is the amount a bank must hold 
in order to operate. A regulator’s primary concern is to ensure that 
there is sufficient Capital in order to buffer a bank against large losses. 
Regulatory Capital could be seen as the minimum Capital requirement 
in a “liquidation” view, whereby all liabilities can be paid. Recently 
regulators have introduced the concept of survival horizon for banks 
whereby its capital should be enough to sustain its business during a 
time period of 30 days in case markets break down. 
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Regulatory Capital is a standardised calculation for all banks, 
although, there are differences to various regulatory regimes and 
countries. 

Second, in the economic view there is a theoretical view on min- 
imum Capital requirement based on the underlying risks of the bank’s 
assets and operations. Economic Capital could be seen as the min- 
imum Capital requirement so that the bank is in continual operation. 
Here we are only concerned to hold enough Capital to survive. 

Economic Capital was originally developed by banks as a tool for 
Capital allocation and performance assessment. For these purposes, it 
did not need to measure risk in an absolute, but only in the relative 
sense. 

Over time, with advances in risk quantification methodologies, the 
concept of economic Capital has been extended to applications that 
require accuracy in the measurement of risk. This is evident in the 
ICAAP, whereby banks are required to quantify the absolute level of 
internal Capital. 

Finally, in the rating agency view the minimum Capital a bank 
needs to hold is the amount it needs in order to meet a certain credit 
rating. The amount and type of Capital a bank holds in relation to 
its total risk weighted assets (RWA) is a crucial input to the review- 
ing mechanisms used to determine its credit rating. In addition, since 
credit ratings provide important signals to the market about the finan- 
cial strength of the bank, they can have significant downstream impact 
on a bank’s ability to raise funds, and the cost at which the funds 
can be raised. Therefore, having sufficient Capital to meet the require- 
ments of the rating agencies becomes an important consideration for 
senior management. 

A key part of bank regulations is to make sure that firms operating in 
the industry are prudently managed. The aim is to protect the firms 
themselves, their customers and the economy, by establishing rules to 
make sure that these institutions hold enough Capital to ensure con- 
tinuation of a safe and efficient market and that the banks are able to 
withstand any foreseeable problems. 

The main international effort to establish rules around Capital re- 
quirements has been the Basel Accords, published by the Basel 
Committee on Banking Supervision housed at the Bank for 
International Settlements. This sets a framework for how banks 
and depository institutions must calculate their Capital. In 1988, the 
Committee decided to introduce a Capital measurement system com- 
monly referred to as Basel I. This framework has been replaced by 
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a significantly more complex Capital adequacy framework commonly 
known as Basel II. This is currently being replaced by Basel III. 

The Capital ratio, the percentage of a bank’s Capital to its risk- 
weighted assets is dictated under the relevant Accord, Basel II. It 
requires that the total Capital ratio must be no lower than 8 per cent. 

Each national regulator normally has a slightly different way of cal- 
culating bank Capital, designed to meet the common requirements 
within their individual national legal framework. 

In the European Union, member states have enacted Capital require- 
ments based on the Capital Adequacy Directive CAD1 issued in 1993 
and CAD2 issued in 1998. In the United States, depository institu- 
tions are subject to risk-based Capital guidelines issued by the Board 
of Governors of the Federal Reserve System (FRB). 


9.1.1.1 Regulatory Capital 


According to Basel II, the bank Capital was divided into two “tiers”, 
each with some subdivisions. 


Tier 1 Capital 


Tier 1 Capital, the more important of the two, consists largely of share- 
holders’ equity and disclosed reserves. This is the amount paid up to 
originally purchase the stock (or shares) of the Bank, retained profits 
subtracting accumulated losses, and other qualifiable Tier 1 Capital se- 
curities. In simple terms, if the original stockholders contributed $100 
to buy their stock and the Bank has made $10 in retained earnings each 
year since, paid out no dividends, had no other forms of Capital and 
made no losses, after 10 years the Bank’s Tier 1 Capital would be $200. 
Shareholders equity and retained earnings are now commonly referred 
to as “Core” Tier 1 Capital, whereas Tier 1 is core Tier 1 together with 
other qualifying Tier 1 Capital securities. 


Tier 2 (Supplementary) Capital 


Tier 2 Capital, or supplementary Capital, comprises undisclosed re- 
serves, revaluation reserves, general provisions, hybrid debt capital 
instruments and subordinated term debt. Undisclosed reserves are not 
common, but are accepted by some regulators where a Bank has made 
a profit but this has not appeared in normal retained profits or in 
general reserves. 
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A revaluation reserve is a reserve created when a company has 
an asset revalued and an increase in value is brought to account. A 
simple example may be where a bank owns the land and building of 
its headquarters and bought them for $100 a century ago. A current 
revaluation is very likely to show a large increase in value. The increase 
would be added to a revaluation reserve. 

A general provision is created when a company is aware that a loss 
has occurred, but is not certain of the exact nature of that loss. Under 
pre-IFRS accounting standards, general provisions were commonly cre- 
ated to provide for losses that were expected in the future. As these 
did not represent incurred losses, regulators tended to allow them to 
be counted as Capital. 

Hybrid debt Capital instruments consist of instruments, which 
combine certain characteristics of equity as well as debt. They can be 
included in supplementary Capital if they are able to support losses on 
an ongoing basis without triggering liquidation. Sometimes, it includes 
instruments, which were initially issued with interest obligation (e.g. 
debentures), but the same can later be converted into Capital. 

Subordinated debt is classed as Lower Tier 2 debt, it usually has 
a maturity of at least 10 years and ranks senior to Tier 1 debt, but is 
subordinate to senior debt. 


9.1.2 Risk Measurement and Risk Limits 


To measure and control the risk, financial institutions in general use 
risk matrices, VaR calculations and other methods. The risk calculated 
using such models is then analysed each day and compared with the 
limits. The management and the board of directors decide these limits. 
We will next give a description of the most common models. 


9.1.2.1 Risk Matrices 


Risk matrices are used to measure, control and report risks. A risk 
matrix is an outcome analysis of a scenario in which two risk factors 
are stressed at different intensities. The factors that are altered are 
usually the price of the underlying asset (delta and gamma risk) and 
expected volatilities (Vega risk). An example of a risk matrix is 
presented in Table 9.1. 

The aforementioned matrix shows gains or losses for different pre- 
specified scenarios in which volatilities and underlying prices fluctuate 
within an interval of +/-30 per cent and +/—20 per cent, respectively. 
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Many companies use risk matrices to set limits for the level of the 
largest acceptable loss. Another alternative is to define a subsection 
within the matrix and set the limit where the greatest loss may occur 
within this subsection. 

Risk matrices have both strengths and weaknesses due to their 
simplicity. A strong point is that they offer an extremely clear and com- 
prehensible method in which to place potential outcomes in direct 
relation to changes in relevant market variables, which is attractive for 
traders as well as risk functions and senior management. 

Their weaknesses are that they do not Capture basis risks, (see 
next) between different maturities, exercise prices and underlying 
assets and they completely ignore risk factors other than price and 
volatility. Many times, the degree of stress that is tested, in particu- 
lar with regard to volatilities, is not high enough. We will show an 
example of this subsequently (see the HQ Bank section). 


Basis Risk 


Risk matrices ignore basis risks between different underlying assets, 
maturities and the exercise prices of options. This basis risk is the risk 
that opposite positions in a hedging strategy do not move as expec- 
ted in relation to one another. This risk does not appear in the risk 
matrix because the risk matrix calculations simply adds all positions 
in the trading portfolio without any regard for correlation of prices 
or volatilities. Note here, exercise prices refer exclusively to option 
exercise prices. 

Many financial firms and fund managers are not sufficiently aware 
of the consequences of this weakness. By calculating the sum of their 
positions, two strong assumptions are implicitly made: 


e The market prices of all assets and liabilities in the portfolio are 
assumed to be perfectly correlated. In other words, for example, 
it is assumed that if the price of an asset increases 1 per cent, all 
other underlying assets in the portfolio will also increase by 1 per 
cent. This means that a negative position and a positive position in 
two assets would cancel one another out and as a result the risk 
(expressed as delta and gamma) can appear to be very small or non- 
existent. 


e With regard to options, it is assumed that implied volatilities for 
different maturities and different exercise prices are perfectly cor- 
related. For example, if the volatility of an option maturing in three 
months increases by 5 per cent, it is assumed that volatilities of all 
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other options in the portfolio with different maturities and exercise 
prices will also rise by 5 per cent. This implies that negative and 
positive positions in different maturities could completely cancel 
out one another in which case the risk (expressed as Vega) could 
appear to be small or non-existent in the risk matrix. 


It is worth noting that it was this exclusion of basis risks between 
both different underlying assets and different maturities that to a large 
extent contributed to the failure of the Swedish HQ Bank. It did not 
identify the enormous risks in its trading portfolio. The HQ Bank case 
therefore represents a good example of the danger of risk matrices.! 


Example 9.1.2.1 


HQ Bank in Sweden 

HQ Bank's main market risk measure for its trading portfolio was a risk matrix as 
described earlier. The bank simulated a worst-case scenario within the matrix and 
set its limits based on this measure. 

The absolute largest exposures in HQ Bank's trading portfolio were index linked 
options on the German DAX index and the Swedish OMX index. The following 
table shows the exposures expressed as delta and Vega at 18 May 2010. The table 
also shows the exposures broken down by underlying asset and maturity (which 
the risk matrix calculations do not include). 


Position date 2010-05-18 
Data 

Underlying Exp.date Sum of Vega Sum of Delta 

ODAX 2010-05-21 -259 069 —4 317 526 
2010-06-18 11 136 970 —37 881 767 
2010-12-17 51 855 354 82 996 030 
2010-12-17 -53 655 171 —67 476 377 

ODAX Total 9 078 084 —26 679 640 

OMXS30 2010-05-21 742 152 15 725 210 
2010-06-18 —581 817 —3 214 468 
2010-07-16 -3 272 317 —10 597 947 
2010-10-15 —4 174 850 —1 880 670 
2011-01-21 —6 019 420 133 047 

OMXS30 Total —13 306 252 —165 172 


Total —4 228 168 —26 514 468 


1 See the report by the Swedish FSA (Finansinspektionen). 
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Vega in the table is expressed as the change given an increase in implicit volatilities 
of one percentage point. 

Delta is expressed as the change given an increase in the underlying asset price 
of one percent. 

Several important events are evident from the previous table. 

The bank had a negative Vega exposure in OMX and DAX for long maturities 
(primarily December 2010) and an opposite exposure for short maturities (primarily 
June and September 2010). 

The total exposure in DAX was positive in terms of Vega and negative in terms 
of delta, while the total exposure in OMX had the opposite signs. The aggregate 
exposure (Swedish Krona (SEK) -4.2 million in Vega and SEK -26.5 million in delta) 
appears to be relatively small compared to the sub exposures per maturity and 
underlying asset. 

When the risk in these exposures is transferred to a risk matrix, the implicit as- 
sumption is made, as mentioned before, that all maturities and underlying assets 
are perfectly correlated. Given this assumption, the exposures in HQ Bank, at least 
in terms of Vega, undeniably appeared to be relatively small. In Vega, the Decem- 
ber outcome in DAX seemed to eliminate the September outcome and the total 
exposures in both Vega and delta in OMX seemed to compensate for the opposite 
exposures in DAX. As a result, only the total exposure of SEK -4.2 million in Vega 
and SEK -26.5 million in delta were visible in the matrix. This was naturally a gross 
simplification of the risk profile. 

The table shows that if all underlying prices would remain unchanged and if the 
volatility would increase by 1 percentage point in the DAX December outcome at 
the same time as the volatility would remain unchanged for all other maturities 
and underlying prices (which was not an improbable scenario), HQ Bank would 
have lost SEK 53.6 million at the same time as the risk matrix would have indicated 
a loss of SEK 4.2 million. 


This example illustrates how the risk matrix’s underlying simplified 
assumptions regarding basis risks can lead to a gross underestimation 
of risks. 

One conclusion that can be drawn from the HQ example is that if 
a portfolio contains significant positions which cannot be assumed to 
have a particularly strong correlation and/or significant option posi- 
tions with different maturities and exercise prices that are not proven 
to be strongly correlated, the basis risks are likely to be significant t. 
These risks, therefore, must be measured and controlled, which an 
aggregate risk matrix does not do. 

There are several ways to improve risk matrices so that they Capture 
basis risks: 


1. Lower aggregate levels: For example, it is conceivable that the 
correlation between two shares in one country is greater than 
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the correlation between two shares in different countries. It is 
therefore possible to form several groups, one for each country, 
and then construct a risk matrix for each of these groups. This will 
ensure that correlation within the groups is actually high in order 
to ensure that significant basis risks are not underestimated. 


2. Other correlation assumptions: The basic Gmplicit) assumption in 
the risk matrix is that there is perfect correlation between underly- 
ing assets, maturities and exercise prices, which may be viewed as 
an extreme assumption. In order to examine what would happen 
in the presence of imperfect correlation, it is helpful to simulate 
the matrix under other assumptions. The most common alternat- 
ive is to test the opposite extreme scenario - the total absence of 
any correlation - but other correlation assumptions may also need 
to be tested. Simulating two extreme cases can be a good exercise 
since the results provide an interval of outcomes for comparison. 
This type of simulation also illustrates what could happen if cor- 
relations drastically change, which is important information since 
correlation patterns are not constant over time. 


3. Combinations with other risk measures: This is the absolute most 
common and the most robust way to manage basis risks. For ma- 
turities, it is common to measure Vega in time buckets, which are 
often also subject to limits. For basis risks between underlying as- 
sets, scenario analyses in which the largest positions in individual 
assets are stressed under an assumption that the correlation is zero 
are often used. For financial firms that use VaR models, these mod- 
els usually function as a good complement, provided that the same 
correlation assumptions are not made between the risk factors in 
the VaR model as in the risk matrix. 


Exclusion of Risks 
As described previously, risk matrices measure the exposure to two 
types of risk: 


e Change in price of underlying assets (delta and gamma risks). 
e Change in expected volatility in underlying assets (Vega). 


These two definitely qualify as significant risks for, for example, 
an equity portfolio with optionality. However, the portfolio may be 
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exposed to other significant risks which might need to be analysed 
and measured outside of the matrices like: 


e Sensitivity to changes in maturity (theta) is one factor that is of- 
ten excluded from risk measurements. One possible explanation for 
why theta is often excluded is that it is questionable if it is a “risk” 
in the true meaning of the word since it is not directly affected by 
market risk factors. Because theta is the gain/loss arising due to the 
additional passage of time, it is relatively predictable. Theta may still 
need to be measured in order to be able to derive the origin of the 
results. 


e Ifthe portfolio contains optionality, the interest rate sensitivity (rho) 
can be a significant risk factor. 


e For some asset classes there are also other types of risks that are 
difficult to measure with risk matrices, for example credit spread 
risks and twist risks in bond portfolios or dividend risks for equity 
derivatives. 


Volatility Stress in the Risk Matrices 


Asset prices and volatility might be stressed differently. For share port- 
folios, the price dimension is stressed by +/-10 — 15 per cent while 
the volatility dimension is stressed by +/—20 — 30 per cent. A 10 — 15 
per cent fluctuation in a share portfolio is an extreme stress scenario 
over a short period of time, particularly since the stress is often ap- 
plied to a diversified portfolio and not to individual share. However, it 
is not particularly unusual for implicit volatilities to fluctuate in con- 
siderable excess of 20 — 30 per cent. In other words, the model to a 
stress scenarios can be too weak. For example, the VIX index rose by 
more than 50 per cent in one day during the Lehman crash in 2008. In 
2011 alone there were two trading days during which the volatility in 
VIX fluctuated by more than 30 per cent in just one day. The stress on 
volatility is therefore not proportionate to the stress on price for many 
companies. Similar differences can also be observed for asset classes 
other than equities. 


9.1.2.2 VaR Models 


VaR in general is a probability-based risk measure that is statistically 
created by a model. The measure should be interpreted as a loss that 
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with a specified probability is not expected to be exceeded during a 
certain period of time. Companies normally use a VaR with a prob- 
ability of 99 per cent or 95 per cent and a 10-day time horizon. For 
example, a VaR measure of -200 million, 99 per cent and 10 days would 
mean that, at the date of measurement, a company could expect with 
99 per cent probability not to exceed losses of more than 200 million 
over a period of 10 days. However, VaR does not say anything about 
what the losses could be in extreme cases. VaR is also almost always 
based on historic market fluctuations, and forward-looking hypothet- 
ical market fluctuations and correlation patterns are not captured in 
the model. 

VaR models are a globally accepted method for measuring and con- 
trolling risk. This method is primarily used by the larger companies, 
but also by some of the smaller companies. VaR models are good 
supplements to risk matrices and other sensitivity measures since 
they contain a probability aspect that is not found in these methods. 
The VaR measure is also more comprehensive than, for example, risk 
matrices since it takes into account many more risk factors than only 
price and volatility. A VaR model is relatively intuitive and easy to un- 
derstand as a concept and it also enables comparisons of risk-taking 
between different parts of a company’s business. 

It is important to understand the function of the VaR model in order 
to be able to understand its limitations. A VaR model rapidly becomes 
more complex as more asset classes and types of instruments are in- 
cluded. A number of assumptions and simplifications must be made in 
the model to simulate the risk of loss. The most important, is to en- 
sure that these simplifications are not so significant as to render the 
VaR measure unrealistic. Therefore back-testing of the VaR model on 
historic data is important in order to verify that losses are neither over- 
nor underestimated. 

There exist a number of common methods for simulating a distri- 
bution of losses. These methods can be divided into three groups, 
Parametric VaR, Monte-Carlo Simulated VaR and Historically 
Simulated VaR. 

Parametric VaR - This method is the least robust of the three. The 
reason for this is that an assumption is made about the underlying 
probability distribution and a full revaluation of the financial instru- 
ments is not carried out. This type of model can be used for areas 
with low complexity (e.g. isolated parts of an organization that handle 
simpler instruments). If this model is to be used for risk control with 
well-defined limits, it should be supplemented with additional limits 
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on well-planned and robust risk measurement methodologies, such as 
stress tests and scenario analyses that reflect extreme fluctuations in 
risk factors. 

According to this method, an assumption is made about the probab- 
ility distribution of the daily returns. Input data required by the model 
includes standard deviations, means and correlations between the vari- 
ous risk factors. Instruments are not fully revalued individually, rather 
the model’s calculations are based on sensitivity measures. The most 
common assumption is normal distribution, even if other distribution 
assumptions could be possible. 

For linear instruments (i.e. instruments where the prices do not de- 
pend non-linear on another underlying instrument), a method based 
on delta should be sufficient but if optionality or convexity is present 
in the portfolio, a delta/gamma method should be used. The obvious 
disadvantage of this type of VaR model is the distribution assumption. 
After a number of financial crises, it has become generally accepted 
that few financial markets are characterised by normally distributed 
prices. Extreme fluctuations are much more common than what is in- 
dicated by a normal distribution. The true probability of observing 
a loss greater than the one predicted by the VaR model is therefore 
greater than the chosen degree of confidence. 

Monte-Carlo Simulated VaR - Provided that a full revaluation of 
financial instruments is carried out, this model is better suited for 
complex, non-linear instruments than parametric VaR. Therefore, this 
model can be used for risk control and risk measurement when such 
instruments are included. However, since a distribution assumption is 
made in the simulation of risk factors (often normal distribution), ex- 
treme fluctuations, just like for parametric VaR, should be taken into 
account separately via scenario analyses and Stress tests. 

This method simulates time series for various risk factors via a 
stochastic process. The “Geometric Brownian Motion” or a similar pro- 
cess is often used in the simulation. For each simulated outcome, every 
instrument in the portfolio is fully revaluated in order to identify ef- 
fects on profit. The advantage of this method is that its simulation of 
exotic financial instruments is more accurate and therefore also more 
appropriate for portfolios containing many complex instruments. The 
disadvantage of this model is that it also makes an assumption about 
distribution since the stochastic process must follow a probability 
distribution. 

Historically Simulated VaR - The advantage of this VaR model is 
that it does not require any explicit distribution assumption while, at 
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the same time, a full revaluation of the instruments is carried out. The 
disadvantage of this model is that the simulation is strongly dependent 
on the model being based on a “representative” historical period of 
time (more on this later). 

This method uses actual historical time series to identify changes 
in risk factors to which the portfolio is sensitive. The exposures 
are simulated by actual historical scenarios, which occurred within 
the historical period. A result is simulated for each day during the 
historical period and thus builds the distribution. The loss amount 
that corresponds to the degree of confidence chosen by the company 
is then sorted out and represents the VaR measure. This method does 
not require any explicit assumptions about the distribution, which 
is a clear advantage. Full revaluation means that the model can also 
be used to simulate very complex instruments. The disadvantages are 
that this method requires considerable computer power to simulate 
large portfolios with complex instruments and it can be difficult or 
impossible to obtain sufficient historical data for certain instruments. 
This method is also particularly sensitive to the span of the historical 
period. The most common period of time consists of the most recent 
one-year period. Some banks uses a two-year period and other shorter 
periods was 17 days. 

Irrespective of the analytical structure, a number of assumptions 
must be made to estimate the parameters used to construct the prob- 
ability distribution. The parameters are usually estimated using actual 
data from a past period in time. The VaR models have proved to be 
extremely sensitive to the period that was chosen, which in particular 
applies to historically simulated models. For example, a company’s VaR 
value more than doubled if the historical period included the financial 
crisis in 2008. 

Companies using VaR models to calculate Capital requirements for 
market risks need historical data for a period of at least one year. A 
shorter historical period of data makes the VaR value more sensitive to 
new data, while a longer historical period of data makes the value less 
sensitive. 


Choice of Risk Factors for the VaR Model 


A VaR model selected as a risk measurement method for specific op- 
erations should include all significant risk factors associated with such 
operations. However, if the firm’s operations in a specific market are 
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very small, or if the risks are negligible, some risk factors may be 
estimated or even completely excluded from the model. 

It is relatively common for risk factors to be excluded or for risk 
factors that cannot be assumed to have a reasonable correlation with 
the actual risk to be included in the estimations. Many companies do 
not have any ongoing validation of this process in order to regularly 
monitor how accurate the estimates are. 


9.1.3 Risk Control in Treasury Operations 


The main responsibility of treasury operations is to manage the 
company’s borrowing and lending transactions and to identify any 
differences in maturity and currency between cash flows. Also the 
treasury operations usually include management of the financial firm’s 
liquidity reserves. In general, the treasury operations often represent a 
significant portion of the firms’ total market risk, primarily in the form 
of interest rate risks, credit spread risks and cross currency basis swap 
spread risks. 

In general, the treasury operations are separate from other areas 
of the company that generate market risk. This is evident in that 
both methods for and of reporting market risk often differ signific- 
antly from other areas of the company. Treasury operations can have 
a considerable less transparency in terms of risk than other areas of 
the companies. Less sophisticated methods and fewer risk measures 
are used, and as a result, several significant risks are generally not 
identified. 


9.1.3.1 Cross Currency Basis Swap Risk 


These risks arise in companies, which borrow funds in a different cur- 

rency than they lend funds. The interest rate risk that arises is normally 

hedged with an interest rate swap and the currency risk with a cross 

currency basis swap. The Fig. 9.1 shows such a typical arrangement 
Explanation of the model 


e Bank A issues a five-year fixed interest rate bond in EUR. However, 
the bank’s lending is primarily in SEK with three-month maturities. 


e To neutralise this discrepancy in maturity between borrowing and 
lending, Bank A enters into an interest rate swap in EUR where the 
fixed interest rate for the issued bond is transformed to a variable 
EURIBOR-based interest rate. 
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Cross currency basis 
swap where Bank A 
pavs STIBOR and 


SURO Lending in SEK indexed 
at three-month STIBOR 


EURIBOR 


Issued five-year fixed 
interest rate bond in 
EUR 


EURIBOR 


Interest rate swap in EUR 
where Bank A pays 
EURIBOR and receives a 


Fig. 9.1 A trade where the risks are hedged in another currency 


e The currency discrepancy is neutralised via a cross currency basis 
swap where Bank A pays STIBOR and receives EURIBOR. In the 
previous example, Bank A pays a spread in addition to STIBOR in 
the basis swap (encircled in previous instance). 


In the example, all transactions are made to maturity (i.e. to five 
years). From a risk perspective, it therefore appears that borrowing 
and lending are fully hedged. At maturity, Bank A will receive the in- 
terest rate margin it locked in via swaps related to its borrowing and 
lending. However, changes in basis swap spreads result in gain/loss 
effects during the term of the hedge. According to applicable account- 
ing rules, changes in market value attributable to changes in basis swap 
spreads have a direct effect on Bank A’s profit/loss and often on its Cap- 
ital adequacy as well. The investigation demonstrated that the incurred 
profit/loss risk is often significant. 


9.1.3.2 Credit Spread Risk 


Credit spread from a specific bond is defined as the difference between 
the bond’s market rate and the rate of a risk-free bond with the 
same maturity. Credit spread risk is the risk of loss in the form of 
a change in value of the bond when the credit spread changes. The 
credit spread is, as implied by its name, primarily attributable to the 
creditworthiness of the issuer. Credit spread risks are not unique to 
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treasury operations; they are also found in many other areas of the 
companies. However, they are often of considerable size in the treas- 
ury operations, particularly in liquidity portfolios which often hold 
large amounts of bonds, notes and bills. 

A normal procedure within treasury operations is to use interest 
rate swaps for liquidity portfolios in order to lower the maturity of 
the portfolio (often under three months) and thereby decrease the 
sensitivity to changes in interest rates. Credit spread risk, however, 
remains unchanged after such a procedure. The treasury operations 
focus in most cases specifically on the interest rate risk in the portfolio, 
which is often sharply reduced after hedging with swaps. Companies 
might place considerably less importance on the credit risk spreads, 
which in some cases actually are larger than the interest rate risks. 


10 


Option-Adjusted Spread 


10.1 The OAS Model 


A common method to value bonds, zero bonds and promissory loans 
with embedded options (that is, callable and putable instruments) is 
the use of option-adjusted spread (OAS). This model will use a spread 
on a benchmark curve to calculate bond prices for risky bonds, due to 
embedded options and since they are so called corporate bonds. 

The model we will use is based on a Black-Derman-Toy (BDT) (see 
next) interest rate binomial tree approach and adjusts for the cost of 
the embedded option and the difference between model price and 
market price due to other risks, for example credit and liquidity risks. 

The BDT model is a single-factor short-rate model matching the ob- 
served term structure of forward rate volatilities, as well as the term 
structure of the interest rate. A binomial tree is constructed for the 
short rate in such a way that the tree automatically returns the ob- 
served yield function and the volatility of different yields. The model 
is described by a SDE where the rates are log-normally distributed. 
Therefore, the interest rates cannot be negative. 

To adjust the theoretical price on the binomial tree to the actual 
price, a spread (called option-adjusted spread since the context of OAS 
started with trying to correct for miss-pricing in option embedded se- 
curities) is added to all short rates on the binomial tree such that 
the new model price after adding this spread makes the model 
price equal the market price (this is the defining purpose of OAS). 
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The value of OAS is that it enables investors to directly compare 
fixed income instruments, which have similar characteristics, but 
traded at significantly different yields because of embedded options. 

The OAS model has three dependent variables: 


e Option-adjusted spread 
e Underlying price 
e Volatility 


The model can calculate the following model specific risk measures 
(except for the risk measures discussed earlier): 


Effective duration 


Effective modified duration 


Effective convexity 


Option-adjusted spread 


10.1.1 Some Definitions 


As we will see, the bullet bond can be used to find the “value” of 
the embedded option. For example, a callable bond of the option 
value is given by the price difference between the bullet bond and 
the callable bond. 

There are six steps associated with the OAS analysis. The following 
assumption is that the method is being applied to a callable bond: 


1. A binomial tree is built on dates where we have cash flows. Also 
create nodes in the tree where the instrument is callable or putable. 
Therefore extra nodes are added at the beginning and/or the ends 
of call periods Gif they not coincide with cash flows). 


2. Build a binomial tree using these rates, with equal probabilities 
(= 1/2). 

3. Calibrate the tree to market data by adjusting the nodes until the 
tree can replicate any cash flow as the discount function given by 
the benchmark yield curve. 


4. Calibrate the model by adding the same number of basis points (the 
spread factor) to all rates in the tree until the model replicate the 
actual market price Cif this price is known) of the callable bond. 
The result is the bond’s OAS. 
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5. Apply the same OAS to value a bullet bond with terms identical to 
the callable/putable bond. 


6. Take the difference between the value obtained for the callable 
bond and the value obtained for the bullet bond. This difference 
is the value of the embedded option. 


The model creates nodes in the binomial tree on the following events: 


1. Cash flows 
2. Single call or put events 
3. Start or end of call or put periods 


No intermediate nodes are created, since there are no dynamical 
changes between the nodes. (For better accuracy in the interval where 
the bond can be called (or putted) back we can build intermediate 
nodes in other (all parts of the tree.) 


10.1.2 Building the Binomial Tree 
The stochastic process for the short rate in the BDT model is given by 
dr=a(t)-r-dt+o(t)-r-dz 


where z(t) is a Brownian motion. In some literature this SDE is 
written as: 


din (r) = {0(t) + p(t) In(r)} dt + o(t)dz 


where 0(t) will be shown to be the drift of the short-term rate and 
p(t) the mean reversing term to an equilibrium short-term rate that 
depends on the interest rate local volatility as follows 


a(t) 


= a 
p(t) = — nlo] = Oy 


That is, 


dln (r) = foo + = In o| dt + o (t)dz 


Since the volatility is time dependent, there are two independent func- 
tions of time, (t) and o(t), chosen so that the model fits the term 
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structure of spot interest rates and the structure of the spot rate 
volatilities. 

Jamshidan (1991) shows that the level of the short rate at time t in 
the BDT model is given by 


r(t) = U(t) exp {a(t)z(1)} 


where U(t) is the median of the lognormal distribution of r at time 
t, o(t) the level of the short rate volatility and z(t) the level of the 
Brownian motion, a normal distributed Wiener process that Captures 
the randomness of future changes in the short-term rate. One of the 
main advantages of the BDT model is that it is a lognormal model that 
is able to Capture a realistic term structure of the interest rate volatilit- 
ies. To accomplish this feature, the short-term rate volatility is allowed 
to vary over time, and the drift in interest rate movements depends on 
the level of rates. Due to the property of Brownian motions, we have 


at) =e-/t 


where the values 


_Jtl or 
e=) 


is used to build the tree. From the previous discussion, a fixed spacing, 
Zi between the nodes in the binomial tree is defined as (€max—Emin = 2): 


Z; = er Vit (10.1) 


where g; is the volatility at time t. The risk-neutral probabilities of the 
binomial branches of this model are assumed equal to 1⁄2. dt by no 
means implies that the actual probability for an interest rate increase 
or decrease is equal to 1/2.) The tree uses the short-rate annual volatility, 
o, of the benchmark rates which should be given in the Black-Scholes 
framework. The process can be illustrated using the following four 
short rates (all expressed with semi-annual compounding): 


fi = 6.000 % 
f = 7.200 % 
fa = 8.150 % 


fa = 8.836 % 
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Fig. 10.1 The forward rates in a OAS tree 


Assume for simplicity that annual volatility of the short rates is con- 
stant, and given by 15%. When the tree is built, the volatility spread 
factors, Z; are kept constant and the tree is built with the following 
relation between the nodes: 


fig = Ze fia (10.2) 


where fi, = fi. This results in the tree in Fig. 10.1 
where the rates is given by 


fo2=Z2° fa 
2+ fo 
1 1 => faz ee 7 f22 
zhat =f2o2 =hr 2 
2 2 
b3 =Z- fı 
f2 = 23 - f1 aaa 
=> =—— = > hr: > 
Jai EPEAT B. f3 


1 1 it 
+ + = 
qi 7/32 433 B 
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6.519% 


6.43% ~= 7.814% 
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9.963% 
Di 


0 1 2 3 
Fig. 10.2 The uncalibrated tree in the OAS model 


and so on. This results in a tree with the following values 
Time 
Generally the rates are expressed as: 


n-1 
n-—l1 ; = 
Jna ` D ( i ) ` Z, =2” i Sa => Jaa => Fn2» tee Sinn 


i=0 


In this example the volatility is constant for simplicity. Generally, the 
volatility will change by time. 


10.1.3 Calibrate the Binomial Tree 


Before the tree is used it will be calibrated with the market data. This 
calibration process involves raising (or lowering) the estimates of the 
rates in the tree by an amount just sufficient so that the value for the 
cash flows given by the tree exactly equals the values given by the 
discount function. As this is done, the relationship (equation 10.2) 
between the different nodes must be simultaneously preserved. First, 
the nodes are calibrated at time 1. Once this is finished, the nodes at 
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time 2 are calibrated, and so on. At time 1 the following must hold 


1/2 1/2 1 
( + ) . = P(to, t2) 
l+fo1-@2-ti) 1+2- ha: (t2-t)) 14+fi- (ti-to) 


The left side of this equation is the price of a cash flow equal 1 (with 
equal probabilities 1/, given by the tree, and the right side is the 
price of the same cash flow given by the discount function P(t, T). 
The discount function discount any value from t = t tot = tọ, 
where tọ = valuation time. This equation is solved numerically by a 
Van Winjgaarden-Decker-Brent method. In the previous equation, the 
following relationship is used: 


fro2=Z2° fai 


Therefore f22 can be calculated as soon as f2, is known. 
At the next level, the following equation needs to be solved (note, 
it is not necessary to know the size of the cash flow). 


+{( 1/2 Pi 1/2 ) 1 
2 (U+ -Bi (B-n) 14+2Z3-fi-(-h)) 1+f2- (t-t) 


1/2 1/2 1 
+ (; + 23+ f3: (f3 -= t2) + 1 +f, To) “1+fi2: g] 
1 
‘T4+fii (ti-to) 


= P(to, t3) 


Solving this equation for f3, also gives fz32 and f3,3 from the relations 
f2 = Z- fa, and f3 = Z3 - f3.2. Using the same method for cash flows, 
at all times in the tree, the tree will be fully calibrated to produce the 
same value as the forward rates. The new calibrated tree is now given 
in Fig. 10.3. 

The rates in the calibrated tree are compared with the rates from 
the un-calibrated. The reason for the previous calibration is shown in 
Fig. 10.4, where the error is caused by the bond’s convexity. 

Notice that the present value curve is not linear. The curvature rep- 
resents convexity. The value of the cash flow, labelled the “calculated 
value” as mentioned earlier, is an average of the two values V; and 
V2. Note that this average is higher than the actual value. After the 
calibration, the situation is described in Fig. 10.5. 
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Fig. 10.3 The calibrated tree in the OAS model 


present value of 


the second cash error = calculated value - actual value 
and volatility introduces a systematic bias 
in the form of an overestimation of the 
y value of the cash flows. This overvaluation 
1 is due to convexity coupled with volatility. 
calculated value 
actual value 
V2 


6.439% i 7961% short rate 
7.200% 


Fig. 10.4 Explanation of the reason to calibrate the OAS model 


10.1.4 Calibrate the Tree With a Spread 


The calibrated binomial tree just derived is applicable to valuing a 
benchmark bullet instrument. Now, consider how the same, calibrated 
tree could be adapted to value a non-benchmark (corporate) callable 
bond. To simplify the analysis, it is assumed that a corporation incurs 
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present value of 
the second cash 
flow 


6.439% -> 6442% 


7961% —> 794% 


actual value = calculated value 


6442% | 7.964% short rate 
7.200% 


Fig. 10.5 The values after the calibration in the OAS model 


no transaction costs either when it calls a bond or when it issues a 
new bond, and that it will always call a bond if it is rational to do so. 

A general pricing formula at zero spread paying cash flows Ci, 
C2,...Cy, at time 7), T2, . . . Tn is given by 


10,0) = 2 IT : 


=i j- (+4) ga 


With a shift s(s 4 0) in the rate fj, the price is given as: 


n i 
1 


T(s,0) = > Ci I] 


El ja (1+4i+ yee 


If the market price II is given, the aforementioned formula can be 
applied with different spreads s, until the spread that equals the market 
price is found. This spread is called the implied spread. When using 
tree models, the same spread is applied at all nodes. 

Consider a 24-month corporate bond paying an annual coupon 
of 10.50% in two semi-annual instalments (each coupon is therefore 
$5.25). The bond is callable in 18 months (period 3) at $101.00. Sup- 
pose that the bond’s offer price is $103.75 -this is the price at which 
you could buy this bond. The goal is to derive this same value with the 
model. To get this value, a constant spread is added to all of the rates 
in the tree until the value of the bond cash flows equal the price of the 
callable corporate bond. In the calibration procedure we replace the 
values of the bond with the call value if the bond can be called back 
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Fig. 10.6 The calculation of the final OAS cash flow 


at this time, and the value at this point exceeds the call value - this is 
shown for the final cash flow in Fig. 10.6. 

The same is done for all cash flows, and the sum of these is taken. 
Then the tree is adjusted to find a new shifted tree. The correct value 
for the callable corporate bond gives a spread of 90.465 basis points. 
This spread is called the bond’s option-adjusted spread (OAS). Essen- 
tially, interpret the OAS is interpreted as the number of basis points 
that must be added to each and every rate in the calibrated binomial 
tree of risk-free short rates to obtain a model predicted price that pre- 
cisely equals the observed market value of the bond. These basis points 
represent the risk premium for bearing the credit risk associated with 
the bond. The same sort of analysis could have been performed if the 
bond had contained an embedded put option. 

If the market price is unknown, but the size of the spread is known, 
this spread can be used to find a reasonable price of the callable bond. 
It is also possible to simulate a price to find the corresponding OAS. 


10.1.5 Using the OAS Model to Value 
the Embedded Option 


Now, the OAS can be used to determine the value of the option that 
is embedded in a callable bond. To accomplish this task we ask, “what 
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Bond 
Price 


Value of Non-callable Bond 


Call price 


Value of Callable Bond 


YTM 


Fig. 10.7 The difference in price of a callable and a non-callable bond 


would the value of the bond be at the same OAS if the bond had not 
been callable”. In this case, the answer is $103.8143. 

A callable bond may be viewed as a portfolio consisting of a long 
position in a bullet bond and a short position in a call option on a 
bullet bond that begins on the option’s call date. Therefore, 


Bcallable = Bouitet — Chuilet 
103.7500 = 103.8143 — Coulter 


This implies that Cpyjier = 0.0643 

Therefore, the option is worth $0.0643 for every $100 of par. Be- 
cause of the embedded option in a callable bond, the curve, bond 
price as function of YTM, will differ from the curve for a non-callable 
(bullet) bond. This is shown in Fig. 10.7. 


10.1.6 Effective Duration and Convexity 


Modified duration measures the percentage bond price change for an 
absolute yield change. It can also be interpreted as the negative slope 
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of the price-yield relationship. The convexity can similarly be inter- 
preted as the curvature of the price-yield relationship. Since duration 
and convexity do not consider that cash flows of an interest rate se- 
curity with embedded option may change due to the exercise events, 
they do not provide satisfactory results for instruments with embed- 
ded options. Since a callable (or putable) instrument has cash flows 
that differ under different interest rate scenarios, it follows that the 
duration is a poor measure for these instruments. The OAS approach 
makes it possible to get a better measure of interest rate risk. These 
measures are called the bond’s effective duration or option-adjusted 
duration and the bond’s effective convexity. 

The most intuitive way to calculate an effective duration is to first 
calculate the callable bond’s fair value using the OAS approach (as 
done previously). Next, it is assumed that the benchmark yield curve 
shifts upward by exactly one basis point. The benchmark forward rates 
are then re-derived, as is the calibrated binomial tree of interest rates. 
With the new binomial tree the upward shifted value of the callable 
bond is calculated. Similarly, it is then assumed that the benchmark 
yield curve shifts downward by exactly one basis point, and the same 
values are recalculated as shown before. With this tree we calculate 
the downward shifted value of the bond. 

The effective Macaulay duration and convexity is then given by 


: . P_-P, 
Effective Duration = ————— 
2Po (Ay) 
and 
; fet P_—2P9 
Effective Convexity = — 
Po (Ay) 


where 


P_ isthe down shifted price 
P, the up shifted price 

Po the un-shifted price and 
Ay the shift in the yield curve 


If this technique is used for the corporate bond for which we calcu- 
lated an OAS of 90.465 basis points, the effective duration will be 1.745 
and the effective convexity 4.045. Without the embedded option the 
values are 1.782 and 4.166 respectively. In this case the differences 
are small, but for bonds with long maturity the difference between 
Modified and Effective Duration can be significant. (Fig. 10.2) 
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Stochastic Processes 


11.1 Pricing Theory 


Modern pricing models generally use one of two powerful approaches; 
equilibrium pricing or relative pricing. In an equilibrium framework, 
certain market characteristics, such as a price risk, are estimated and 
the model can be used to predict prices for securities in the market. 
There is no guarantee that the model will price any security at its ob- 
served market price. In the relative pricing framework, some observed 
market prices are used as a starting point, and then other securities are 
priced relative these. 

We will now start to consider the particular problems that ap- 
pear when we try to apply arbitrage theory to the bond market. The 
primary objects of investigation are zero coupon bonds, also known 
as pure discount bonds, with various maturities. All payments are as- 
sumed to be made in a fixed currency (e.g. US dollars). Previously the 
short interest rates have been considered to be deterministic. In reality 
the interest rates are stochastic. This makes the theory of interest rate 
difficult and interesting. 

We will begin with some definitions and then discuss the stochastic 
processes concerning the theory of interest rates. 


Definition 11.1.0.1. A zero coupon bond with maturity date T, also 
called a T-bond, is a contract which guarantees the holder 1 (dollar, 
sterling, kronor ...) to be paid on the date T. The price at time t of a 
bond with maturity date T is denoted by p(t, T) or pT (t). 


The convention that the payment at the time of maturity, known as 
the principal value, face value or nominal amount, equals one, 
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is made for computational convenience. Coupon bonds, which give 
the owner a payment stream during the interval [0, 7] are treated sub- 
sequently. These instruments have the common property that they 
provide the owner with a deterministic cash flow, and for this reason 
they are also known as fixed income instruments. The graph of 
p(t, T) is called the term structure of bond prices at time t. 

We assume the following: 


e There exists a fix income market of T-bonds for all T > 0. 
e p(t,t) = 1 for all times t. 
e Fora given t, p(t, T) is differentiable with respect to T. 


e At the bond market, p(t,7T) there exist an infinite number of 
securities. 


We also define the derivative of the bond price p(t, T) with respect to 
T as 


op(t, T) 
oT 


prt, T) = 


A typical problem 
We want to write a contract at time t that gives a deterministic 
interest rate in the interval [S, T]. We do this as: 


1. At time żt we sell one S-bond. This will give us p(t, S) dollars. 

2. We use this income to buy exactly p(t, S)/p(t,T)T-bonds. Thus 
our net 

3. investment at time ¢ equals zero. 

4. At time S the S-bond matures, so we are obliged to pay out one 
dollar. 

5. At time T the T-bonds mature at one dollar a piece, so we will 
receive the amount p(t, S)/p(t, T) dollars. 

6. The net effect of all this is that, based on a contract at t, an in- 
vestment of one dollar at time S has yielded p(t, $)/p(t, T) dollars at 
time T. 

7. Thus, at time ft, we have made a contract guaranteeing a risk-less 
rate of interest over the future interval [S, T]. Such an interest rate 
is called a forward rate. 
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11.1.1 Interest Rates 


We will calculate relevant interest rates on the construction as shown 
earlier. We will use the simple forward rate Z and the continuous 
forward rate R that solves: 


p(t, S) 


1+L(T-S)= 
oe l p(t, T) 


and 


RTS) — one _ ptt, S) 


eRT pT) 


Definition 11.1.1.2. The simple forward rate for the period [S, T] 
contracted at time t is defined by 


p(t, T) 7 p(t, S) 
(T—S) p(t, T) 


HES T= 


Definition 11.1.1.3. The simple spot rate for [S, T] is defined by: 


o p(S, T) - p(5,5) _ pie, T) = 
LS, T) =p —SypS,1) 1-3), T) 


Definition 11.1.1.4. For t <S <T we define the continuously 
compounded forward rate for [S, T] contracted at time t as 


In [p(t, T)] = In [p(t, S)] 
T-S 


R(t,S, T) = 


Definition 11.1.1.5. We define the continuously compounded spot 
rate for the period [S, T] as 


In [p(S, T)] -1n [p(S,S)] _ _1In [p(S, T)] 


Ee) = T-s T=< 


Definition 11.1.1.6. Especial we define the forward rate for the 
period [t, T] as 


_In[p(t, T)] 


R(t, T) = R(t, t,T) =-- 


294 J.R.M. Roman 


Definition 11.1.1.7. The instantaneous forward rate with maturity 
at T contracted at t is defined as 


ð |lnp(t, T)] 


fT) = f(t, T) = lim R(t,S, T) = a 


giving 
T 
p(t, T) = exp fita 
t 


This is equivalent as, at time contracted at time ¢ as agree to pay $1 
at time T and then receive ef” . AT. In terms of FRA, this is at time t 
agree to pay $1 at time To and then at time T receive 


T 
exp Jre u)du 
To 


or to pay 


T 
exp - f fe. u)du 
To 


at time To and then receive $1 at time T. 


Definition 11.1.1.8. The instantaneous short rate at time t is then 
defined by 


We then have 
p(t, T) = exp {-R(t, T) ` (T m t)} 
Before, we defined the money account by the process 


dB(t) = r(t)B(t)dt 
B(0)=1 
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t 


B(t) = exp J r(u)du 
0 


Lemma 11.1.9. The following holds for t < s < T: 


T T 
p(t, T) = p(t, s) exp - | fo. u)du ł = exp - | fe. u)du 


When we study the interest rate market we have to start with some- 
thing we know and depending on what choice we make, calculate 
what is unknown. Therefore we formulate the following questions: 


1. If we let the dynamic of the short rate be given. Which bond prices 
p(t, T) is consistent with the choice of r? Will the bond prices be 
uniquely given by r? Will these be free of arbitrage? 


2. Which internal conditions do the bond prices {p’;T > 0} have to 
satisfy to have an arbitrage free money market? 


3. Which internal conditions do the family of forward rates 
If T; T > 0} have to satisfy to have an arbitrage free money market? 


4. What can we say about the prices of different derivatives on an 
arbitrage-free money market? 


To summarize what we have defined before, if we plot the interest 
rates, they form the term structure of interest rates or yield curve. We 
can represent the yield curve in three different but equivalent ways. 


1. The first representation is by the prices of pure discount bonds 
(sometimes called zero-coupon bonds) that give the holder a single 
unit cash flow (e.g. one dollar) at maturity with no intermediate 
cash flows. We defined previously the function p(t, T) to be the 
price, at time t, of a discount bond which matures at time T, with 
t < T,(p(T,T) = 1). Remark! This is equivalent to the discount 
function defined earlier. 


2. We can also represent the term structure by associating the continu- 
ously compounded spot rate R(t, T) (Sometimes called par yield) 


296 J.R.M. Roman 


with the pure discount bond price p(t, T): 
p(t, T) = PEDT- 
Inverting this equation we obtain 


Rar = PPETI 
T-t 
3. The third formulation is in terms of the forward rate curve, f(t, T). 
This function represents at time t, the instantaneously maturing in- 
terest rate at time T and is derived from the discount bond function 
by applying the following transformation: 


[In p(t, T)] 


f(t,T) =- IT 


Combining the aforementioned equations, we can write the price 
of a pure discount bond as the final cash flow discounted by the 
instantaneous forward rates 


T 
p(t, T) = exp - f fe u)du 


and the spot rate as the continuous average of forward rates: 


T 
R(t, T) = — J f(t, u)du 


For each of these rates, or prices, we associate a volatility. The function 
that describes these volatilities we call the term structure of interest 
rate volatilities. In terms of spot rates, a typical volatility structure 
exhibits short-term interest rates that are more volatile than longer- 
term interest rates an empirical feature of most markets. The effect is 
illustrated in Fig. 11.1. 

The discount function is related to the bond prices as D(T) = p(0, T), 
which is the value of $1 paid at time T. 


11 Stochastic Processes 297 


Spot Rate Volatility 


Time to Maturity 


Fig. 11.1 The volatility as function of time-to-maturity 


11.1.2 Stochastic Processes for Interest Rates 


From now on, we will think of a Wiener process W on a filtrated prob- 
ability space (Q, F, P, F,) to generate the uncertainty. It will then be 
naturally to specify objects via It6 equations. F is the natural filtration 
generated by the Wiener process and F the o-algebra containing all the 
information on the sample space Q. 

We want to consider the stochastic processes for the short rate, the 
forward rate and the bond prices as follows 


dr(t) = w(t)dt + o (t)dW(t), 
df(t, T) = a(t, T)dt + o (t, T)dW(t) and 
dp(t, T) = m(t, T)p(t, T)dt + v(t, T)p(t, T)dW(t) 


Here, u and o are adapted processes, defined for all times t > 0. For 
each fixed T, m(t, T), v(t, T), a(t,T) and o(t,T) are adapted processes 
for 0 < t < T. We will also suppose that all the previous processes 
are continuous in f and two times differentiable. Further, we suppose 
that v(T, T) = 0 for all T. This seems to be OK since p(T,T) = 1 by 
definition. 
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We then have three choices. We can start with 


e the dynamics of the short rate dr, 
e the dynamics of the forward rates df? or by 
e the dynamics of the bond prices dp’ 


We are now ready to study how these are related to each other. 


11.1.2.1 The Relation from Bond Prices (dp!) to Forward 
Rates (df T) 


We will start with the dynamics of the bond prices to see how this 
process is related to the process of the forward rates. 
Therefore we start with 


dp(t, T) = m(t, T)p(t, T)dt + v(t, T)p(t, T)dW(t) 


If we integrate this process we get 
t t 
p(t, T) = p(O, T) + [ow T)m(u, T)du + [ow T)v(u, T)dW(u) 
0 0 


Now, we take the derivative of this, and believe we can take the 
derivatives inside both of the integrals. 


pr(t, T) = pr, T) + J {pru, T)m(u, T) + plu, T)mr(u, T)} du 


0 
t 


+ J {pru, T)v(u, T) + plu, T)vr(u, T)} dW(u) 
0 


We then see that the stochastic differential of pr(t, T) is given by: 
dpr(t) = {DEOM (t) + pT OM AO} dt + {POTO +p (Ove (O} dw) 


We now use the definition of the instantaneous forward rate with 
maturity at T: 


afne D] pr T) 


Ti — 
f= ƏT ~ ptT) 
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Set p’ = p and so on, and use the It6 formula on f = fT, we then get 


of of 1 af 2 LO a OF 
df = dpr + —dp + d + —~— (dp) + dpd, 
if ipo a 2 ape | pr) 2 ap? | p) apap T 
The derivatives are given as 
of 1 of of pr af PT a'f 1 
— = =", —z = 9, a, OD? ry and = 
ðpr p ə dp p dp Pp dpopr pP 
That is, 
1 T 1_pr 1 
df =——dpr + n dp jas (dp? + dpdpr 
p p 2 p p 
1 1 
= —-dpr + PT dp vp erat t= [prp +prvrv| dt 
4 4 4 4 


1 
= vrvdt — -dpr + PT dp 
P P 
where we have used 
(dp? = v*p' dt. 


Since we just calculated dpr and we know dp, we can just multiply the 
two expressions. To the lowest order we get: 


dprdp = vp {prv + pvr} dt = [prev? +prorv| dt 
By putting these into the expression of df we find 


1 
df = vrvdt— — { {prm + pmr} dt + {prv + pvr} dW} + 2 {mpdt + vpdW} 
P P 


= for PT n mr +E de | an vra Eyl aw 
P P P P 
= {vrv -mr } dt — vrdW = ædt + odW 


where 


a(t, T) = vr(t, T)v(t, T) — mr(t, T) 
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and 
o(t, T) = -vr(t, T) 
To summarize with a known stochastic process for the bond prices: 
dp(t, T) = m(t, T)p(t, T)dt + v(t, T)p(t, T)dW(t) 
We can find the stochastic process for the forward prices df(t, T): 
df(t, T) = a(t, T)dt + o (t, T)rdW(t) 
where 


a(t, T) = vr(t, T)v(t, T) — mrt, T) 
o(t, T) = —vr(t, T) 


11.1.2.2 The Relation from Forward Rates (df T) to Short 
Rates (dr) 


We will now start with the dynamics of the forward rates to see how 
this process is related to the process of the short rates. 
Therefore we start with the stochastic process 


df(t, T) = a(t, T)dt + o (t, T)dW(t) 
If we integrate this process we get 
t t 
f(t, T) =f(u, T) + j a(s, T)ds + | o(s, T)dW(s) 
By using the definition r(t) = f(t, t) and set T = t and u = 0 we get: 
t t 
r(t) = f(0, 1) + J a(s, t)ds + I o(s, dW(s) 
0 0 


But, remember that this is not a standard form of a stochastic differen- 
tial since the processes depends on the integration limits. To overcome 
this difficulty, we write 


t 


a(s, t) = a(s,5) + J ær(s, u)du 


S 
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and 
t 
o(s,t) = a(s,s) + | or(s, u)du 
s 
To see this, imagine the integral 
t 

/ ar(s,u)du = a(s,t)—a(s, s) 

s 
Put these expressions into the integral for r(t) 

t t 

r(t) = r(O) + fro s)ds + J a(s, S)ds 
0 


0 


t t t t t 
+ J fers wduds+ | ots saww» | f ort, u)dudW(s) 
0 s 0 Os 


Change the order of integration 


t 


rO =r0+ f fr. 9ds+ f acs, 9as+ | fare, u)dsdut+ 
0) 0 0 0 


t 


+ [oc.oawor | fors, u)dW(s)du 
0 0 


0 


We can illustrate the change in the order of integration in Fig. 11.2. 
This explains the change in the integration limits. Before we change 
the order, u goes from 0 to t. Then s starts at u on the line u = s. In the 
next graph we have changed the order and then, when s goes from 0 
to t, u does the same (i.e. from 0 to ^. 

At last, we use the process of the short rate 


dr(t) = w(t)dt + o(t)dW(t) 


and integrate to find 


t t 


r(t) = r(O) + J u(u)du + J o(u)dW (u) 


0 0 
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t 


Fig. 11.2 The change in order of integration 


Comparing with the previous expression we see that 


t t 

w(t) = fr(0, 1) + a(t, t) + f ærls, ds + f or(s, )dW(s) 
0 0 

olt) = o(t, ft) 


If we use: 
t t 


f(t,T) =f(0,T) + | a(s, T)ds + / o(s,T)dW(s) 
0 0 


f t 


frit, T) = fr, T) + J ær(s, T)ds + I or(s, T)dW(s) 
0 0 


this can be simplified to 


M(t) = fr(t, t) + a(t, t) 
o(t) = o(t, ft) 


11.1.2.3 The Relation From Forward Rates (df T) to Bond 
Prices (dp) 


We will start with the dynamics of the forward rates to see how this 
process is related to the process of the bond prices. 


df(t, T) = a(t, T)dt + o (t, T)dW(t) 
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If we use the definition of the instantaneous forward rate with maturity 
at T 


ð [In p(t, T)] 


T z= — 
f O= oT 


and write the bond prices as 
p (t, T) = exp {Z(t, T)} 


where 


Z(t, T) = - | fe s)ds 


Compare with the definition of the aforementioned bond price! We 
also know that 


t t 


f(t,s) =f, 9+ | atsu f oun sawan 


0 0 
We start by calculating dZ(t, T) 


T T 


AZOT) =f ddi- | dfitandu = rdi- | jett, udi +(e, AWG) du 
t 
T T 


= rodi- | ac, dudi- | o4, u)dudW(t) 
T T 


= ro- | at u)du } dt — [oe u)du ẹ dW(t) 


t t 


where we have used 


dZ(t, T) 
dt 


F 
a sj Tial- J T TE l dfi(t, u) 


t 
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and 


of (t, T) t+ of (t, D) r= of (t, T) i 
ot oT ot 


df(t, T) = 
since we are studying one family of forward rates with maturity T. By 
using the It6 formula on p(t, T) = exp{Z(t, T)} we get: 
dp 1 2p 5 
dp(t, T) = —dZ(t, T) + -= (dZ(t, T 
p(t, T) zZ (t,T) > az? | (t,T)) 
1 
= p(t, TdZ(t, T) + p(t, T) (dZ, T)? 

T T 2 


=p(t, T) no | at u)du +5 foe u)du dt 
t t 
T 
— p(t, T) [oe u)du ¢ dW(t) 


t 


This can be rewritten as 
dp(t, T) = p(t, T) {r(t) + b(t, T)} dt + p(t, T)a(t, T)dW(t) 
where we can identify a(t, T) and b(t, T) 


T 
a(t, T) =— f o(t,u)du 
T 


b(t, T) =- f a(t,u)du + salt, T}? 


f 


At last we have: 


m(t, T) = r(t) + b(t, T) 
v(t, T) = a(t, T) 


To summarize, we have that 
e The forward rate R(t,S,7T) gives the average yield in the interval 
[S, T] contracted at time t. 


e The forward rate f(t, T) gives the instantaneous yield at T contracted 
at time t. 
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e The short rate r(t) gives the instantaneous yield of a T-bond con- 
tracted at time ¢. This is the yield of a portfolio strategy where we 
at each time t invest all of our Capital in the bond with immediately 
expiration. 


The last strategy is called a rollover-strategy and its value process is 
given by: 

dp(t, t) 

ptt, t) 


dV(t) = V(t)u(t) 


where u(t) is the Capital at time t invested in the bond p’. Per definition 
we have u(t) = 1 for all t and: 


dp(t,t) _ 
Pt,t) 


{r(t) + b(t, t)} dt + a(t, AW (£) 


But, since a(t, t) = b(t, t) = 0 we get 
dV(t) = r(t)V(t)dt 


The possibility to make a rollover-strategy on the bond market implies 
the existence of a local risk-free security with the stochastic yield given 
by r(t) 


12 


Term Structures 


12.1 The Term Structure of Interest Rates 


We will now consider the problem where we will model price pro- 
cesses on an arbitrage-free market of zero coupon bonds. On this 
market we will model the short rate, r(t) under the real probability 
measure P. The process of the short rate will be given as 


dr(t) = w(t, r(t))dt + o (t, r(t))dW(t) 
The only possibility to invest Capital is via roll-over: 
dB(t) = r(t)B(t)dt 


Therefore we can say that, to make rollover on the bank is equivalent 
by holding the security for which the price process is given by dB. 
We now make the following assumptions: 


e The interest rate r(t) is a stochastic process. 
e There exists only one security B with the aforementioned dynamic. 
e All other securities are considered as derivatives of this (r(t)). 


This means that we will consider a bond as an interest derivative 
where the value of the bond depends on the expectation of the future 
development of the short interest rate r(t). We want to use arbitrage 
arguments to say something about the bond prices. It will be more dif- 
ficult to analyse the market of interest rate derivatives than the simple 
Black-Scholes market we have been studying so far. 
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Remark! According to the Meta Theorem, we have only one 
known security, B and one random source. Therefore the market of 
interest rates is free of arbitrage but not complete. 

When we were studying the Black-Scholes market we did also know 
the price of the underlying stock. Therefore we can guess that, as soon 
we know the price of at least one bond, then we can price all other 
bonds relative this one, and the known security B. This is also true 
according to the Meta theorem. 

We now suppose that we have one 7-bond with a price given at t as: 


p(t,T)=F(r@),t,T) = F (r(),) 


where F is a real function with tree real variables. Sometimes we will 
consider T as a parameter. We ask ourselves about the properties of 
the function F so that the Capital market is free of arbitrage. As we 
can see, we have a simple boundary condition 


F(r,T,T) = 1 for all r. 


We will now create portfolios of bonds with different time to maturity 
T. Therefore we need the dynamics of the function F. By using the Ito 
formula we get 
of.  ƏFT  1ə8əF" 
dF" = dt + dr + 
ot or 2 ar ( 


1 
= Fl dt+F! {udt+odW}+ 50 Prt 


dr)” 


1 
= | FT + uF! + oF | dt+oF! dW =F! ardt + F' ordW 
where 


1 
FT + uF? + 50 Fi 


QT = 
oF! 
OT = 
FT 


2 


FT 


Let us now fix two times S and T and study self-financing portfolios 
based on bonds with maturities S and T. As usually the Capital of such 
a portfolio will be described by a value process given by 


V =h FT +hSFS 
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To become self-financing, we must have 
dV =h" . dF! +h’ -dF 
If we use relative portfolios we have 


dF? dF* 
dV=V {ur we 
FT FS 


=V {ut ar + was} dt+V [u"or +uos| dW 
where 
ul +us=1 


Since we only have one random source (one Wiener process), we can 
make the following choice to eliminate the last bracket in dV in the 
previous equation, that is, we have 


T 


ul or + usog = 0 
ul +us=1 


then, after some algebra we get 


ay = y ZTS) g 


OT —Os 
In a market free of arbitrage, we must have 
dV = rVdt 


That is, 
aAsoT — ATOS 
or-os 
With some algebra 
asor — Aros = r (or — os) 


ASOT — TOT = ATOS —ros 
or (as -r) = os (ar-r) 


We can also write this as 


(*) ast) -r0 _ ar(t)—r(t) _ E 
os(t) or(t) 
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so, we do not have any dependencies between S and T. The function 
X(t) is called the market price of risk. We can see this from 


dF! = F' ardt + F'o,dW =F" {r+do7} dt + F'ordW 


So, A(t, r) is a risk premium per unit of volatility. We measure the risk 
in volatility. If we insert the definitions of œr and or in (x) we get 


FT + uF? + }o?FT, oFT 
: aT 2 T AAC r) zr =0 


a(t) - r(t) — A(t, ror) = 
=> 
1 
Fl + uF? + n -FTr() -Altro F! =0 
So, we get the partial differential equation 


oF? oF’ 1 ,8?FT 

— +{ul(t,r)-A(t, no(t)} + —o2 r(t)F? =0 
or 2 ðr? 

F(r,T,T)=1 


This equation is, in the literature called the equation of the term 
structure! or the term structure equation (TSE). Remark! This is 
a Black-Scholes equation where we replaced u with u — ào. How- 
ever, this PDE is more complex since 4 is a unknown function: 
A= X(r(0), t). 


12.1.1 Yield- and Price Volatility 


In fixed income it is very important to distinguish between yield- 
volatility and price volatility. In the process for the short rate we have 
the volatility for the yield, and the process for the bond prices we have 
the volatility for the prices. 

As we saw earlier, if we did start with a process for the rate as 


dr(t) = udt + o,dW(t) 


1 A better name is the Bond Pricing PDE, since the “Term” T is a fixed time and not a variable. 
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and let the zero coupon price be given by F = F(t, T,r) and use It6 on 
F we get 


F F 10°F 
ipa? TE dr + Q 
ot or 2 ar 


1 

(dr)? = F,dt + F, { udt + 0,dW} + 501 Frdt 
1 

= |r, +uF,+ 50°F | dt + o,F,dW = Fadt + FopdW 


We saw before that the relationship between these volatilities follows 


aF; or p(t, T) D 
Op = = = Or: 
p F p (t,T) Jr r mod 


where Dmoa is the modified duration. If the interest short rate is log- 
normal distributed, that is, 


dr(t)= w-r-dtt+o;-r-dW(t) 
we would be given the following relationship 


OrFr z Or ap(t, T) 


F -' p@T) F 


Op =r: =r- Or D mod 


This formula is often used by traders. The true relationship seems to 
be somewhere in between these results and depends on the time to 
maturity for the zero coupon bond. 


12.1.1.1 Measuring Historical Yield Volatility 


We know that volatility is measured in terms of the standard deviation 
or variance. To find the historical yield volatility we start with the daily 
data on yields. This can be from bonds quoted in ytm or other data of 
similar kind. We denote an interest rate on day t as yz. It is important 
to choose the right number of days T that the volatility measure is 
going to be based on. Different number of observations would result 
in a different volatility estimate. Typically, portfolio managers with the 
longer investment horizon use a greater number of observations when 
calculating the volatility of interest rates. 
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We start by computing the daily relative yield change, X;, assuming 
continuous compounding 


X, = 100 - In 2 
Yt-1 


Then we compute the daily standard deviation of yields 


D 
Oday = y Var (X; = <= 


where X is the mean value of X; and T the number of measurements 
(maturity). Some market practitioners argue that in forecasting volatil- 
ity the expected value or mean that should be used in the formula for 
variance is zero. 

Next, we annualize the standard deviation of yields 


Oannual = Oday * N D 


where D is the number of trading-days per year. Analysts can use dif- 
ferent number of days in a year in this step, but the usual practice is 
to exclude holidays (~10 days a year) from calculations, so that the 
number of trading days is 5 x 52 — 10 holidays = 250 trading days. 
How do we interpret yield volatility? Let us assume, for example, that 
the annualized interest rate volatility of a 5-year note is 10%. Further, 
let us assume that currently the yield on this note is 2%. The standard 
deviation of interest rates on this bond would then equal 10% x 2% = 
0.2% (20 basis points). Having calculated this standard deviation, an 
analyst would be able to estimate the confidence interval for interest 
rates. For example, a 95% confidence interval can be estimated as 2% + 
-1.96 x 0.2%. 


12.1.1.2 Historical Versus Implied Yield Volatility 


The procedure for calculation of yield volatility described previously is 
based on historical yield data. Another approach is to derive volatility 
from the valuation of options, in which case it is called the implied 
volatility. We assume that the options are currently trading near their 
fair value and derive the yield volatility estimate from the option pri- 
cing model. Swaptions are usually quoted on the market as Black 
volatility. 
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There are several problems with using implied volatility. 


e It is based on the assumption that the option pricing model is 
correct. 


e Models make the simplifying assumption that volatility is constant. 


e Options may not be fairly priced by the market, which results in a 
misleading estimate of implied volatility. 


12.1.1.3 Forecasting Yield Volatility 


There are three different approaches to forecasting the volatility of 
interest rates 


e Yield volatility forecast equals the variance based on the last T days 
with the mean yield change assumed to be zero. 


e Similar to the first approach, but the formula gives more weight to 
the more recent interest rate changes. More specifically, observa- 
tions further in the past should be given less weight. 


e Statistical models of time series, such as autoregressive conditional 
heteroskedasticity (ARCH) model, may also be employed to forecast 
yield volatility. The ARCH model can incorporate trends in volatility, 
such as the observation that periods of low volatility are followed 
by periods of high volatility and vice versa. 


12.1.2 The Market Price of Risk 


The TSE contains references to the functions u-—ào and o. The former 
is the coefficient of the first-order derivative with respect to the spot 
rate, and the latter appears in the coefficient of the diffusive, second- 
order derivative. The four terms in the equation represent, in order 
as written, time decay, drift, diffusion and discounting. The equation 
is similar to the backward equation for a probability density function, 
except for the final discounting term. As such we can interpret the 
solution of the bond pricing equation as the expected present value 
of all cash flows. As with equity options, this expectation is not with 
respect to the real random variable, but instead with respect to the 
risk-neutral variable. There is this difference because the drift term 
in the equation is not the drift of the real spot rate u, but the drift 
of another rate, called the risk-neutral spot rate. This rate has a drift of 
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u—ìo. When pricing interest rate derivatives (including bonds of finite 
maturity) it is important to model, and price, using the risk-neutral 
rate. This rate satisfies 


dr = (u — ào jdt + odW. 


We need the new market-price-of-risk term because our modelled vari- 
able, r, is not traded. If we set à to zero then any results we find are 
applicable to the real world. If, for example, if we want to find the 
distribution of the spot interest rate at some time in the future then 
we would solve a Fokker-Planck equation with the real, and not the 
risk-neutral, drift. Because, we cannot observe the function À, except 
possibly via the whole yield curve. 


12.1.3 Solutions to the TSE 


The solution to a SDE as the TSE can be represented in an integral form 
in terms of the underlying stochastic process. 


Ss 


F(t,s) = E, (exp | — rdu- / à% (u, r(u))du — i Mu, r(u))dW(u) 
t t t 


To prove this, we define 


AY AY s 


V(s) = exp | - J rdu- 5 J à° (u, r(u))du — J Mu, r(u))dW(u) 
t t t 


Now, let us differentiate the process F(t, s)V(t). Let f = FV and then 
df = d(FV) 


2 
IEY) ip IV) ay 0-(FV) 
OF ƏV ƏVƏF 


= V (F {r + àor} dt + FordW) + FdV 
+ (F {r + ìor} dt + FordW)dV 


d(FV) = dVdF = VdF + FdV + dFdV 
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with 
av av 1 02V 
dV = —dt + —dW + -— (dw) 
at aw 2aW2 
1 2 1 2 
=V{-r—- 7” dt —ViAdW + 5" Vdt 
= —rVdt — AVdW 
we get 


d(FV) = FV ({r+ Aor} dt + ordW) + FdV 
— FV ({r + àor} dt + ordW) (rdt + AdW) 
= FV ({r+Aor} dt + ordW)-— FV (rdt + AdW) — FVoràìdt 
= FV (or —à)dW 


By integrating from ¢ to s and taking expectation value? yields (the 
term dW will be zero) 


E; [F(s, s)V(s) — F(t, s) V(t)] = 0 


Since F(s,s) = 1, V(t) = 1 E, [V(s) - F(t, s)] = 0 and F(t, s) = E[V(s)]. 
TSE can also be solved using standard numerical methods such as fi- 
nite difference methods. In several cases, analytical solutions also exist 
for the discount functions and European options. The only distinction 
between instruments is the boundary conditions. The equation is lin- 
ear, so the superposition principle holds, that is, when all instruments 
in a portfolio fulfil the equation, the value of the portfolio also fulfils 
the equation. 

In the first term structure models, the form of the functions u(r, t) 
and o(r,t) was specified, containing several parameters that had to be 
estimated from historical data, or implied from market prices. Also, the 
market risk price parameter A(r, t) was specified as a single number. 

This is a preference-dependent parameter, that is, it may be different 
from trader to trader. This means that there is no guarantee that the 
model generates a term structure that agrees with the observed term 
structure. This is a serious limitation for pricing option elements, since 


2 With expectation value, we always refer to the conditional expectation value, the conditional 
information known up to a certain time. This time is usual today, since we donot know anything 
about the future! 
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any small mispricing of the underlying instruments could mean major 
mispricing of the options. 

Some authors still proposed trading strategies where all model para- 
meters were derived from statistical analysis of historical prices. The 
strategy tries to find mispriced bonds, where the mispricing is likely 
to disappear. 


12.1.4 Relative Pricing 


To overcome these serious limitations of the early pricing models, Ho 
& Lee (1987) took a new approach. Their model assumed that the 
whole term structure followed a random evolution. 

The model is still one-dimensional, since there is only one stochastic 
influence. They developed their model in a discrete time, binomial 
framework. A few years ago many said that this model had a serious 
disadvantage, since the Ho & Lee model are based on a stochastic evol- 
ution of the term structure that generate negative interest rates with 
positive probability. Now days we know that negative interest rates 
can occur. 

Two papers, Jamshidan (1990) and Hull & White (1990) describe 
how to adjust the market price of the risk parameter (7,7) in order 
to obtain consistency between model prices and the observed term 
structure of interest rates. 

Their approach makes it possible to use the flexibility of the equilib- 
rium models to specify stochastic processes together with the adjusted 
risk parameters, which generates a term structure consistent with 
what is observed. 

The models resulted in a PDE, which can be solved by standard 
numerical techniques such as finite differences. Some of the mod- 
els considered use normally distributed interest rates. In many cases, 
these models have analytical solutions for the discount function and 
for European options. 

As usual, we can use the Feynman-Ka¢ representation on 
the TSE: 


T 
(x) F(r,t,T) = EY, | exp 4- J r(s)ds 
t 
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where the Q-dynamics of r is given by 


dr(s) = { u(s)— A(s)o(s)} ds + o(s)dV(s) 
r(t) =r 


Conclusions: The equation (*) is incredible simple. If we write it as 


F 
F(r,t, T) = E, | exp }- Í r(s)ds$ x1 


t 


we see that the bond price is given as the expectation value of $1 1, 
1 Kr...) paid at maturity T, discounted to a per cent value. The expect- 
ation value is calculated, not with respect to the objective probability 
measure P, but using the risk adjusted martingale measure Q that de- 
pends on A(t). That is, we get a new martingale measure for each (1), 
so that the measure Q is not unique. This is because the model is not 
complete. In Black-Scholes world on the other hand, the martingale 
measure is unique and the model is complete. The interest market is 
not complete because we only have one given security. 

The reason of having different martingale measures for different 
market prices of risk, A(f) is because of the reason that we can have 
many different markets, free of arbitrage and consistent with the short 
rate r. The bond prices on each market will depend on the liquidity 
and the traders will to enter risky positions. When we have a given 
market price of one bond, we know the market price of risk. Then we 
also know the prices of all other bonds. 

The bond prices are therefore determined, partly of the P-dynamics 
of the short interest rate r and partly by the market. A general 
contingent claim X = ®(r(t)) is priced as 


N@,xX)=F(t,r(@,T) 


where 


T 
F(t,r,T) = EZ | exp  - I r(s)ds $ TY) 
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Martingale Measures 


13.1 Introduction to Martingale Measures 


From now on, we will consider the filtrated probability space (Q, F, 
P, F) as given where W is a F-Wiener process on [0, T]. The interpret- 
ation is that we consider an economy on [0,7] where all randomness 
is generated by W. The time horizon is needed to perform a number 
of Girsanov transformations in the interval [0, T] 

We start with the following assumptions: 


1. For each T > O there exist an adapted price process p(t, T) for 
T-bonds. 


2. There exists a local risk-free security with the price process B given 
by: 


dB(t) = r(t)B(t)dtB(O) = 1 
where the short rate is given by 
dr(t) = W(t, r(t))dt + o (t, r())dW(t) 


3. There exist a probability measure Q ~ P such as each Z!-process 
is a Q-martingale on [0, 7], where the discounted bond prices Z T is 
defined as 


p(t, T) 


Ti — 
Z U= O 
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With the aforementioned assumptions, it easy to show that the 
bond prices have stochastic differentials. It is also possible to find 
the relations between the bond price and the short rate. First we 
notice that: 


t 


B(t) = exp f rodau 


0 


Theorem 13.1.1. With the previous assumption, we have for each 
fixed T: 


@ The bond prices for t < s < T is given by: 


S 


p(t, T) = EL p(s, T) exp - f roddu |F; 


t 
Especial, with s = T, by 


T 
p(t, T) =E? exp - f roddu |F; 


t 


Gi) There exist adapted processes m(t, T) and v(t, T) such as: 
dp(t, T) = m(t, T)p(t, T)dt + v(t, T)p(t, T)dW(t) 
Gi The QO-dynamics of p(t, T) is given by: 
dp(t, T) = r(t)p(t, T)dt + v(t, T)p(t, T)dV(t) 


where V is a Q-Wiener process. 
(iv) The Q-dynamics of the forward rates f(t, T) is given by: 


df(t, T) = v(t, T)vr(t, T)dt — vr(t, T)dV(t) 


Proof (i): Since Z7 is a Q-martingale, we have: 


p(t, T) _ 7T _ FQ T _ FQ ÉE T) | 
BO =Z (Ð) = EÙ |Z" (s) |F;,] = E BO |F; 
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SO 


p(t, T) = E? [oe nR r =E? r T) exp l-j co J 


Proof (iii): To prove this we will use the reverse of the Girsanov 
theorem, which says that Q has arised from P via a Girsanov trans- 
formation: 


dQ=L(T*)dP on Frs 
where 


dL(t) = b(t)L(dWwi(t) 
ae =1 


for some process ¢(f). From Girsanov theorem we get 
dW(t) = d(t)dt + dV(t) 
where V is a Q-Wiener process. By taking It6 on ZT we get 


T T 
_ 2O y, ZO 


= p dB 
ap(t, T) IBA) 


dZ' (t) 


1 
= BO {p(t, T)m(t, T)dt + p(t, T)v(t, T)dW(a)} 


= ait T)B(t)r(r)at 
= ZTA {m(t,T)—r()} dt + ZT (t)v(t, DAWO) 
= ZTA {m(t,T)—r()} dt + ZTA, T) {(o(dt + dV(t)} 
= ZTA) {m(t,T) — r(t) + vit, DEA} dt + Z (v(t, T)dV(0) 
With a choice of $(t) = (r(t)— m(t, T))/v(t, T) we have the Q-dynamics 
dZ" (t) = v"()Z" (t)dV(t) 
By definition, we have 


p(t, T) = BOZE, T) 
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where A(t) and Z(t, T) have stochastic differentials under Q. Therefore 
we use Itô on the previous expression, and get (since the second order 
derivatives are zero) 


apt,T) r. dptt,T) 
atin Z Ot BO 


= B(t)dZ' (1) + ZT (HdB(t) 


dp(t, T) = dB(t) 
= BAT ()Z! (t)dV (1) + Z" (t)r()B()at 
= r(t)p(t, T)dt + v (t)p(t, T)dV(t) 
This proves Gii). If we insert dV(t) we get 
dp(t, T) = r(t)p(t, T)dt + v” (p(t, T) {dW (2) - b(Hat} 
= {r(t)— b()v" (O)} pt, Todt + v (p(t, TAWA) 
Therefore, under P, we have m?” (t, T) = r(t) — o(1)v(t, T). 


To prove (iv) we use (iii) which say that under Q : m(t, T) = r(t). This 
gives 
dm(t,T) Ər) _ 0 
ƏT ƏT 


The relation between dp’ and df? was given via 
dp(t, T) = m(t, T)p(t, T)dt + v(t, T)p(t, T)dW(t) 
df(t, T) = a(t, T)dt + o (t, T)dW(t) 
where 
a(t, T) = vr(t, TUG, T) = mr(t, T) 
o(t, T) = —vr(t, T) 
which gives 


df(t, T) = {vr(t, T) v(t, T) — mr(t, T)} dt — vr(t, T)dw(t) 
=> 
df(t, T) = v(t, T)vr(t, T)dt — vr(t, T)dV(t) 
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Here we have also used that m(t, T) = r(t) > ¢(t) = 0 => dW(t) = dV(t) 
Therefore we have proved (iv). 


The results G) - Gii) are pretty expected. But Civ) is a little bit of sur- 
prise since this shows that under Q there must exist a relationship 
between the drift and diffusion for the forward rates. In other word: 
The dynamic of the forward rates under Q is uniquely determined by 
the diffusion coefficient. This will be essential in a later section where 
we will study the Heath-Jarrow-Morton framework. 

Since we have 


dF" (t) = {r(t) —A(or(t)} F (dt + or ()F! OAW 


where F7 = p(t, T), we have that $(t) = —A(2). 
Before we will show that the model is free of arbitrage, we will give 
some definitions. 


Definition 13.1.0.2. A portfolio strategy is a finite adapted process 
b: 


h(t) = {h°(t), h(t, T,),..-,h(t, Tn) 


where by definition h(t, Tk) = 0 for t > Ty. Furthermore: 


T* 
feo] dt < oo P a.s. 
0 


Ts 
raf (ot, nz, TPA <œ k=1,...n 
0 


Definition 13.1.0.3. Given a portfolio strategy h, the value process 
V (h) is defined by: 


n 
Vi(h) = h°(t)B(t) + $ h(t, Ty)p(t, Tx) 
k=1 
Definition 13.1.0.4. A portfolio h is said to be self-financing if 


dV;(h) = h®(t)dB(t) + DiG Ty)dp(t, Tx) 
k=1 
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Definition 13.1.0.5. The class of self-financing portfolios is denoted 
by H. A contingent claim is a stochastic variable X such as 


X is Fyp»—measurable. 
E2[X?] < co 
The class of contingent claims is denoted by K. With K+ we refer to 
those X € K such as 
P(XSO=1, and P(X>0)>0 


Definition 13.1.0.6. A contingent claim is said to be reachable on 
|0, T] if there exist a self-financing strategy h such as 


vVT(h)=X, Peas. 
Definition 13.1.0.7. A self-financing strategy h is said to be an 
arbitrage strategy if there exist a time T such as 
vi(h) € Kt, and V°(h) =0 


With the earlier definitions, the number of 'T-bonds in the portfolio 
at the time t is given by h(t, T) and h°(t) the number of the risk-free 
security. Due to our definition, we have at t = 0 decide the number of 
possible bonds in our portfolio. The rollover strategy discussed in an 
earlier section is not allowed in the previous portfolio strategy. But we 
will still consider the short rate r in terms of the rollover. As before we 
can move to the discounted Z-economy to show that the model is free 
of arbitrage. 


Lemma 13.1.8. For a given portfolio strategy b, we define V“(h) as 
n 
VŽ) = W(t) + YO hi, TOZ, Tr) 
k=1 

Then 

Vi(h) = BO)V;(A) 
The strategy is self-financed if and only if 

n 
dVŽ(h) = Ý h(t, ThA Z(t, Ty) 
k=1 


If b is self-financed, then VŽ becomes a Q-martingale. 


13 Martingale Measures 325 


Theorem 13.1.9. With the assumptions 1,2 and 3, the model is free 
of arbitrage. 


Theorem 13.1.10. With the assumptions 1,2 and 3, vt, T) # 0 for 
all (t, T) with O < t < T. Then: 


@ The money market is complete, that is, each contingent claim is 
reachable via an self-financing portfolio. More precise, if X is a 
contingent claim X € F T then it is possible to replicate X with 
a portfolio of Tbonds only and the risk-free security. 


Gi) For X as given earlier, the arbitrage free price is given by: 
T 


m [X] = EL X - exp fra IF; 


t 


Proof: If X is reachable via a portfolio h we know that V7 is a Q- 
martingale. Then: 


Vr(h) x 
Z(h) = E2 [VZ - E? -E2 
Ví (h) = ES [VFW |F;] = E bee =e lan F 


SO 


X 
— ZW = Q 
Vi(h) = BOV; (h) = BOE E a 


T 
=E? E a =E? X - exp fra |F; 
t 


Theorem 13.1.11. Suppose r given on (Q, F,P, F). Then, there ex- 
ist an infinite number of arbitrage-free term structures for this r. 
More precisely, for each Girsanov kernel ġ, the bond prices can be 
defined by: 


T 
p(t, T) = E® | exp 4 - J rudu } |F; 


t 


where Q is defined by 


df(t, T) = v(t, T)vr(t, T)dt — vr(t, T)d V(t) 
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and 


dL(t) = d(t)L(t)dW(t) 
L(O) = 1 


The term structure is then free of arbitrage. Furthermore, the 
Girsanov kernel ġ is related to the market price of risk, à such as 
à =-6¢. That is, à is the Girsanov kernel for the transformation from 
Q to P 


Theorem 13.1.12. Suppose the short rate r on the martingale 
measure Q solves the SDE 


dr(t) = w(t, r(t))dt + o (t, r(t))dV(t) 


and let X be a contingent claim: X = ®[r(T)]. Then, the price of X on 
Q is 


m[X] = Flt, r£] 


where F is a solution to the PDE 


OF (t,x) dF, x) 14 Elt, x) 
t, —o~(t, x) ——,— —xF(t,x) =0 
: + u(t, x) n PTG T (t,x) 
F(T, x) = ®(x) 


To calculate arbitrage prices via a PDE, r has to be a Markov pro- 
cess on the martingale measure Q. r is a Markov process from the 
suggestions: 


@ We supposed that r on P was a solution to a SDE. 


GD We supposed that the market price of risk was a function of time 
and interest rate. 


14 


Pricing of Bonds 


14.1 Bond Pricing 


As we have seen the price of a zero coupon bond at t = 0 and time to 
maturity T is given by 
T 


p(0, T) = EÈ, | exp $ - / r(s)ds 
0 


Therefore we can write the price of a coupon-bearing bond as 


M tn 
C-N 
B(0, T) = ` zog, exp 4 — / r(s)ds 
n:t,>0 a 0 
T 
oN Ee exp - f roas 
0 


Che 
=—— > p.m) +N -p,T) 
w n:tnz0 


where N is the nominal amount, C the coupon rate, w the coupon 
frequency, M the number of coupons and t, the cash-flow dates. We 
use p(0, t,) as discount factors so the value of a bond on a particular 
date is completely determined by the discount curve at that date. We 
notice that at each time f,, the bond price has a jump of size CN/o. 
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Thus, the value of the bond changes discontinuously. We can make 
the “price” continuous if we subtract the accrued interest rate AI. The 
usual convention is to let the coupon accrues linearly between the pay- 
outs. This accrued interest rate is the earned rate by the bondholder. 
C.N t-th 
AI(t, tn) = —_——— 
@ tn+1-tin 

By definition, the clean price of a bond corresponds to the price at 
which the transaction takes place without including accrued interest. 
The dirty price is the price including accrued interest, that is, how 
much money trades hands (so to speak). Hence, 


Dirty price = Clean price + AI (t, tn). 


In an arbitrage-free economy, the dirty price should be equal to the 
theoretical value. In particular, the theoretical clean price can be 
expressed in terms of the term structure of interest rates as 


M 
C-N 
B(O, T) = FS >D pO, tr) +N - p(0, T) — AIO, tn) 


n:t,>0 


The clean and dirty prices coincide on the coupon date after the 
coupon is paid (since Al(tn,tn) = 0. Bond quotes in the US Treas- 
ury, international and corporate markets are usually in terms of clean 
prices. 

The yield of a bond (or ytm) is the effective constant interest rate 
that makes the bond price equal to the future cash flows discounted 
at this rate. The yim is usually computed using the same frequency 
as the bond’s interest payments (e.g. semi-annual), rather than the 
continuously compounded yield used for zeros. 

Assume that the current date coincides with a coupon payment 
date, so that t = tm. In this case, we define the yim of the bond (after 
the coupon was paid) to be the value of Y such that 


n-m 1 N-m 
B(O, T) = —— +N- {—— 
ae >> ‘Game (e) 


If the current date does not coincide with a coupon date, we should 
take into account the fraction of year corresponding to the period 
between now and the next coupon date. 
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Accordingly, assume that tm < t < tn, and that f represents the 
ratio of the number of days in remaining until the next coupon date 
and the number of days in the coupon period, using the appropriate 
day count convention. (Hence, 0 < f < 1). The bond yield Y is defined 
by the relation 


C-N M 1 f+n-m-1 1 f+N-m-1 
sons a 
(42) 


1+ Y/w 1+ Y/w 
n=m+1 

The previous equations define Y implicitly in terms of the bond value. 
It is easy to see that B is a decreasing function of Y. Moreover, B is 
convex in Y. To obtain the yield from the bond value, the equations 
must be solved numerically. Nevertheless, the yield of a bond is a well- 
defined function of its theoretical value B (the dirty price) and thus of 
the discount factors. 

Notice that if t = tm we can use the summation formula for a 
geometric series to obtain 


BoO,T)= (1 1_\" +N 1\" 
egy 14+ Y/lo 1+ Y/lo 


This formula shows that if the yield is equal to the coupon rate, the 
value of the bond is equal to its face value. From this fact and the mono- 
tonicity of the price/yield relationship, we can derive some elementary 
relationships between price, yield and coupon. 

If, immediately after a coupon payment, a bond trades at 100% of 
the principal, we say that the bond trades at par. In this case, its yield 
is exactly equal to the coupon rate. If the bond price is less than 100% 
of face value, we say that the bond trades at a discount. In this case, 
its yield is higher than the coupon rate. If the bond trades above 100% 
of face value, we say that bond trades at a premium. In this case, the 
yield is lower than the coupon rate. 

In an arbitrage-free market, two bonds with same price and same 
cash-flow dates cannot have different coupons (otherwise, we can 
short the one with the smaller coupon and buy the one with the larger 
one). Similarly, two bonds with the same price and payment dates can- 
not have different yields. The notion of par yield - the yield of a par 
bond -is sometimes used to represent the term structure of interest 
rates implied by the bond market. In this case, one speaks of the par 
yield curve. 
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14.1.1 Duration 


The price-yield relation gives rise to several quantities that are 
commonly used in bond risk-management. The first notion is that 
of duration (or average duration, or McCauley duration) which is 
defined as 


tigen 
D=7 E A O 


Thus, the duration represents a weighted average of the cash-flow 
dates, weighted by the cash flows measured in constant dollars. 
Mathematically, it is the “barycentre” of the cash-flow dates. 

A closely related quantity is obtained by differentiating the bond 
price with respect to the ytm 


aB CN <h (ftn-m-1 bee 
FY w w 1 +Y/w 


n=m+1 


y Nami 1 9m 
w 1+ Y/æ 


It follows from the definition of f, that (f +n—m-—1) represents the time 
between ź and t, measured in coupon periods (1/w years). Therefore, 
the number (f +n-m-1)/% represents the time interval between t and 
the n” coupon date measured in years. We conclude that 


1 0B D 
Boy 1+ Y/w 


Thus, the per cent sensitivity of the bond (dirty) price with respect to 
yield is of opposite sign and proportional to the average duration. The 


quantity 


D 
1+ Y/w 


D mod = 
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which represents the exact magnitude of the percentage change 
which is known as modified duration. These equations express the 
fact that the longer the duration, the greater the sensitivity of a bond 
to a change in yield, in percentage terms. 

Clearly, a zero-coupon bond has duration equal to the time to matur- 
ity. The duration of a coupon-bearing bond trading at par (face value) 
immediately after the coupon date is 


M-1 
need: : = 0+Y (1-a) 
wo (l+ Yla)" Y (1+ Yla) 


(The derivation of this formula is left as an exercise to the reader.) The 
formula shows that duration decreases with frequency. In fact, if the 
bond matures in T years and makes only a single payment, we have 
N = 1,œ = 1/T. Substituting these values into the previous equation, 
we find D = T, the result for zeros. In the limit @ >> 1, setting N = wT, 
we have D = (1 - e "Y/Y. 

The duration of a coupon-bearing bond is always smaller than 
the time-to-maturity, because far-away cash-flow dates are “discoun- 
ted” more than nearby dates. We also get a formula for the modified 
duration of a par bond, which gives the price-yield sensitivity as 


1 1 
Pig eet | 
oey ( aa) 


These formulas are useful for estimating the price-yield sensitivity of 
bonds. For example, if N >> 1 we can make the approximation 
Dmoa © 1/Y. This approximation is exact for perpetual or console 
bonds, which are fixed income securities that pay a fixed coupon and 
have no redemption date. Because the maturity is infinite, the afore- 
mentioned formulas apply even if the console bond is not trading at 
par, by simply scaling the coupon. The modified duration of a console 
is exactly equal to 1/Y. Moreover, it is easy to see that Y = CN/B. 
Treasury bond prices are usually quoted in clean price or yield and 
bonds usually trade close to par (this is true for recently issued bonds). 
Historically, duration was introduced as a measure of the risk-exposure 
of a bond portfolio and hence as a hedging tool. The rationale for this 
is that if we assume that bond yields vary in the same direction and by 
the same amount, that is, if the yield curve shifts in parallel, we can 
measure the total exposure of a portfolio to a shift in the yield curve. 
In fact, a portfolio consisting of M bonds with nı dollars invested in 
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bond, m dollars invested in bond 2, etc., has, under the parallel shift 
assumption, a first-order variation with respect to yield of 


Yn =| > aD moa; | dY 
J 


J 


J 


Thus, the sensitivity to a parallel shift in yields is equal to the dollar- 
weighted modified duration of the portfolio. A portfolio with van- 
ishing dollar-weighted modified duration has no exposure to parallel 
shifts in the yield curve. 

It has been recognized now for quite some time that duration-based 
hedging (under the explicit assumption of parallel shifts of the yield 
curve) is not precise enough to immunize a fixed income portfolio 
against interest rate risk. The reason is that yields of deferent maturities 
generally do not move together and by the same amount. Appropriate 
modelling of yield correlations is needed to produce efficient portfolio 
hedges and to correctly price fixed-income derivatives that are contin- 
gent on more than one yield. The modelling of yield correlations is an 
interesting subject. 


15 


Term-Structure Models 


15.1 Martingale Models for the Short Rate 
15.1.1 The Q-Dynamics 


Let us again study an interest rate model where the P-dynamics of the 
short rate of interest are given by 


dr(t) = w(t, r(t))dt + o (t, r(t))dW(t) 


As we saw in the previous section, the term structure (i.e. the family 
of bond price processes) will, together with all other derivatives, be 
completely determined by the general term-structure equation 


T T 2pT 


OF OF 1 ,0°F 
En t)—A(Ho(t 2 NFT =0 
T + {ult -Ao (t)} m TE r(t) 


F(r,T,T)= (r) 


as soon as we have specified the following objects. 


e The drift term u. 
e The diffusion term o. 
e The market price of risk À. 


Consider for a moment o to be given a priori. Then it is clear from the 
term-structure equation that it is irrelevant exactly how we specify 
u, and à. The object, apart from o, that really determines the term 
structure (and all other derivatives) is the term u — ào. Now, we recall 
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that the term u — Ac. is precisely the drift term of the short rate of 
interest under the martingale measure Q. This fact is so important that 
we stress it again. 

The term structures, as well as the prices of all other interest rate 
derivatives, are completely determined by specifying the 7-dynamics 
under the martingale measure Q. 

Instead of specifying u, and à under the objective probability meas- 
ure P we will henceforth specify the dynamics of the short-rate r 
directly under the martingale measure Q. This procedure is known 
as martingale modelling, and the typical assumption will thus be that 
r under Q has dynamics given by 


dr(t) = w(t, r(t))dt + o (t, r(t))dV(t) 


where u, and o are given functions. From now on the letter u will 
thus always denote the drift term of the short rate of interest under 
the martingale measure. In the literature there are a large number of 
proposals on how to specify the Q-dynamics for r. We present a (far 
from complete) list of the most popular models. If a parameter is time 
dependent, this is written out explicitly. Otherwise all parameters are 
constant. 


Vasicek 

dr = (b—ar) dt+odV 
Cox-Ingersoll-Ross (CIR) 

dr =a(b-r)dt+oVJrdV 
Dothan 
dr = ardt + ordV 

Black-Derman-Toy (BDT) 

dr = a(t)rdt + o (t)rd V 
In some literature this SDE is written as: 

dln (r) = {O(t) + p(t) In(r)} dt + o (t)dV 


where 6(t) will be shown to be the drift of the short-term rate 
and p(t) the mean reversing term to an equilibrium short-term rate 
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which depends on the interest rate local volatility as follows: 


ğ=2 Z njo ge 
j a(t) 
That is, 
din(r) = {oc + —- In o| dt + o(t)dV 


Since the volatility is time dependent, there are two independent 
functions of time, O(t) and o(f), chosen so that the model fits the 
term structure of spot interest rates and the structure of the spot 
rate volatilities. 


Ho-Lee (HL) 
dr = a(t)dt + o(t)dV 


Since dV is normally distributed Wiener process, this is a normal 
process for the short-term rate. 


Hull-White (extended Vasicek) (HW) 
dr = (b(t) — a(t)r) dt + o(t)dV 


In this model, where there is an extra term giving an additional de- 
gree of freedom. For that reason a trinomial tree can be used to 
model the stochastic process. 


Hull-White (extended CIR) 
dr = (b(t) — a(t)r) dt + o (t),/rdV 


The Kalotay-Williams-Fabozzy model (KWF), the short-rate dy- 
namics is given by: 


dlnr = a(t)dt + o(t)dV 


This is a log normal process interest rate model, similar to the BDT. 
The Black-Karasinski model (BK) the short-rate dynamics is 
given by: 


dlnr = (a-@ Inr)dt+odV 


This is logarithmic analogue to the HW model. So for the same 
reason a tree model is used to model BK. 
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When we choose a short-rate model, we then have to consider the 
following questions: 


What do the dynamics of the model imply for the short rate, r? 
Is r positive at each time, t? 


Are you dealing with a fat-tailed distribution? 


mw Nh 


Can the bond prices, p(t, T) and the bond option prices be calcu- 
lated explicitly? 


5. Does the short rate tend towards a long-term mean? 


6. How suited is the model for recombining lattices and Monte Carlo 
simulation? 


7. Can historical estimation methods be used for parameter estima- 
tion? 


15.1.2 Inverting the Yield Curve 


Let us now address the question of how we will estimate the various 
model parameters in the previous martingale models. To take a specific 
case, assume that we have decided to use the Vasicek model. Then we 
have to get values for a, b and o in some way, and a natural procedure 
would be to use SDE theory. This procedure, however, is unfortunately 
completely non-sensical and the reason is as follows. 

We have chosen to model our r-process by giving the Q-dynamics, 
which means that a, b and o are the parameters which hold under the 
martingale measure Q. When we observe in the real world we are not 
observing r under the martingale measure Q, but under the objective 
measure P. This means that if we apply standard statistical procedures 
to our observed data we will not get our Q-parameters. What we get 
instead is pure nonsense. 

This looks extremely disturbing but the situation is not hopeless. It 
is in fact possible to show that the diffusion term is the same under P 
and under Q, so “in principle” it may be possible to estimate diffusion 
parameters using P-data. Since we are familiar with martingale theory, 
we will at this point recall that a Girsanov transformation will only 
affect the drift term of a diffusion process but not the diffusion term. 
When it comes to the estimation of parameters affecting the drift term 
of r we have to use completely different methods. 


15 Term-Structure Models 337 
Therefore we ask us the following question 
Who chooses the martingale measure? 
The answer to this question is 
The market! 


At the same time two parties agree on a price and make a deal on 
which the (their) risk neutral probability is fixed. This is equivalent to 
say that when we know the risk neutral probability we also know the 
market price of the deal price. 

Thus, in order to obtain information about the Q-drift parameters 
we have to collect price information from the market, and the typical 
approach is that of inverting the yield curve that works as follows 


1. Choose a particular model involving one or several parameters. Let 
us denote the entire parameter vector by a. Thus we write the 
r-dynamics (under Q) as: 


dr(t) = u(t, r(t); a)dt + o (t, r(t); a)dV(t) 


2. Solve, for every conceivable time of maturity T, the term-structure 
equation 
aFT oo aFT 1 
+u + g2 ČET rFT=0 
ot dr 2 r 
F'(r,T) =1 


In this way we have computed the theoretical term structure as 
ais Be : 
pit,T;a)=F (7, ta) 


Note that the form of the term structure will depend upon our 
choice of parameter vector. We have not made this choice yet. 

3. Collect price data from the bond market. In particular, we may 
today (i.e. at t = 0) observe p(0, T) for all values of T. Denote this 
empirical term structure by {p*(0, T); T > 0}. 


4. Now choose the parameter vector a in such a way that the 
theoretical curve 
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{pO, T; a); T > 0} fits the empirical curve {p*(0, T); T > 0} as well 
as possible (according to some objective function). This gives us 
our estimated parameter vector a* 


5. Insert œ“ into u and o. Now we have pinned down exactly which 
martingale measure we are working with. Let us denote the result 
of inserting a* into u and o by u* and o%*, respectively. 

6. We have now fixed our martingale measure Q, and we can go on to 
compute prices of interest rate derivatives, like, say, X = A(r(7)). 
The price process is then given by I(t; A) = G(t,r(t)) where G 
solves the term-structure equation 


0G. 3G ıı, 203G 

G=0 
a har V ae 
G(r, T) =T@) 


If the program is to be carried out within reasonable time limits, 
it is of course of great importance that the PDEs involved are easy 
to solve. It turns out that some of the previous models are much 
easier to deal with analytically than the others, and this leads us to 
the subject of so-called affine term structures that we will discuss 
in detail. 


15.1.3 Affine Term Structure 


Definition 15.1.0.1. If the term structure {p(t, T);0 < t < T, T > 0} 
has the form 

p(t, T) = F(r@),t,T) 
where 


F(r t T) = e46 T)-BU,T)r 


and A and B are deterministic functions, then the model is said to 
possess an affine term structure (ATS). 
In some literature, the affine bond prices are written as: 


p(t, T) = A(t, TE BO”, 


15 Term-Structure Models 339 


We can also use the following definition: 


Definition 15.1.0.2. A model is said to have the ATS if the continuo- 
usly compounded short-rate R(t, T) is an affine structure of the short- 
rate r(t) 


R,T) = a(t,T) + (t, T) - r(t) 


where g and f are deterministic function of time, were we set 


_ A(t, T) 
a(t, T) = ot 
_ BUT) 


The previous functions A and B are functions of the two real variables 
t and T, but conceptually it is easier to think of A and B as being func- 
tions of t, while T serves as a parameter. It turns out that the existence 
of an ATS is extremely pleasing from an analytical and a computational 
point of view, so it is of considerable interest to understand when 
such a structure appears. In particular we would like to answer the 
following question: 

For which choices of n, and o in the Q-dynamics for r do we get 
an ATS? 

We will try to give at least a partial answer to this question, and we 
start by investigating some of the implications of an ATS. Assume then 
that we have the Q-dynamics 


dr(t) = w(t, r(t))dt + o (t, r(t))dV(t) 


and assume that this model actually possesses an ATS. In other words 
we assume that the bond prices have the form of F(r,t,T) in the 
previous equation. Then we may easily compute the various partial 
derivatives of F, and since F must solve the term-structure equation, 
we thus obtain 


dA(t, T) 
ot 


fı + = 2) r(t) — u(t, r(t)) Bt, T) + sot r(t))B*(t,T) = 0 


The boundary value F(r, T, T) = 1 implies 


A(T,T) = B(T,T) =0 
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The aforementioned equation gives us the relations that must hold 
between A, B, u. and o in order for an ATS to exist. For a certain choice 
of u and o there may or may not exist functions A and B such that the 
equation is satisfied. Our immediate task is thus to give conditions on 
u and o which guarantee the existence of functions A and B. 

We observe that if u and o° are both affine (i.e. linear plus a con- 
stant) functions of r, with possibly time-dependent coefficients, then 
the previous equation becomes a separable differential equation for 
the unknown functions A and B. Therefore, we assume that 


W(t, r) = a(t)- r+ d(t) 
ot, r) = c(t): r+d(t) 


Then, we get the following equation: 
0A 0B 
a T)= 41+ ge“ T)¢ r(t)— {a)r + b()} BE, T) 


{c(t)r(t) + d(f)} B7(t, T) = 0 


Nile 


+ 


which can be separated into two equations 


dA(t, T) 1 2 
— b(t)B(t, T) + -d (t)B4(t, T) = 0 
ot 2 
dB(t, T) 1 2 
+ a(t)B(t, T) — ze OB (t, T)=-1 


A(T,T)= B(T,T) =0 
The last equation is a Ricatti equation in B. If we solve this, we can 


insert this in the first equation in order determine A. When we are 
studying different models they will in general be on the form 


dr(t) = {a(t)r(t) + b()} dt + J c(t)r(t) + dOd VÀ) 


Therefore we will use the functions (a, b,c and d) in the equations of 
A and B previously to find the bond prices 
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To see that our choice of u and o° is a good one, we take the 
derivative of the affine TSE 


dA(t, T) fi P OB(t, T) 


Ji F | r(t) — u(t, r(t))B(t, T) + sot r(t))B°(t,T) = 0 


with respect to r. We then get 


| dB(t, T) 
1+ 


3 Lies Sa 
>, | (ME rO BOT) + 5— (o (t, r(o)) B2(t,T) = 0 


or 
A second differentiation with respect to r gives: 


-B(t, ra (u(t, r) + SBC, i (o, r0) =0 
We must then have 
32 
372 (u(t, r(t))) = 0 
and 
a (o, rD) =0 


which gives us 


u(t, r) = a(t): r +b(t) 

o7(t,r) = c(t): r+d(t) 
Lemma 15.1.2. If u and o? are both affine (ie. linear plus a 
constant) functions of r, then the term structure is affine. 


Theorem 15.1.3. Suppose that the model is affine. We have, under Q: 
dp(t, T) = r(Ðp(t, T)dt — o (t, r())B(t, T)p(t, T)dV (Ð) 


and 


OB(t, T) əƏB(t, T) 
aT dt + o(t, r(t)) aT 


df(t, T) = 07 (t,r(t))B(t, T) dV(t) 
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Proof: We use It6 on p(t, T) = exp {A(t, T) — B(t, T)r())}: 


dp aA B 1 32 
p gee ee pg oP 
0A ðt OB ot or 2 ar2 
dA dB. ap 1 3p 
dt dt dt + odV) + ~o?—~dt 
a Por torv +O as d 


ðr? 
dA OB 1 
= po at = pa — Bp (udt + odV) + 50 B pat 
dA OB 
= F 
Plat! ar 


= r(t)p(t, T)dt — o (t, r)B(t, T)p(t, Dd V(t) 


(dr) 


dp(t, T) = 


=p 


1 2 p2 
Bet TB dt — o BpdV 


where we used the equation 


dA(t, T) i əƏB(t, T) 
ðt -| + 


| r(t) — w(t, r(t))B(t, T) + sot r(t))B?(t,T) = 0 


from the previous equation. Furthermore, from 
dp(t, T) = r(t)p(t, T)dt + v(t, T)p(t, T)dV(t) 
and 
df(t, T) = v(t, T)vr(t, T)dt — vr(t, Dd V (1) 
we see that 
v(t, T) = —o (t, r)B(t, T) 
so, we must have 


OB(t, T) əƏB(t, T) 
aT dt + o(t, r(t)) aT 


df(t, T) = 0° (t, r(t))B(t, T) dV(t) 


From the ATS we also get 
ð 
f(t,T) = = {In [p(t, T)]} 


= E {A(t, T) — r()B(t, T)} = r()Br(t, T) - Ar(t, T) 
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Especially, we will use the following expression in calibration of the at 
time t = 0 observed forward prices: 


f*(0, T) = r(0)B7(0, T) —Ar(0, T) 


15.1.3.1 The Vasicek Model 


The model proposed by Vasicek in 1977 is a yield-based one-factor 
equilibrium model given by the dynamic 


dr = (b—ar)dt+odV 
or sometimes 
dr=k(0-r)dt+oadV 


This model assumes that the short rate is normally distributed (such 
models are called Gaussian) and has a so-called “mean reverting pro- 
cess” (under Q). If we put r = 0 = b/a, the drift in interest rate will 
disappear. So this value represents the mean value of the short rate. 
So a is a measure of how fast the short rate will reach the long-term 
mean value. The model is popular in the academic community (mainly 
due to its analytic tractability). Because the model is not necessarily 
arbitrage-free with respect to the actual underlying securities in the 
marketplace, the model is not used much. With a(t) = —a, b(t) = b, 
c(t) = 0 and d(t) = o? (as shown earlier) the equation of B is given by 


oP ie T)-aB(t, T) =-1 
Ot 
BT,T) =0 
This can easily be solved: 
B(t,T)-a- B(t, T) = -1 
e "Btt, T)-a-e “Bt, T) = -e 


7 {e “Bt, T)} = -e 


T T 


et f abu, T) =- f edu 


t t 


1 
BET) =- {1-2} 
a 
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Inserting this in the equation of A, we obtain 


dA(t, T) 


- bB(t, T) + FB, T) = 0 
A(T, T) = 0 


T 


T 
2 
At T= | B(s, T)ds + > J B(s, T)ds 
t t 


T 
b J fi- A dy +5 Ji ga pn 
a 


T 2 T 
ya 1 eT] ao? |s 2 aT); 1 g2alT-s) 
a t 2a? a 2a P 


We then have the solution to the term-structure equation. We only 
have to calibrate the model parameters so that the model will replicate 
the observed market prices of some instruments. 

There are good probabilistic reasons why some of the models in our 
list are easier to handle than others. We see that the models of Vasicek, 
Ho-Lee and HW (extended Vasicek) all describe the short rate using a 
linear SDE. Such models are easy to solve and the r-processes can be 
shown to be normally distributed. 

We can also solve the Vasicek model like 


der) = e“dr+ae“rdt = e” (b — ar) dt+e“odV+are“dt = e“bdtte“adV 


giving 

i t 
e”r(t) = r(0) +b J e™du +0 J en" dy, 
0 


0 
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which simplifies to 
t 
r(t) = r(0)e™ + 2 (l-e“)+o J edy, 
É 0 
The calculation should have started at any time, thus 
t 
r(t) = r(s) ees) + f (1 _ a) +0 J eu dV, 
s 


The mean value in this model is given by 
b 
E[r()] = r0) + — (1-e) 
a 
and the variance by 
t 2 t 
o? 2 
Var [r()] = 07E | e “dV, =0° J edi E7 (1 -e a) 
a 
0 0 


We can see this if we write the short rate as 
t 


r(t)=A(t,r) +o J g(u)dV, 


and calculate 
Var [rO] = E [r0] - E roD? 
t t 2 
=E | [A(t,r) + 2ch(t,r) J g(u)dV, + | o J g(u)dV, 
—hi(t, r)* 
t 2 
=o E J gu)dV, 
(0) 


since the midterm in E[...] will vanish. We learn from this calculation 
that only the stochastic part contribute to the variance. This will be 
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used next. The bond prices are then given by 
T 


p(t, T) = EÈ | exp - f rondu F; 
t 


It is little tricky to calculate the bond prices with this expression. To 
do so, we can use the following theorem: 


Theorem 15.1.4. For X ~ N(m, o°) and y € R we have 
1 
E[e*] = exp {-ym+ -y?o7 
[e”"] = exp | ym+ sy 
For a proof, see Analytical Finance Vol. 1, for y = 1 we have 


E [e*] = exp {- + 50°} = exp {-£ [X] + var xı] 


If we let 

T 

X= J r(u)du 

t 

We can write the bond prices p(0, T) as 
T T 
p(0, T) = exp -E2 l r(u)du | + Evar J r(u)du 
0 0 


Taking part by part we obtain 


T T 
E J r(u)du | = J poer + (1 = = du 
0 0 


_ r(0) _ ,-aT 
= er) 


= 1 —aT b 
= Zi lar(0)-b) (l-e yer 


T ee 
+-T+G (l-e) 


Instead, integrating from t to T gives: 
T 
1 —a(T-t) b 
E r(u)du | = =) (b-ar(0))e +-(T-t) 
a a 


t 
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In order to calculate 
T 


Var J r(u)du 
0 
we need the following two results from stochastic calculus: 


Result 1: If W(t) is a Brownian Motion and g(t) a non-random func- 


tion, then: 
t 


X(t) = J g(u)dW(u) 
0 


t 
is a Gaussian Process with E[X(t)] = 0 and Var[X(t)] = f g°(u)du. 
0 


Result 2: If W(t) is a Brownian Motion and g(t) and A(t) non-random 
functions defined as 


t 


X(t) = J g)dW(u) 


0 
t 


Y= J ncoxcna 
0 
Then Y(t) is a Gaussian Process with E[Y(t)] = 0 and 
t t 2 
Varl Y] = | gu) J h(y)dy | du 
0 u 
We will now use what we learned before; only the stochastic part 


contribute to the variance. Therefore we have 


T Tr T 2 


Var J r(u)du | = J J ce dy | du 


0 0 u 
T 2 


T 
=o? f (em) [eve du 
0 


u 
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Remark! This is the same result obtained earlier where we solved 
the equations for A(t, T) and B(t, T). 


If we use the result when we derived the TSE we find: 


_ oF, (r,t, T) oo, apt, T) B 
P= FOLD pat) or 


—0,B(t, T) 


The bond price volatility in the Vasicek model is then given by!: 
Op = a (1 eT) 
"g 


This model allows that the short rates have a positive probability to 
become negative. A few years ago, such models was said to have a 


1 We have changed the sign so that the volatility becomes positive. The reason for being neg- 
ative is that an increase in rate gives a decrease in price. The volatility on the other hand only 
reflects changes in price or rates. 
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Vasicek Model: Steady State Probability Density Function 
for Spotrate r 


4,50% 
1,76% 7,24% 


-10% -5% 0% SD 5% +SD 10% 15% 20% 


Fig. 15.1 The Vasicek probability density function 


disadvantage because it allows for negative interest rates. But now, we 
all know that negative interest rates may accrue in reality. A simulation 
of the distribution of the short rates with a = 0.15, b/a = 4.5 % and 
o = 1.5 % is shown in the Fig. 15.1. 

The probability distribution of the spot rate is normally distributed 
with mean and variance given by 


at, b a b DY) a 
Eroro +2 (Inet) =2 + 0-2) 
2 
Var [r(t)] = — (1-e*") 


2a 


The probability density function is then given by 


sez (r-E ror - ( r-E [r0] ) 


exp 
2x - Var [rO] | 2 - Var [r(t)] Var [r(t)] 


al _atr-blay 
P = -3E o2 
TO 


If r(0) is 2.0 % the simulated term structure of interest rates is shown 
in Fig. 15.2. 


That is, 
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Vasicek Term Structure of Interest 


5,0% 
ee 
4,0% Vasicek Zero Rate 
3,5% ..- — equilibrium 
o ratt=0 

3,0% 

Infinitely long rate 
2,5% 
2,0% 

Time to maturity 

1,5% 


0 5 10 15 20 25 30 35 


Fig. 15.2 The Vasicek term structure of interest rates 


This gives a discount function as (Fig. 15.3) 

We will in a subsequent section show the same simulation for the 
CIR model where the short rate always is positive. 
Option Pricing 
In many term-structure models, it is possible to find analytical solu- 
tions for European options on discount bonds. In a paper by Jamshidan 
(1989), a method for pricing options on coupon bonds is developed. 
These options are in fact options on a portfolio of discount bonds. Jam- 
shidan shows how the valuation procedure can be changed so that the 
option can be calculated as a portfolio of options on discount bonds 
with appropriate strike prices. 

The method works for one-parameter models, since all bond prices 
are decreasing functions of the interest rate used as the state variable. 

Consider a European option on a coupon bond (or a general fixed 
cash flow pattern) with strike price X expiring at time t. The value of 
the bond at any time ¢ can be written 


B(r, t) = >, ci- p(r, t, Ti) 


i=l 


15 Term-Structure Models 351 


Vasicek Discount Function 


Time to maturity 


0 5 10 15 20 25 30 35 


Fig. 15.3 The Vasicek discount function 


where c; is the coupons. The payoff from the option at maturity, T is: 
max(0, B(r, t) — X). The value of r when the option is exactly at-the- 
money is called rx and defined by: B(r*,t) = X. The option will be 
exercised when r(t) < r*. It can be shown that 


n n 
max lo D ci- p(t, T, T;) -x] = > cj max {0, p(r, t, Ti) —p@*, T, T))} 
i=l i=1 
The second summation is the exact payoffs of a portfolio of options 
on discount bonds. 

Jamshidan has also shown that options on zero-coupon bonds can 
be valued using Vasicek’s model. A European call option is given by 


T = L - p(0,S)N(h)- K - pO, T)N(h — op) 


where L is the face value of the bond, S the bond maturity, K the 
option strike and 


pad ig E209) 


Op K - p0, T) 2 
—2aT 

=% as- | 1-2 
1 a 
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Similarly, a European put option is given by 
I] = K - p(0, T)N(-h + op) — L - p(0, S)N(-A) 


The volatility given will be interpreted as the volatility of proportional 
changes in the short rate, in order to obtain values in the same units 
as in the Black-Scholes model. If the volatility is given in yield it has to 
be converted to price volatility: 


d 
Op = 05> - — = oy -y : ModDur 
“pay 


where T is the option maturity and t the maturity of the bond. For op- 
tions on cash flows with floating rates, an additional procedure must 
be used. It can be shown that the present value and interest rate sens- 
itivity of a cash flow depending on the implied forward rate can be 
made identical to two fixed cash flows. For Swaptions, this proced- 
ure is used to first convert all floating cash flows and then apply the 
method described previously. 


Example 15.1.5 


Consider a European call option on a zero-coupon bond. Time to expiration is two 
years, the strike price is 92, the volatility is 3%, the mean-reverting level is 9%, 
and the mean reverting rate is 5%. The face value of the bond is 100 with time to 
maturity three years, and initial risk-free rate of 8%. 


L = 100, K = 92,T = 2,5 = 3, b = 0.0045, a = 0.05, r = 0.08, 0 = 0.03. 
c = 100 - p(0, 3) - N(h) - 92 - p(0, 2) - N(h — op) 


1- e-2aT 
Op =0 - B(T, S) - Fa 
= e70.05-(2-0) 
Bt, T) = B(O, 2) = ———_—— = 1.9032 


0.05 
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1 — e-10.05-(3-2) 
B(T, S) = B(2, 3) = —————— = 0.9754 
(T, S) = B(2, 3) 005 
_ ¢7-0.05:(3-0) 
B(t, S) = BOO, 3) = —————— = 2.7858 
(t, S) = BOO, 3) 005 


(BO, 2)-2-+0} {0.0045 -0.05- 25" } 9 932 


AG, T) = A(0,2) = BrO,2 
(t, T) (0, 2) 0.052 4.0.05 0,2) 
= -0.00763 
{B(O,2)-3 +0} {0.0045 0.05 — og | 0.032 _, 
A(t, S) = A(0, 3) = g 
(t, S) (0,3) 0.052 4.0.05 0,3) 


= -0.01562 
p(t, T) = p(0, 2) = exp {A(0, 2) — 0.08 - B(0, 2)} = 0.8523 
p(t, S) = p(0, 3) = exp {A(0, 3) — 0.08 - B(0, 3)} = 0.7878 


1- e72(2-0).0.05 
=0.03 - B(2,3)| ——— — 0.0304 
°p 2D — r005 


1 Grane 2) oF 
In 


ip 
+ = 0.1394 
Op 92 - p(0, 2) 2 


h= 


The call value for one USD in face value is 


c = L- p(0,S)N(h) -K - p(0, T)N(h = op) 
= 100 - p(0,3) - N(h) — 92 - pO, 2) - N(h — op) 
= 100 - 0.7878 - (0.1394) — 92 - 0.8523 - (0.1394 — 0.0394) 
= 0.0143 


With a face value of 100 the call value is 1.43 USD (100 x 0.0143). 


Example 15.1.6 


Consider a European call option on a coupon bond. Time to expiration is four years, 
the strike price 99.5, the volatility is 3.0%, the mean-reverting level is 1.0%, and the 
mean-reverting rate is 5.0%. The face value of the bond is 100, and it pays a semi- 
annual coupon of four. Time to maturity is seven years, and the risk-free rate is 
initially 9.0%. 

First find the rate r that makes the value of the coupon bond equal to the strike 
price at the options expiry. Trial and error gives r = 8.0050%. To find the value of 
the option, we have to determine the value of six different options: 


1. A four-year option with strike price 3.8427 on a 4.5-year zero-coupon bond with 
a face value of four. 


354 J.R.M. Roman 


2. A four-year option with strike price 3.6910 on a five-year zero-coupon bond 
with a face value of four. 


3. A four-year option with strike price 3.5452 on a 5.5-year zero-coupon bond with 
a face value of four. 


4. A four-year option with strike price 3.4055 on a six-year zero-coupon bond with 
a face value of four. 


5. A four-year option with strike price 3.2717 on a 6.5-year zero-coupon bond with 
a face value of four. 

6. A four-year option with strike price 81.7440 on a seven-year zero-coupon bond 
with a face value of 104. 


The values of the six options are, respectively, 0.0256, 0.0493, 0.0713, 0.0917, 0.1105 
and 3.3219. This gives a total value of 3.6703. 


15.1.3.2 The Ho-Lee Model 


Ho and Lee (1986) published the first arbitrage-free yield-based model. 
It assumes a normally distributed short-term rate. This enables ana- 
lytical solutions for European bond options. The short rate’s drift 
depends on time, thus making the model arbitrage-free with respect 
to observed prices (the input to the model). The model does not in- 
corporate mean reversion. In the Ho and Lee model, the short-rate 
dynamics are represented by 


dr = 0(t)-dt+0 -dV 


In this model, where the risk neutral process 6(f) includes the market 
price of risk is of interest since it is easy to calibrate with real mar- 
ket data since the volatility is the same for Q as for P. But the model 
is not very realistic since the drift in the model does not follow mar- 
ket prices. The calibration to analytical solutions on bonds and bond 
option can be done without numerical calculations. 

The model has an ATS 


PED=FCO LT] e AA 
where 
0B 
—(t,T)=-1 
a eT) 
B(T,T)=0 
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gives 
Bt,T)=T-—-t 

and 

AGT) _ OOBE,T) ou T) 

ato O 2 , 

A(T, T)=0 

Inserting B(t, T) = T -t into this in the equation, we obtain 
T 
o? (T-t) 
A(t,T) = | 6(s)\(T —s)ds 5 3 


t 


We then only have to calibrate the model to the observed initial yield 
curve, that is, the observed bond prices at t = 0: p*(0,T) and to the 
historical volatility o. From p*(0, T) we can also get the forward rates 
f* ©, T). The initial forward rates are given by 


T 
2 
f*(0,T) = Br(0, T) - (0) -Ar(0,T) = r(0) + J a(syds— 77? 


Taking derivative with respect to T gives 
FPO, T) =0(T)-0°T 


Theorem 15.1.7. For each observed yield-curve {px(0, T): T > 0} 
there exists a unique function 0 (t) that fit the theoretical bond prices 
at t = 0, where 


OA) = f20,) +07t 


Given p * (0,7) and 6(t) we have decided which martingale measure 
we are working with. The next step is to calculate the theoretical term 
structure under this martingale measure. Therefore we will use 6(f) to 
calculate A and B to get 


p(t, T) =F (r(t), t, T) = 66D 0 Dr, 


This is quite comprehensive calculations. A better method is to 
calculate the forward prices given by 


ABUT) 1 ee. dB(t, T) 


df(t, T) = 0° (t,r(t))B(t, T) T T 


dV(t) 


356 J.R.M. Roman 


With the simple expression for B we get 
t t 
t 
f(t, T) =f(0,T)+o7 J (T -s)dst+o J dV(t) = f(0, T)+0°(T-s)+oV(0) 
0 0 


To get the bond prices we use 


T 
p(t, T) = exp - | re. u)du 


T T 


T 
= exp - | fonduso? f i -wau-o f vena 
T 


= exp - f fo, u)du 


o2Tt 
5 (T -t)-—o(T -1t)V(t) 


That is, 


p(t, T) = 


pO) oT t T=HVG 
(0,1) ex E -t)-o(T-t) o] 


Before we use this in a real situation we would like to remove the 
Wiener process. This is done by using 


f(t,T) = f0, T) + 07H(T — 5 +oaV(t) 


for T = t. That is, 


242 
r(t) = f(t,t) =f0,t)+ — +0oV® 


We finally get, by eliminating V(t): 


p*(0,T) 
p*(0, t) 


As there is no dependence of the drift on the level of the short rate, the 
volatility structure for the bond prices is determined by the constant o. 


2 
p(t, T) = exp Q — t)f*(0, t) - = .(T- ir -(T- ano} 


p(t, T) = 0,(T -f) 
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Calibration of Volatility Data 


The simple structure of this model allows us to illustrate how models 
with closed form solutions can be calibrated to interest rate options 
data. 

The HL model involves only one volatility parameter and, like Black- 
Scholes, it can be inferred from the market prices of actively traded 
interest rate options. Suppose, for example, that we have a set of m 
pure discount bond put options, the market price of which we denote 
by market; (i = 1,...m). One way to calibrate the model is to minimize 
the following function with respect to the parameter o: 


m 


. modelj(o) — market; 
min 
o 2 ( marketi 


A problem with calibrating term-structure consistent models with mar- 
ket caps data is that the quotes obtainable from brokers are not cash 
prices, but instead are Black volatilities. The first step in the calibra- 
tion procedure, therefore, is to obtain cash prices from the quoted 
volatilities via the pricing formula. 


Option Pricing 


To price a European call option with maturity T and strike price K on 
an S-bond, we get the arbitrage-free price as 


T 
xo [X] = EÈ max {L ; p(S,T)-K,0} - exp - f noas 
0 


It is possible to get an analytical result from this, but the calculations 
are quite complex. We will in a later section learn about forward meas- 
ure, and then it will be easier to calculate such prices. The result 
for a European call option with strike price K and maturity T on a 
zero-coupon bond with a face value L and maturity S is given by 


C(t, T, K,S) =L- p(t, S) - N(d)-K - p(t, T) - N(d — op) 
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where 


2 
L-p(t,S) 9i 
i In jes] ++ 


Op 


Op = 0(S-T)-VT 


Binomial Tree 


To build a binomial tree using the Ho-Lee model, we use the general 
dynamic 


dr = u(t) - dt + a(t) - dz(t) 
where dz(t) ~ N(0, 1) to write the discrete dynamics as 
Ar(t) = u(t) - At+ a(t) - Az(t) 


for the time period [t, t+ At] and where Az(f) is a normally distributed 
random variable. r(t) and o(f) are the short rate and the volatility of 
the short rate at time t for the interval from ź to t+ At. Without loss of 
generality, let At = 1 and let t = 0. We can write the evolution of the 
short rate as 


Ar(t) = w(t): At+ a(t): Az(t) 
With constant time steps, we can expand the dynamics as: 
Ar(0) = r(1) — r(0) = u(0) + o (0) - Az(0) 

This yields, for example 

r(1) = r(0) + w(0) + o (0) - Az(0), 

r(2) = r(1) + wd) + o (1) - Az(1) = r(0) + u(0) + o (0) - Az(0) 

+m) +o(1)- Az(1) 
= r(0) + {u(0) + u(1)} + {o(O) - Az(0) + o(1) - Az(1)} 

and 


r(3) = r(0) + {uO) + uC) + u(2)} 
+ {a (0) - Az(0) + o(1) - Az(1) + o(2) - Az(2)} 
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In general then 
r(t) = r(t—1) + w(t—1) + o(t-1)- Az(1) 
t-l t-l 
=r0)+ wGi-1)+ Yo oli- 1)Azi- 1) 


i=1 i=1 


This expression shows that the short rate is the sum of a set of non- 
stochastic drift terms and a set of stochastic terms; all of the latter are 
normally distributed. Consequently, all short interest rates are normally 
distributed (albeit with changing parametric values). For example, 


r(1) ~ N (r0) + (0), 0*(r(1))), 
r(2) ~ N(r(O) + uO) + HCL), o°) + r(2))), 
r(3) ~ N(r(0) + 10) + WL) + (2), o°) + r2) + r68), 


and general 


tl t 
rt) ~ N (o + ` u(i- 1), o? (£ ro)) 


i=l i=1 
The inputs for a Ho and Lee no-arbitrage interest rate model in dis- 
crete time are (1) a set of known (pure) discount bond prices, {p(O, 1), 
pCO, 2), pCO, 3), ...,p(0, n)},2 and (2) the volatility (standard deviation) 
of future one-period short rates, {o (0), o (1), ..., o @-D}. 

An evolution of the short rate that precludes arbitrage must satisfy 
the local expectation conditions that bonds of any maturity offer the 
same expected rate of return in a given period. This is equivalent to the 
expectation of the discounted value of each bond’s terminal payment 
being equal to its given market value. Let the present values, at date 0, 
of a bond’s terminal payments be given by 


n-1 
b(0, n) = exp (- es o) 


i=0 


Therefore, the no-arbitrage conditions will be stated as 
pO, 1) = ef = £2 [BO]Fo] = E? [AF] = eM 
p(O, 2) = e FO.0)4f0.)} — g2 [b(2)|Fo] =E [POF | 


p(0, 3) = YOOFOD4f0.2)) = EL [p(3)|Fo] = E2 eto) Fo] 
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and in general 
n-1 n-1 
p(0, n) = exp (- 5 fG-1, p) = EÈ [b(n)] = E2 [es (- > o) 
i=0 i=0 


where f(i— 1,7) is the one period forward rate observed at time i. We 
know that if X ~ N(u, o”), then 


E [e~] = eho” 
The zero-coupon bond price at t = 2 is then given by: 
p(0,2) = E2 ee) Fo] = eM) pO er Fo] 
= eTO pE rO?) 
That is, 
o a 
In p(0, 2) = —r(0) - E* [r(1)] + 3 (r(1)) 
or 
Q l 2 
E* [r(1)] = -1n p(0, 2) — r(0) + a Cr) 
We know that 
In P(0, 2) = -f (0,0) -f (0, 1) = —r(0) -f (0, 1) 
Therefore we can write 
o 1a 
E* [r(1)] = -f(0,1)+ gr Uy) 


Thus, the expectation at date O of the short rate at date 1 is the for- 
ward rate plus a term determined by the variance, Y, o(r(1)). Further, 
applying the expectations operator to r(t), we get a second expression 
for the expectation of the short rate, 


E2 [r(1)] = r(0) + w(0) 
Thus 


1 
(0) = f(O, 1) — r(0) + 57 OD) 
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This expression tells us that the drift term, (0) is given by the com- 
bination of two effects: (1) f(0, 1) —r(O) is the difference between the 
forward rate and the short rate (i.e. the short rate drifts up or down 
towards the forward rate). (2) 2 o7(r(1)) is a positive drift adjustment 
term that is required to preclude arbitrage. 

Let ô(t) denote the drift adjustment term for date t. Then, 6(0) = 
Y, 0(r(1)). We can then work out the details in step 3 


p(0, 3) = EQ pT = e TOEL je eeraa] 


= e70) e ECOD rAr) 
Further 
o i 
In p(0, 3) = -r(0) — E? [r(1)] - EÈ [r(2)] + a (r(1) + r(2)) 
l > Q l> 
= —r(0) - f (0, 1) - 5° (1) =E~ [r(2)] + ri (r(1) + r(2)) 
or 


EÊ [r(2)] = -1n p(0, 3) - r(0) -f, 1) + Z000) +r(2))- To) 


We know that In p(0, 3) = -f (0, 0)—f(0, 1)-f (1,2) = —r(0)-f(0, 1)-f (1, 2). 
Therefore, upon substitution, 


l 2 l 5 
EL [D] SALAR T VIFAA = (r(1)) 


Thus, the expectation at date 0 of the short rate at date 2 is the forward 
rate plus a term determined by the variance, 


Toa + r(2))- To) 


Further, applying the expectations operator, we get a second expres- 
sion for the expectation of the short rate, 


E? [r(2)] = r(0) + uO) + WL) 
That is, 


1 
a(1) = f(1, 2) — r(0) — u (0) + 57 (rl) + r(2))—07(r(1)) 


= f(1,2)—f(0,1) + sort) + r(2))-07(r(1)) 
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This expression tells us that the drift term, (1), is given by the com- 
bination of two effects: (1) f(2) —f(1) is the difference between the 
forward rate at date 2 and the forward rate at date 1, that is, the nearby 
forward short rate drifts up or down towards the distant forward rate. 


(2) 5(1) = 507(r(1) + r(2)) — o7(r(1)) is a positive drift adjustment term 


at time 1 that is required to preclude arbitrage. 
Then, if we add ô(0) and 6(1) we get 


Supl 2¢r(1) + r(2)) Eor) 
Grego r =a" r 


t=0 


Similarly, if we add u(0) and (1) we get 


1 1 
(0) + w(1) = f(0, 1) — r(0) + rD) +f(1,2)+ 50 r0) + r(2)) 
~o7(r(1)) 


l 5 l 2 
SE A E RA OL 


which can be simplified to 


1 1 
X uO =f, 2) -r0) +Y 8O 


t=0 t=0 


If we continue with the same process as earlier to t = 4 we will 
find that: 


2 2 
X uO =f2,3)-r0) +$ 8O 


t=0 t=0 
etc. If we generalize this we will have the following result: 


t t-l 


£2 [OF] = f0 -1,)+ 507 LW ~ 507 Srv) 


j=l jel 
vleres- 


1 
(0) = f(0, 1) — r(0) + 50 CW) 


2 


1 
wl) =f, 2)-FO, D+ 50° | rO | -e0 


j=l 
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ut-1)=ft-1,)-f@-2,t-1) 


t t-1 t-2 n 


+50? X ro) -0° Sor) += Do Sor) 


jel jel n=l jel 


t+1 t 


t 
Lans 50? Sordi) zr X org) Vt>1 


n=0 j=l j=l 


and 


X un) = f(t + 1-10) +Y ên) yt>1 


n=0 n=0 


These equations give the necessary recursive relations to evolve the 
Ho-Lee no-arbitrage model of short interest rate. The inputs are the set 
of market prices of (pure) discount bonds and a structure of volatilities 
for the short rates. 

The aforementioned discussion is general in the sense that it ap- 
plies equally well to implementation based on the binomial models 
and Monte Carlo simulation. If we adopt the tree approach to depict 
the evolution, we would write the evolutionary equation as 


O r(t- At) + ult- At)hAt+o(t— ANV At 
r = 

r(t- At) + ult- At)At—o(t— AV At 
where we use equal probabilities = /,. If At = 1 we then have 


For t= | 


ro(1) = r(0) + u(0) - o (0) 
rı(1) = r(0) + 40) + o (0) 


Fort=2 


ro(2) = r(0) + {u (0) + u(1)} - {o (0) + o(1)} 
rı(2) = r(0) + {u (0) + u(1)} - {o (0)- 0o (1)}) 
r2(2) = r(0) + {w(O) + u(1)} + {o (0)-0o(1)} 
r3(2) = r(0) + {u (0) + u(1)} + {o (0) + o (1)} 
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An alternative is to express the tree using the positive drift adjustment 
term. Then we have 


For t = | 


ro(1) = f(O, 1) + 6(0) — o (0) 
ri(1) = f(0, 1) + 6(0) + 0 (0) 


For t =2 


ro(2) = fC, 2) + {8(0) + d6(1)} — {o (0) + o (1)} 


{ 
r(2) =f, 2) + {8(0) + 6(1)} — {o (0) -o (1)} 
r2(2) = f(1, 2) + {6(0) + d6(1)} + {o (0)-0o(1)} 
r3(2) =f(1, 2) + {8(0) + d(1)} + {o (0) + o(1)} 


Here r,(t) denotes the nth node at date t. If the evolution can be de- 
picted as a lattice, then the nth node means nup-moves. On the other 
hand, if the evolution is depicted as a tree, then the nth node is an 
ordinal rank, starting with n = 0 at the bottom of the tree and end- 
ing with n = h at the top of the tree at date t. Depending upon the 
context, one must infer whether the n th node shows n up-moves or 
shows the ordinal rank. 

The binomial tree is built as in Fig. 15.5. 

Using constant volatilities o, the binomial tree is simplified to the 
tree in Fig. 15.5 

Under both approaches, however, we recognize that we need the 
variances of the sums of short rates. Remember 


t-l t-l 
r(t)=r(0)+ ¥> ui-1)+ oG- DAdi-1) 


i=l i=l 
For the ease of exposition, let the (time) indexes in the parentheses 
be designated as a subscript. Then, 
o°(r1) = o? (ro + Ho + o0Azo) = o°(00 Azo) = o9 
oO (rj +12) = o° (ro + Mo + o0 AZo + ro + Ho + u1 + ooAzo +01 Azı) 
=o (209 Azo + 01 Azı) 
o? (209 Azo) + o? (o1 Az) + 2Cov (209 Azo, o1 AZ1) 


2 2 
40) +07 
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%+ LM; +O +O, +0, 
i 


% + DM; +Oo+ 0, -O2 
j= 


1 
%+ DM; +Oo+H 
j-0 


i 
m+ DH, +0, -0; 
j-0 


m+ DM, +Oo+ 01-0} 
jf 


% + DM; - Oo +O, +0: 
ja 


Fig. 15.4 The Ho-Lee binominal tree 


o(r, +12 +13) = 07 (ap Az + op Az + 01 Azı + Op AZo + 01 Azy + 02Az2) 
= 07 (300 Azo + 201 Az + 02 A22) 
= 07 (300Azo) + 0° (201 Azı) + 0° (201 Azı) 
+ 2Cov (300 Azo, 201 Azı) 


+ 2Cov (300 Azo, 202 Az2) + 2Cov (201 Az}, 01 Az2) 


pe 2 2 2 
= 909 + 407 +03 
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Fig. 15.5 The Ho-Lee binominal tree with constant volatility 


Therefore, in general, 


t 


t t 
o’ | dor | =o? | So - kt Dori Acer) = So 0-k+1 oki 
k=1 


j=l k=1 
For example, 
o(r} +72+734+174)= 1606 + 90? + 402 + o2 


The implementation of can be made easier if we use matrix notation. 
Let D; denote a diagonal t x t matrix whose elements are di; = ož. 
Let w; denote a t-dimensional column vector whose elements are the 
integer values of the index t in reverse order. Then, the previous 


expression can be written as 


t 
o? | X rO) | =w Dwe vt 
j=l 


where T denotes transposition. 
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For example, for t = 4 


r o 0 0 0]f4 

l 0 œo? 0 0||3 

o? |X rO | =wDw=[4321]| 9 Goo oll2 
— 2 

m 0 0 0 œæj|i 


= 160% + 90? +407 + o? 


Implementation of the Model 


The model can be implemented in some different ways, depending on 
the volatility structure. 

First the volatility of the short rate is not constant (i.e. it differs as 
time changes). For example, the volatility of the short rate at any given 
time can be {0 (0), o (1), ..., o (T — 1)}where T denotes the horizon of 
the analysis. When we compute the evolution of the short interest rate 
as a binomial model, this example produces a short-rate tree. 

Secondly the short rate is constant at all times, this is the canon- 
ical Ho and Lee model. When we compute the evolution of the 
short interest rate as a binomial model, the canonical model pro- 
duces a short-rate lattice. This model requires a numerical solution for 
the short interest rate one period ahead and forward induction (see 
previous BDT trees). 

Note that the assumption of constant volatility is not necessary for 
producing a lattice. The volatility structure allows the volatility of the 
short rate to vary across short rates but to be constant for each short 
rate as time elapses. For example, the volatility of the short rate from 
date 3 to date 4 can differ from the volatility of the short rate from 
date 4 to date 5 but those two different volatilities do not change as 
time elapses. The effect of this non-constant volatility structure is quite 
different from that of the first model. 

The third kind of model are quite dissimilar. The tree is built from 
the evolution of the short interest rate as well as the satisfaction of 
no-arbitrage conditions. These conditions are that the bond prices are 
recovered at date 0 and that volatility of interest rates obtains at every 
date. In addition, the equality of one-period rates of returns is thereby 
satisfying the interpretation of no-arbitrage as equality of local expect- 
ations. In other words, at any vertex (except those on the last date), 
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we can calculate the expectation of the rate of return on a bond. This 
expectation of the rate of return should equal the short rate evolved 
at that vertex. If this equality is not obtained arbitrage profits are 
possible. 


15.1.3.3 HW Models 


If the parameters are dependent of time, the possibility to calibrate 
them is much better. The HW model (1990) is a generalization of the 
Vasicek model with time-dependent parameters 


dr = (0(t) — a(t)r) dt + o (d V(t) 


where 6(f) is a deterministic function of time. Typically, the paramet- 
ers a and o is calibrated against the volatility and thereafter O(t) is 
calibrated against the theoretical bond prices, {p(0,7T): T > 0} to the 
observed curve {p*(0, T): T > 0}. To see why both a and o is calibrated 
against the volatility we recall the term-structure equation: 


La (t,r)- X(t, No(t)} Lier il (FT =0 
ap Aer ONE a age eee 
F(r,T,T) =1 


The drift is given by: u(t, r)— AC, r)o (t). If we compare the drift terms 
we see that the parameters in the HW models include the market price 
of risk and the volatility. 


W(t, r) — A(t, r)o(t) = Ot) — a(t) r(2). 


A breakthrough with this model is that it is possible to use trinomial 
trees. Also HW (and the Ho-Lee model) allows negative interest rates. 
Note that the HW model with a(t) = 0 is equivalent to the Ho-Lee 
model. 


The model has an ATS 
p(t, T) = F(r(t), t, T) = ACT-BEDr 


and can be simplified if we let a to be a constant. We then get the 
following equation for B(t, T) 


ôB 7) —aBUt,T) =~ 
ot” coe = 
B(T,T) =0 
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This can easily be solved, and the answer is (as we have seen earlier) 
1 
BGT) =— {1 2 ga 
a 


Inserting this in the equation of A, we obtain the equation 


2 
dA(t, T) = 6(t) . B(t, T) + Bt, T) =0 
at 2 
A(T, T) =0 


If we integrate this, we get 


T 
2 
Aw T)= I [TB Ti-a BE; Plas 
T 


o? r 
=> J B?”(s, T)ds — J (s) - B(s, T)ds 


t 


We will now calibrate the model to the observed initial yield curve, 
using 


ə [In p(t, 7)] 


t,T)=- 
F&T) T 
and 
p(t, T) = exp {A(t, T) — rB(t,T)} . 
Since 
Br(t,T) = 2 u fi eat] = e “T 
, oT \a 
and 


T T T 
3 0 
— J 0(s) - B(s, t)ds = | 0(s) - —B(s, t)ds = | JO 
OT OT 
t t t 
the initial forward rates are given by 
f*(0, T) = Br(0,T) - r(0) —Ar(0, T) 
T f T. g T\2 
= r(0)e “T + / o(s) Tds — a e] 
0 
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We recognize the first two terms as the solution to an ordinary differ- 
ential equation (ODE) of the first order. So, the simplest way to solve 
this is to do the following trick and write this as 


f*°@, T) = x(T) — 8(T) 


where 
(T) = -ax(T) + 0(T) 
x(0) = r(O)e@" 
and? 
T 
X(T) = r(0)e T + l 6(s)e tt ds 
0 


o? 2 o? 
T) = — (1-e") = —B°(0,T 
eT) = zaz (1-07) = + B°0,T) 


(T) a8 B?(0, T) = o°B(0, T) d B(0, T) = o° B(0, T)e “T 
Sa ae , =0 > g , =0 , e 
Sr 2 aT dT 


We then get 


A(T) = (T) + a- x(T) = {x(T) = f*(0, T) + 8(T)} 


= f$ (0, T) + gr(T) +a {f*(0, T) + 8(T)} 
o2 
=fž(0, T) +a-f*(0,T) +07 -BO,T)-e +a. a B°(0,T) 


= fr (0, T) +a - f*(0, T) + o? $ BO, T) Ga + ; (1 — Ta) 
2 

=f7(0,T) +a : f*(0,T)+ — E ET 
2 


=fž(0, T) +a- f*(0,T) + — (1 apa) 


2 k-ax=0 => ei- eax =e"0 => = (ex) = “0 > d (ex) =e“ Odt 
x(T) T T 
f £ esd 2 f "odt > x(T) =e“ x0) +e 1 e0 (s)ds 
x(0) 0 0 
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With this function (T) we have fixed the values of a and o and 
decided the martingale measure to use. Remember that 


L T 
2 


A(t, T) = > J B(s, T)ds- / 6(s)B(s, T)ds 


We start to calculate the integral 


2 A 2 A 2 
a Js, T)ds mae | (eu _ 1) ds 
2 2a? 
t t 
2 


= a 1 (1 sP) (T -ñ= 2 (1 - eat) 
2a2 | 2a a 


Next we compute the integral 


T T 
1 
[ eee. T)ds = — J o(s) (1 - eat) ds 
a 
t t 
T T 
l —a(T-s) 1 
=—- | (sje 'ds + — | O(s)ds 
a a 
f t 
T 


= E J e“T) (F*(0, s) + a - f*(0, s)) ds 
T 


+ : J (f(0, s) + a - f*(0, s)) ds 
t 


T 
2 


+ — J (1 - pam] (1 - eas) ds 


t 
The last integral is 


T 
2 


= (1 - ee) (1 - gai) ds 
a 


2 2 
oO 1 1 oO 
a j= a(T-t) +- 2aT _ „a(T+t) +- —2at + T-f 
a | e 5° e 5° Aa! ) 
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We now have 
T T T 


J 0(s)B(s, T)ds =- J eT F* (0, s)ds — J e T=f*(0, s)ds 


t t t 


T 
+ . [f*0, sy]? + J f*(0,s)ds 
t 


2 
pe | dees 7 aT gee a 1 at 
2a3 2 2 
ae 
+ agit =f) 
Next, we compute 
if 1 rof 
1 J eT) (0, s)ds = — ag, s)| - J et TF, jds 
a a f 
i t 
to get 


T 


J 0(s)B(s, T)ds 
t 
T 


1 T 
ee [ew 0, | is J eT- f*(0, s)ds 
a t 
t 
T T 


S J eer Gd. s)ds + : (f*00, T) —f*(0, t)) + [ro s)ds 
f t 
o2 


20 


aT-t) , | sar a(T +t) l oat g’ 
l-e +-e -e +e +— (T-t) 
2 2 2a? 


Now, simplification gives 
T T 


J eon. T)ds = f*(0, t)B(t, T) + [ro s)ds 


t 


2 
ee ees TEF 2aT o a(T+t), | -2at rele ae 
2a3 2 2 2a? 
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Combining the two integrals we get 


T 


T 
2 
AGE = J B2(s, T)ds- / 6(s)B(s, T)ds 


t t 
2 
oe |e (1 . gue) rj (1 E eat) 
2a? | 2a a 
T 


+ f*(0, DB, T) - J O, s)ds 
t 


2 2 
aw 1 eto Lear _ patsy , Ly -2at +2 (7-1 
2a 2 2 2a? 
= f* (0, DBM, T) - j f*(0,s)ds + pq, T) (e -at _ 1) 


If we use 


Jroa- (en) 


we finally have 


ek pO, T)\ O° » Dat _ 
A(t, T) =f*(0,)B(t, T) + In (= z ) + BT) (e 1) 


Thus, the bond prices are given by 


p(t, T) = exp {A(t, T) - rB(t, T)} 


2 
= exp | f*(0,0B(t,T) + In E a 7) n a Bt T) (e 2 1) — Bit, n) 


= p*(0, T) 1 —a(T-t)\ ( ¢* _ o 0? _ ,-a(T-t)\24 at | 
-rfl eV aO a (1 -e Yd — em) 


The price volatility is the same as in the Vasicek model: 


Op = = (1 — ao) 
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We now return to the HW stochastic process: 
dr = (0(t) — a(t)r) dt + o(t)dV(t) 
We can also solve this like 


de"r) = e“dr + ae“ r(t)dt = e* (A(t) — ar(t)) dt + e*o (ÐdV + ar(te“ dt 
= e“@(t)dt + e“a(t)\dV 


Integration gives 
t t 
e"r(t) = e™r(0) + J O(u)e™"du + J o (u)e™dV, 
s s 
which simplifies to 
t t 
r(t) = r(sye te + J eo 6(u)du + 0 Í gray, 
s s 


This gives the short rate at time t conditional on the information given 
at time s. 


T 
Since E2 |o f carvan = 0 we have 
t 


T 
E2 [r(T)) = (Heer + | eT) Cudu 
t 
T 2 
Var [r(T)] = o° E l eT Yay, 


t 


a 


1 2 
ae J e 2a(T-W) Jy I (1 o er) 
2 
t 
Notice that 


T T T 
J eT (udu = J ŽBu, T)O(u)du = = IEG T)0(u)du 
t t 


t 
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where we used that B(T,T) = 0 in the last part. From the previous 
equation, we do know that 


T p 
J ews. T)du = f* (0, )B(t, T) + [ro u)du 
t 


t 


2 2 
= peat 4 Laer _ patsy 1 -at s | ae 
2a 2 2 2a? 


SO 


T T 
J e “7 6(u)du = f*(0, ) Bt T)+ = l f*(0, s)ds 
y t 


5 
-zale a(T-t) oa o aT 
a 


= f* (0, De T + f*(0,T) 


Pe 
- 55 le aT-t) 4 p-2aT o aT 4 
a 


This can be written as 
T 
i “7 9(u)du = y (T) - y (e TI 


t 


where 
2 
* oO e 
y(t) =f*0,t) + F (=g n 
Thus 
Ee [r(T)] = reat +y(T)- ye et 


2 
Var [r(T)] = — (1 spna] 


We also have that the price at time ¢ of a bond paying 1 (cash unit) 
at time T (maturity) is given as the solution to the aforementioned 
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term-structure equation with following Feynmann-Kac formula 
T 
p(t, T) = E2 exp J r(ujdu ù x 1 |F; 


t 


T T 
1 
= exp -E2 f rodau oW f rodau 
t t 
The mean (expectation value) and variance can be calculated 
analytically. 
A general pricing formula for a payoff function g(X(7)) is given as: 
T 
p(t, T)=E° | exp J r(u)du } x o (X(T) |F; 


t 
Option Pricing 
To price a European call option with maturity T and strike price K on 
an S-bond, we get the arbitrage-free price as 
T 
zo [X] = E2 | max {L - p(S,T)-— K,0} - exp -f r(s)ds 
0 


It is possible to get an analytical result from this, but again the calcu- 
lations are quite complex. We therefore wait until we learned about 
forward measure. The result for a European call option is given by 


C(t, T, K,S) = L: pt, S) - N(d) -K - p(t, T) - N(d — op) 
and a European put option by 
P(t, T,K,S) = K - p(t, T) - N(-d + op) — p(t, S) - N(-d) 


where 


2 
L-p(t,S) Op 
d- In | ea ae 


Op 


l ~a(S-T o? (T- 
op = — (1-2 ) | en) 
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Calibration of Volatility Data 


In contrast to the Ho-Lee model, the HW spot rate volatility equation 
involves two parameters, a and o: o determines the overall the volatil- 
ity of the short rate and a the relative volatility of long and short rates. 
In order to calibrate the model to the market prices we can follow 
the procedures outlined earlier for the Ho-Lee model, but now best 
fit both a and o simultaneously to market data. If we assume that we 
have the prices of m individual European put options on pure discount 
bonds we now minimize the following function 


m 


ai D —- o) —market; ) 2 


ao a market; 
i= 


where model;(a, o) is the option value derived from the equation for 
put options previously with the parameter values a and o. 


Cap/Floor Evaluation 


The price of a cap is the sum of the prices of all its caplets. Therefore, 
knowing how to give a price of any caplet with the HW model is suf- 
ficient to compute the price of any cap. The price of a caplet can be 
expressed as the prices of a put on a zero-coupon bond, whose price 
is analytically computable with this model. More explicitly, if the rate 
convention is linear, the price of a caplet with strike X and nominal 
N is linked with the price of an option on a zero-coupon bond whose 
strike is 
feos 
1+- X 
where t is the day-count fraction, whose nominal equals 
N'=N(1+1X). 
The volatilities of the zero-coupon bond at S with maturity at T 


is given in the following formula for constant volatilities and mean 
reversion case 


pA (1 sgn) — (1 — e248). 
a 
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When model volatilities as a piecewise constant function as in the case 
for bootstrapping, the variance of the bond is given in the following 
formula: 
—a(T-S) 
2_ Ife =) 


ar rae ari) 


where 


2ati _ ei- 1 


I(S) = So Oo o 


where tọ = 0 and t,_; = S 
Swaption Evaluation 


A European swaption with strike rate X, maturity T, nominal N and 
payments dates 7),..., T, can be viewed as an option on a bond paying 
ci = Xt; fori = 1,...,n and c; = 1 + Xt; with a strike price of N. 

Applying Jamshidians decomposition, N is written as a sum of dis- 
counted flows c; for a certain short-rate r* at time T which is evaluated 
using Newton-Raphsons algorithm. 


n 
Ney am) 


i=1 


The payoff is then rewritten as 


vy ciỌl I(T, Ti, r“) — I(T, T;, | 


i=1 


and since II(T, S, r) is a monotonic function of r for all S,T, the 
positive part of the sum can be converted as the sum of positive parts 


NYO [eM Terj- 00, Try" 
i=l 


Therefore, pricing a swaption becomes equivalent to pricing a port- 
folio of options on zero-coupon bonds. As there exist some analytical 
formulas for such options, a swaption is analytically valuable with this 
model. During the calibration, the target price to match is the one 
giving by pricing a European swaption with a Black swap yield model. 
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Numerical Solution of the PDE 


The term-structure equation for the HW model is given by: 


AU, 1: sat aU(r, t) 
- + 50758 + (0(0 a-r} = r-U(r,t) =0 
U(r,T) =1 
where 
d tT i —2at 2 
oy = FED a pen. eee 
dt 2a 


This can be solved with Crank-Nicholson where 


uij = u(ri, tj) 
du(r;, tj) _ Uij+] —Uij 
dt ~— 
OU(T;, tj) _ Ui+1j — Uij 
ðr sO 
3?ulr;, tj) _ Uitlj ~ Quij + Uj-1j 
Ər? h? 


We then have 
d u ij 
dt 


This can be rewritten as 


dui = ( a Boer) *Uj-1j 


Ui+1j — Ui-lj = Ui+1j — 2Uij + Ui-1j 
2h 2 h? 


=f- Uj foc) a: ri} 


dt 2k2 2h 


o? l . o? foc) —a: ri} o 
a aN ge 2h “hal 


duij 

EA X(ri, tj) - Ui + Y(Ti) + Uij — 2Z(ri, tj) * Ui Lj 
For a solution we need the initial condition u(r;, T) and the boundary 
conditions u(ro, tj) and u(ry, tj), where t; = jk, j = 0,1,2,...,T and 
7; =ih,i=0,1,2,...,N. 


or 
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On matrix form, we can express this as 


ai = A()u(t) 


dt 
where 
XBo(r0. t) yBo(ro) ZBo(ro, t) O 0 ane 0 
0 x(r1,t) y(rı) = (1, 1) 0 ; 
0 (0) x y z 
A(t) =|: 0 : : 
: : : : : : 0 
0 0 0 .... XBN(TN, É) YBN(TN) ZBN(TN, Í) 


Crank-Nicholson gives 


ui -4 _ A(t)u; + A+ 1 )Uj41 
ko 2 


which is solved as 


k e 
uj = ( + 5A) (1 = SAD) Uj+1 


We use this equation of N + 1 unknown backward in time. When 
we solve this we use the previously mentioned forward rate f(t, T) 
given by 


l dR(t, T) 


FT) = RET) +E — 


where R(t, T) is the continuously compounded interest rate given by 
the yield curve. Taking the derivative of f(t, T) with respect to the 
time t, we have 


df(t, T) dR(t, T) d*R(t, T) 
= 2 . +t. 
dt dt dt? 


Since we are used this derivative previously, which includes a second 
derivative of R (the yield curve) with respect to time, we get problems 
with piecewise linear yield curves. The solution to this problem is 
described by Antoon Pelsser in the book Efficient Methods for Valuing 
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Interest Rate Derivatives (Springer, 2000). We start by defining 


(1 E e) 32 


2a? 


a(t)=f(t,T) + 
and the transformation 
y=r-alt)Sr=yta(t) 
We then get the following PDE: 


aVv(r,t) 1 33? V(r, e) ƏV(r, t) 
+o a:y 
Ot 2 3y? dy 


y-Vit,y)=0 


where the option value U is calculated as: 
U=V-e* 
where 


k=t-R(t,T)-t- RET) 
1 o? 
—at —aT —2at —2at 
+]ae-9-2(¢ =e )+5(e =e |5 


and t any non-negative time. If t = 0 we then have. 


o2 


2a? 


k = -t - R(t, T) + [-a- 2(e"-1)+ ; (ee 1)| 


There are a couple of major advantages with this transformation: 


e The “implied transition probability distribution” (i.e. the process x) 
in the PDE grid is independent of the yield curve, making the bucket 
Greeks more stable. 


e Only f is needed (i.e. no derivative of f). Therefore the yield curve 
only needs to be differentiated once, so we do not have any problem 
with piecewise linear yield curves. 


Note that the short-rate r must be calculated for every state x for every 
“exercise event”, since it’s used to calculate the state-dependent yield 
curve. 
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Trinomial Trees 


Instead of solving the PDE as earlier, we can also build a trinomial tree 
for the HW model. As usually, we start with the stochastic process 


dr = [0 (t)— ar] dt + o dz 


where r is the instantaneous short rate and (t) a function of time t. 
a and o are supposed to be constants. This shows that, at any given 
time, r reverts towards 0(t)/a. If we replace r with In(r) the model be- 
comes BK and with a(t) = -o’(f)/o(t), and o'(t) = d0/dt, the model 
becomes the BDT model. As the BDT model the tree is built with 
forward inductions. 

We assume that the Af and the interest rate R, follows the same 
process as r, where 


dR = [0 (t) —ar] dt + o dz 


We can then construct a tree for R* that is initially zero and follows the 
process 


dR* = —aR*dt + o dz 


The reason is that The interest rate r(t) can be decomposed into a sum 
of R*(t) and a(t): r(t) = R*(t) + a(t) where 


dR* (t) = —ax(t)dt + o(t)dW(t) 
R*(0) =0 


da(t) = (O(t) —a- a(t)) dt 
a(0) = r(0) 


Proof: Integration gives 


t 


RO =-a f Rods+ | oa) 
0 


0 


t 
a(t)—r(O) = / (O(s)—a- a(s)) ds 
0 
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giving 
t A t 
R*(t)+ a(t) = r(0)-a J R*(s)ds + J o(s)dW(s) + J (6(s)-a - a(s)) ds 
0 0 


0 
t 


= r(0) + | (0(s)- a- {a(s) + R*(s)}) ds + J o(s)dW(s) 


0 0 
t 


= r(0) + I (0(s)—a - r(s))ds + J o(s)dW(s) 
0 0 


We also see that we now have 
t t 


t 
r(t) = r(O) + J (O(s)—a-r(s)) ds + J o(s)dW(s) = a(t) + J o(s)\dW(s) 
0 0 0 


Integration of dr from s to t (using integration factor) gives for constant 
volatility: 


t t 
r(t) =r(s)- ee) + 1 Ou) -edu + o / e 9) dW(u) 


S S 
t 


= a(t) + (r(s) - æls)) -e +o J e DAWU) 


where 
2 
oO ~at\2 
t) =f(0,t)+ — (1 -e™ 
a(t) = f( ears e) 


Therefore, r(t) with the information known at time s is normally 
distributed with mean and variance given by 


E [rO IF, | = a(t) + (r(s)—a(s)) - eats) 
2 
Var [r(t) |Fs | = — (1 agtt) 


Since HW have an ATS with zero-coupon prices given by 


p(t T) = e^t T)-BET)r 
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where 
1 
aie _ ,-a(T-t) 

BGT) = = | l-e | 

and 
2 F T 
A(t, T) = = / B?(s, T)ds — J 6(s)B(s, T)ds 
f f 

giving 
pt,T) =" an i exp| Bt, T)f*(0, 0) — Tp, T) (1 — eat) ~ Bit, Drol 


Here p*(0, t) and p*(0, T) are zero-coupon bonds with maturity at t and 
T respectively. 


By using r(t) = R* (t) + a(t) as shown earlier, we have 


p*(0,T) 
"e 


C(t, T) = 
Co Os 


xp | ; [Vct, T) — V(O, T) + VCO, nı] 
where 


T 


V(t, T) = J [o(s)B(s, T)? ds 


For constant volatility we can integrate this 


T T 
V(t, T) = A, [B(s, T) ds = a] lG ears) oF 


o? i 
=—|T-t+ 
a2 


T 
-Z f] Jl 2. AT-s) 4 eur) d 

T 

| 2a 2a 


2 1 3 
fT) gaT) _ >| 
a 


The process is symmetrical around R* = 0 and R*(t + At) — R*(t) 
is normally distributed. If higher order terms than Ar are ignored 
we have 


E[R* (t+ At) — R* (| = -aR* (t) At 
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and 
Var [R* (t+ At)—R*()] = 07 At 
We define AR as the spacing between interest rates on the tree and set 
AR =o V3At 


Remark! This is the same condition used to get good convergence 
when solving PDE’s. 

We are now going to build a tree as shown in Fig. 15.6. 
We then face the three branching situations as 
In order to calculate these three kinds of nodes, we need some formu- 
las. First, we define (i, j) as the node where t = iAt and R* = jAR. HW 
showed that the probabilities are always positive if we set ja, equal 


Pu 


Pu 
Pu 
< i Pr Pm 
Pa Pa Pa 


Standard Upward Downward 


) 
Vy 
) 


o 
X 
‘ 
X 
y 


f 
Ne 
bX 


WA 


Fig. 15.6 The HW trinomial tree 
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to the smallest integer greater than 0.184/(aAt). We then define the 
transition probabilities, pu, pm and pag which are used to match the ex- 
pected value and variance of R*(t + At) — R*(t) over a time interval At. 
At the node (Çi, j) the standard branching must satisfy 
Pu AR — paAR = -—ajARAt 
Pu AR? + paAR? = 07 At +P ARAP 
Put Pmt pa=1 


Using AR = oV/3At to solve this equation system, we get the up-, 
middle- and down-branching probabilities: 


a ZPAP —ajAt 


P, = 6+ 
n= 23 -eP Ar 
23 
At +ajAt 
pao Oa 


As we can see in the aforementioned tree, we cope with mean rever- 
sion by allowing the branching to be non-standard at the edge of the 
tree. At the top edge of the tree where the branching is non-standard 
the modified probabilities become 


aj? At? —3ajAt 


P, = 7/6 + 
2 
Pm = -1/3 -P At? + 2ajAt 
2:2 42 
At? —ajAt 
Pq = 6+ 


and at the bottom edge of the tree where the branching is non-standard 
the modified probabilities become: 


a 2P AP +ajAt 


P, = 1/6 + 
2 
Pm = -1/3 — aj PA? —2ajAt 
SIRA 
At’ + 3ajAt 
ps6 


2 
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Fig. 15.7 The transformed HW tree 


Fitting the Tree 


We will now transform the tree of R* into a free for R (Fig. 15.7) 
We start by defining 


a(t) = R(t) — R* (t) 


giving 
da = [0 (£) — aa (t)] dt 
where 
o? -at\2 
a (t) =f (0,0 + 5; (1-e ) 


This equation can be used to create a tree for R from the correspond- 
ing tree ofR* . The approach is to set the interest rate on the R-tree 
at time iAt to be equal the corresponding interest rates in the R*-tree 
plus the value of a at time i At, to keep the probabilities the same. This 
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is not exactly consistent with the initial term structure, so we have to 
calculate « iteratively to match the initial term structure. 

To illustrate this approach, we define a; as R(iAt) — R*(iAt), ao as 
the price of a zero-coupon bond maturing at time At (which is equal 
to the initial Arperiod interest rate) and Qj; as the present value of a 
security with payoff one cash unit if the node (i, j) is reached and zero 
otherwise. 

Suppose that Q; j have been determined for i < m(m = 0). We now 
have to determine &m so that the tree correctly replicate the prices of 
zero-coupon bonds with maturity (m + 1)At. The interest rate at node 
(m, J) iS &m + JAR, so that the price of a zero-coupon bond maturing at 
(m + 1)At is given by 


Nm 


Pmsi = È Onjexp[-(m +jAR) Ar] 


J=nm 


Where nn is the number of nodes on each side of the central node at 
time mAt. The solution to this equation is given by 


In ys Onje el _ In Pinel 


(J=lm 
At 


Am = 
Once we know a», we can determine Q;j. For i =m + 1 we have 


Omsig = >> Omang (kaj) exp [- (Om + KAR) Ad] 
k 


where g(k,j) is interpreted as the probability of moving from node 
(m, k) to (m + 1,7). The summation made over all values of k for this is 
non-zero. 


The bond price at node (i, j), for each branch is calculated as: 
Vij = (Puist j+ + DmVi+1j + PaVis1j-1) exp (-RijAt) 


Vij = (Puviet ja2 + PmVYi+1 j+1 + Pavisi,) exp (-Rij At) 


Vig = (PuVi+1 jet + PmViel gl + DaVie1j-2) exp (-RijAt) 
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Example 15.1.8 
Consider the following tree in Fig. 15.8 


Fig. 15.8 A HW trinomial tree 


Table with zero rate 


Maturity Rate % 
0.5 3.43 

1 3.824 
1.5 4.183 

2 4.512 
2.5 4.812 
3 5.086 


Specify Aż as one year and the initial rate as 3.824%. Then Ro = 3.824%, Qo, = 1 and 
AR = 0 V3At = 0.01 - 3 = 0.01732. Calculate Q on node B, C and D 
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Node A B Cc D E F G H l 

R 3.82% 

Py 0.1667 0.1217 0.1667 0.2217 0.8867 0.1217 0.1667 0.2217 0.0867 
Pm 0.6666 0.6566 0.6666 0.6566 0.0266 0.0266 0.6666 0.6566 0.0266 
Pa 0.1667 0.2217 0.1667 0.1217 0.0867 0.0867 0.1667 0.1217 0.8867 


Qa = Q00 = 1 

Op = O11 = paue A^ = 0.166760 84! = 0.1604 
Oc = O10 = pame ™A ^ = 0.66660 0-84! = 0.6417 
Qp = Qi-1 = paae™™ = 0.1667e 0-084! = 0.1604 


We calculate a, which is chosen to replicate the price of a zero-coupon bond 
maturing at time 2Ar. Fitting Q to P 
Pp = Pi = Ope @'*4®) = 0.1604e (14001732) 
Pc =Pio= Ope! =0.6417e! 
Pp = Pi = Ope AR) 2 0.1604e~(@1-0.01732) 
For the initial term structure, the bond price should be e°°?? = 0.9137 giving 
Pg + Pc + Pp = 0.9137 
0.1604¢e(140-01732) 4 0,6417e™®™! + 0.160461001732 = 0,9137 


We then get 


=j 0.1604¢-°-91732 + 0.6417 + 0.1604290!732 
eo 0.9137 
And the rates in the nodes B, C and D 


Ro = œ; = 0.05205 
Rp =a, + 1 - AR = 0.05205 + 0.01732 = 0.06937 
Rp = &ı + 1 - AR = 0.05205 — 0.01732 = 0.03473 


) = 0.05205 


We can then fill in the rates in the previous table. The new table is 


Node A B Cc D E F G H l 

R 3.82% 6.94% 5.03% 3.47% 

P, 0.1667 0.1217 0.1667 0.2217 0.8867 0.1217 0.1667 0.2217 0.0867 
Pin 0.6666 0.6566 0.6666 0.6566 0.0266 0.0266 0.6666 0.6566 0.0266 
Pa 0.1667 0.2217 0.1667 0.1217 0.0867 0.0867 0.1667 0.1217 0.8867 


Next, we calculate the rates in the nodes E, F, G, H and I. F can only be reached from 
node B and C, then 


Or = Q21 = Peme”? QB +pcue Qc 
= 0.6566 ®™06937 . 0,1604 + 0.1667e®-005205 . 0.6407 
= 0.1998 
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G can only be reached from B, C and D: 
Oc = Q20 = pea *® Op + peme *¢ Oc + poue®” Qp 
= 0.2217e°-99937 . 0.1604 + 0.66662 0-952 . 0.6417 + 0.22176 0-473 . 0.1604 
= 0.4736 


other nodes can be calculated in a similar way. We finally get: 
Or = 0.0182 
Quy = 0.2033 
Qı; = 0.0189 


Fitting P and calculate a2 = 0.06522 
Pr = Ope 2248) 
Pr = Ope 2t 48) 
Pg =Qge™ 
Ry = Ope @2-48) 
Py = Qye(2-248) 


Pet+Prt+PGt+Ry+P = gree 


Solve these in order to get a2, the rate in the nodes E and F will be 
Rg =a2+2AR 
Rr =a2+AR 
Rg =a2 
Rı = &2 — AR 
Ry =œ&2-2AR 


If we continue the calculation to find the prices and rates for each node we can 
calculate the bond price for each node for three kinds of branching: 


Vij = (Puvini j+1 + PmVieiy + PaViei j-1) EXP (Rij At) 
Vij = (PuVi+1 j+2 + PmVi+1 j+1 + PaVi+1,) exp (—Rij At) 
Vij = (Puvini jel +PmYi+1 j-1 + PaVir1j-2) exp (-Rij At) 


Other Issues 


There are a number of other practical issues to consider when im- 
plementing HW trees for valuing interest rate derivatives. In our 
description we assumed that the length of the time step is constant. 
In practice, it is sometimes desirable to change the length of the 
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time step. Consider for example the situation where the model is 
used to value a European six-month option on a five-year bond. It 
might be appropriate to use a longer At between six months and 
five years than during the first six months. This is because the part 
of the tree between six months and five years is used only to value the 
underlying bond. 

Barrier options present a further problem in the use of the tree be- 
cause convergence tends to be slow when nodes do not lie exactly on 
barriers. In the case of an interest rate option the barrier is typically 
expressed in terms of a bond price or a particular rate. Analytic results 
can be used to express the barrier as a function of the At-period rate. 
Non-standard branching can then be used to ensure that nodes always 
lie on the barrier. Ritchken QOD Winter 1995) describes such an ap- 
proach, and shows that a substantial improvement in performance is 
possible with it. 

A final problem in the use of interest rate trees is path depend- 
ence. This can sometimes be handled in the way described by Hull 
and White [1993]. The requirements for the HW method to work are: 


1. The value of the derivative at each node must depend on just 
one function of the path for the short-rate r (e.g. the maximum, 
minimum or average value); 


2. In order to update the path function as we move forward through 
the tree we need to know only the previous value of the function 
and the new value of r. 


Hull and White show how their approach can be used for index 
amortizing Swaps and mortgage-backed securities. The relevant path 
function in each case is the remaining principal. 


15.1.3.4 The Cox-Ingersoll-Ross Model (CIR) 


As we know, the previously mentioned models also generate negative 
interest rates. A model to prevent this is the CIR model?: 


dr(t) = (0 —a-r(t))dt+o/r(t)dV(t) 


3 Be aware about the ¢ negative interest rates that has become a fact in several countries in 
2014 and 2015 (Sweden, Denmark, EURO etc). 
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Since the volatility is a function of the interest rate, this cannot be neg- 
ative. If this happens the stochastic part will become weaker and the 
drift will take over and force the rate to increase. The term-structure 
equation for CIR is given by 


ap dp 1 , dp 

+{0-a- + =0 
go a oe ae Y 
p(r,T,T)=1 


This equation has a closed form solution. We will look for a solution of 
the form 


p(t, T)=F(r(t),t, T)= At, TB Tyr 


where A(T, T) = B(T,T) = 0. Differentiating p with respect to r and t 
and differentiating p, with respect to r we get the following: 


op(t, T 
i ) S BE, T)ACD-BOD = -B4 TPCT) 

r 

3?p(t, T 

Spa D = B?(t, T)eAGD-BUDr = Bt, Dp(t, T) 
r 

ptt, T) 

a = PUT) (8 — 2D) 


Substituting these expressions in the previous term-structure equa- 
tion, the PDE becomes 


1 
0 = p(A;—rB;)-— {0 -—ar} Bp + 50 1B p- rp 
1 2 p2 
=rp PARRER E R +p {4;- 0B} 


A careful inspection of the previous equation reveals that the expres- 
sion in the first bracket is the well-known Ricatti equation. We will 
now solve this equation. After solving this equation we need to set 


T 
A(t, T) = 6 f Bw. T)du 
t 
Since A(T, T) = 0 we have A;(t, T) = 0B(t, T): Although the time starts 
at t and ends at T we will consider it to start at O for the purposes of 
derivation and end at t. 


Hence, when we refer to t from this point onwards it is the amount 
of time that has elapsed. The Ricatti equation can be rewritten as 
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1 
B,=-l1+aB+ 50 


We introduce another dependent variable u such that 


Differentiating the previous expression with respect to t we get 


Qui 2u; 2u Ut 2 
B=- +u 5 =- > 2(—) 
otu otu otu ou 
We then get 
Quit ut \2 2u, 1 5 2uy 
o-u ou ou 2 otu 
Quit Quy 
i a) 
o-Uu o-u 


Multiplying both sides of the aforementioned expression by o7u we get 
Quy — 2a; — uo” =0 


This is a second-order, ODE with constant coefficients. We solve this 
with a characteristic polynomial 


2a? ~2ai-072 =0 
with roots 


1 
era ae a? +20? 
~ 2 2 


The solution to the differential equation is therefore given by 


Lf gaa 2\(T_ 1 2 2\(T_ 
u(t) = Cre TF 4 Coe FT) = Cie? Va4+20?)(T Oe Ce?" a2+20 \a t) 


= Cge? rT- 4 Cer tr NT-) 
= Cyt 2 eve + Coe T2 py Tye 
du(t) 1 
dt 2 


1 
Ci(a y) . et T-D12 oy (T-1/2 = 5 O2(a + y) i et T-D12 gy (T—0)/2 


where we defined y by 


y = Va? +20? 
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The boundary condition; B(T, T) = 0 gives u,(T, T) = 0 and therefore 


aty ao 


a-y y-a 


Cy =-C2 


Inserting this and making some algebra we will finally get 


Qu; 1 Ci(a = y) ; e T-D/2 g-y (T-1)/2 + Cra + y) . et T-D1/2 py (T—t)/2 


Re 


au. o2 Cea T-Ð/2 e-v T-HI2 4. CyetT Hey (T-)/2 
_ 1 -Cy =a) eo VE? + Coy +a)» eT 
o2 Cie VFO + CyevT-H2 
1 ry — a) eV T2 4 (y +a) - eY TO? 
o2 = ev (T-H/2 + ey (T-1/2 
1 eY (T-D/2 _ e-v (I-12 


~ G2 (y + ajet TDZ 4 (y -aje Y TD 


Then we can calculate A: 


T 
A(t, T) = 0 J B(u, T)du 


t 


We get 


29 yer T-/2 
A(t, T) = o2 In |= Fa) ey TD 4 (y -a) A 


In other words, we have explicitly calculated the bond prices. 

A simulation of the short rate with the same parameters (a = 0.15 
and o = 4.5 %, i.e. 0/a = 4,5 %) as in the previous Vasicek model is 
shown in Fig. 15.9. As we can see, the probability of negative interest 
rates is zero. 

If r(0) is 2.0 % the simulated term structure of interest rates is shown 
in Fig. 15.10. 

This give a discount function as in Fig. 15.11. 

A square root process, like CIR can only take on non-negative values. 
To see this, note that if the value should become zero, then the drift is 
positive and the volatility zero, and therefore the value of the process 
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CIR Model: Steady State Probability Density Function for Spotrate r 


4,50% 
3,92% 


5,08% 


0% 1% 2% 3% 4% 5% 6% 7% 8% 


Fig. 15.9 The rate distribution in the CIR model 


CIR Term Structure of Interest 
5,0% 
4,5% 
ue CIR Zero Rate 
- - - -Long-term equilibrium 
3,5% rate 
o ratt=0 
3,0% 
Infinitely long rate 
2,5% 
2,0% i i 
Time to maturity 
1,5% 
0 5 10 15 20 25 30 35 


Fig. 15.10 The zero-rates in the CIR model 


will with certainty become positive immediately after (zero is a so- 
called reflecting barrier). It can be shown that if 20 > 07, the positive 
drift at low values of the process is so big relative to the volatility that 
the process cannot even reach zero, but stays strictly positive. 
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CIR Discount Function 


Time to maturity 


0 5 10 15 20 25 30 35 


Fig. 15.11 The discount function in the CIR model 


Paths for the square root process can be simulated by successively 
calculating 


ntl = In +(0-a- Tn) Atto-J/t,-e-V At 


Variations in the different parameters will have similar effects as for 
the Ornstein-Uhlenbeck process. Since a square root process cannot 
become negative, the future values of the process cannot be normally 
distributed. In order to find the actual distribution, let us try the same 
trick. Look at y = e“r. By Itô’s lemma, 


dy = ae“ rdt + e” (6 — ar) dt + e“aJ/rdV = 0e”dt + ea J/rdV 


so that 


T T 


y(T) = y(t) + J 0e™"du + J oe"./r(u)dV(u) 


t t 


Computing the ordinary integral and substituting the definition of y, 
we get 


T 


rT) = r(e et + 2 (1 - a) +o I e tT) /r(u)dV(u) 
a 


t 
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Since r enters the stochastic integral we cannot immediately determ- 
ine the distribution of r(T) given r(t) from this equation. We can, 
however, use it to obtain the mean and variance of r(T). Due to the 
fact that the stochastic integral has mean zero we easily get 


E[r(T)] = r(the at) + 0 (1 _ er) — 8 + (x0 = -) eT) 
a a a 


We then have to calculate the variance: 


T T 


Var [r(T)] = Var | o l eT /rwdV(u) | = 0? I e? TE [r(w)] du 


t t 


T 
=0? J et) É + (o — -) aa) du 
a a 
t 


29 f 0 r 
o 
= ae (i ’ gaa Fatty 
a a 
t 
2 o? ae ae n= J eT) _ ar) 
2a? 
Ei 29 T earo) 4 o o'rni (ear. aa) 
2a a 
For T — œ, the mean approaches 6/a and the variance approaches 
ae For a — œ, the variance approaches 0. For a — 0, the 


mean approaches the current value r(t), and the variance approaches 
o2r(t)(T — t). It can be shown that, given the value r(t), the value r(T) 
with T > t is given by the non-central x 2-distribution. A non-central 
x 2-distribution is characterized by a number x of degrees of freedom 
and a non-centrality parameter y and is denoted by x 2(x, y). More pre- 
cisely, the distribution of r(T) given r(t) is identical to the distribution 
of the random variable Y/c(T —t) where c is the deterministic function 


4a 
o2 (d-e) 
and Y isa x2(x, y(T — t))-distribution random variable with 


C(t) = 


4 
x=, IT-8) =rAeT- NeT 
O 
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The density function for a x 2(x, y)-distributed random variable is 


yt I)! UDI? asi ot 
i! T+ x/2) 


fea») = 
i=0 
Here I denotes the so-called gamma-function defined as 


[00] 


T'(m) = J x" ody 
0 

The mean and variance of a x2(x, y)-distributed random variable are 
x+y and 2(x+2y), respectively. This opens another way of deriving the 
mean and variance of r(T) given r(t). We leave it for the reader to verify 
that this procedure will yield the same results as given earlier. A fre- 
quently applied dynamic model of the term structure of interest rates 
is based on the assumption that the short-term interest rate follows 
a square root process. Since interest rates are positive and empiric- 
ally seem to have a variance rate which is positively correlated to the 
interest rate level, the square root process gives realistic description 
of interest rates. On the other hand, models based on square root 
processes are complicated to analyse. 


Option Pricing 


We have seen that the CIR stochastic process can be written as 
dr(t) = (0 -—a-r)dt+o./rdV 

or equivalently as 
dr(t) = a(u—r)dt+o0/rdV 


To price a European call option with maturity T and strike price K on 
an S-bond, we get the arbitrage-free price as 


C(t, T, K, S) = L- p(t, S) - x2 (a1, vi, v2) -K + p(t, T) - x2 (x2, vi, v3) 


where 


= BS, T 
k BST) (AET * o2 PSD 


x2 =x, -—2- (A(S, T) — ln(K)) 


oe | 2-y aty 
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and 
yp=4- lo? 


8-y?-r-e¥ TD) 
o4(ev(T-)_1)° 


v2 = 2-y ay 4 BR S.T 
(erT) + o? + B(S, T) 
8yr ey T- 
at(erT-)-1)* 
p= 2y at+y 


o? (eYT-d—1) a o? 
The put price for this (and most of the other models) can be obtained 
from put-call parity using the value p(t, S) as the value of the underlying 
and p(t, T) as the discount function on the exercise price. 
CIR also gives the price of a future contract expiring at T where the 
underlying pure discount bond expires at S with S > T as 


=F _, 
B(S,T)- p 
2a 


FO, S,T) = 


p- B(S, Tje» 
- exp facs, T) . 2+ BGT) 


p= 


15.1.4 Yield-Curve Fitting: For and Against 
15.1.4.1 For 


The building blocks of the bond pricing equation are delta hedging 
and no-arbitrage. If we are to use a one-factor model correctly then we 
must abide by the delta hedging assumptions. We must buy and sell 
instruments to remain delta neutral. The buying and selling of instru- 
ments must be done at the market prices. We cannot buy and sell at 
a theoretical price. But we are not modelling the bond prices directly, 
we model the spot rate and bond prices are then derivatives of the 
spot rate. This means that there is a real likelihood that our output 
bond prices will differ markedly from the market prices. This is use- 
less if we are to hedge with these bonds. The model thus collapses 
and cannot be used for pricing other instruments, unless we can find 


15 Term-Structure Models 401 


a way to generate the correct prices for our hedging instruments from 
the model: this is yield-curve fitting. 


15.1.4.2 Against 


If the market prices of simple bonds were correctly given by a model, 
such as Ho and Lee or Hull and White, fitted at time tx then, when we 
come back a week later, tx + one week, say, to refit the function 0(7*), 
we would find that this function bad not changed in the meantime. 
This never happens in practice. We find that the function 0G) has 
changed out of all recognition. What does this mean? Clearly the model 
is wrong. 

By simply looking for a Taylor series solution of the bond-pricing 
equation for short times to expiry, we can relate the value of the risk- 
adjusted drift rate at the short end to the slope and curvature of the 
market yield curve. This is done as follows. Look for a solution in the 
TSE form 


F(r,t,T)~ l+a()(T-)+b(N(T-Y +e) (T-P +... 
Substitute this into the TSE equation 
a—2b(T — t) - 3c(T - 1)" 


+5 G XT -to =) («7 NT + -9 


ð d db 
+(u i7 ale o(a ve) 


-r(l+a(T-) +c -07) +...=0 


Note how the drift and volatility terms are expanded around t = T; 
in the aforementioned expression these are evaluated at r and T. By 
equating powers of (T — t) we find that 


a(r) =-r 
it 
b(r) = 5 (r = n’) 
1 
6 


ldu r 
Far 


1 2 i 
c(r) = 3° 32 oe ru) we (r ru) 


In all of these u and o are evaluated at r and T. 
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From the Taylor series expression for F we find that the ytm for 
short times to maturity is given by 


nee) a+ (50 b) D+ (ab-e- 3°) -0+ 


The yield curve takes the value —a(r) = r at maturity, obviously. The 
slope of the yield curve is 


Y,a --b = YoU, 


That is, one half of the risk-neutral drift. The curvature of the yield 
curve at the short end is proportional to 


ab —c—1/3a°. 


which contains a term that is the derivative of the risk-neutral drifts 
with respect to time via c. Let’s stress the key points of this analysis. 
The slope of the yield curve at the short end depends on the risk- 
neutral drift, and vice versa. The curvature of the yield curve at the 
short end depends on the time derivative of the risk-neutral drift, and 
vice versa. If we choose time-dependent parameters within the risk- 
adjusted drift rate such that the market prices are fitted at time 7* then 
we have 


F (r*, *, T) = Fu (Č, T) 


which is one equation for the time-dependent parameters. 

Thus, for Ho and Lee, for example, the value of the function 
Q(t) at the short t = t*, depends on the slope of the market yield 
curve. Moreover, the slope of 0*(t) depends on the curvature of the 
yield curve at the short end. Results such as these are typical for all 
fitted models. These, seemingly harmless, results are actually quite 
profound. 

It is common for the slope of the yield curve to be quite large and 
positive, the difference between very short and not quite so short rates 
is large. But then for longer maturities typically the yield curve flattens 
out. This means that the yield curve has a large negative curvature. If 
one performs the fitting procedure as outlined here for the Ho and Lee 
or extended Vasicek models, one typically finds the following 
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e The value of 0*(t) at t = f* is very large. This is because the yield- 
curve slope at the short end is often large; 


e The slope of 6*(f) at t = f* is large and negative. This is because the 
curvature of the yield curve is often large and negative. 


If we plot 6*(t) versus t today and we come back in a few months to 
look at how our fitted parameter is doing, we would not find that we 
have moved forward on the original curve. The recalibrated function 
looks nothing like the function a few months earlier. In fact, we don’t 
even have to wait for a few months for the deviation to be significant; 
it becomes apparent in weeks or even days. 

We can conclude from this that yield-curve fitting is an inconsistent 
and dangerous business. The results presented here are by no means 
restricted to the models we have named; no one-factor model will 
capture the suspected behaviour. 


15.1.5 The BDT Model 


The Black-Derman-Toy (1990) one-factor model is one of the most used 
yield-based models to price bonds and interest-rate options. In 1991 
Black and Karasinski generalized this model. The model is arbitrage- 
free and thus consistent with the observed term structure of interest 
rates. The short-rate volatility is potentially time dependent, and the 
continuous process of the short-term interest rate is given by 
a(t) 
dln (r(t)) = foo + s0 In co] dt + o(t)dV 

where the factor in front of ln(r) is the speed of mean reversion 
(“gravity”), and 0(t) divided by the speed of mean reversion is a 
time-dependent mean-reversion level. 


The model assumes that the market in which the model is estab- 
lished is perfect 


e Changes in all bond yields are perfectly correlated. 


e Expected returns on all securities over one period are equal. 
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e Short rates at any time are lognormal distributed thus are positive 
for all times. 


The model can be derived from a continuous short-rate process: 
r(t) = une? OH 
If we take the logarithm, we get 
Inr(t) = Inu(t) + o (Ðz(t) 


and differentiate 


dinr(t) = au dt +0(t)- dz(t) + LO n, 


Since z(t) can be expressed as 


z(t) = ae (ln r(t) + In u(t)) 


o(t) 
we have 
dlnr(t) = (“ = + sy 2o [In r(t) —In uo) dt +00) dð. 


With some simplifications we have 


dln (r(t)) = foo + AG) In vo] dt + o (dV 
o (t) 


For constant volatility, the BDT model does not display any mean re- 
version. In this case the process reduces to a lognormal version of the 
Ho-Lee model. 

The short rate evolves by diffusion with a drift that follows the log- 
arithm of the median. If the volatility is decaying, the reversion speed 
will be positive and the logarithm of the short rate will reverse to 


In[u(t)]. 
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This means that the short rates will not assume implausibly large 
values over long time horizons, which is along the lines of market 
observations. However, care must be taken to ensure that the model is 
viable. 

The BDT model incorporates as we see, two independent functions 
of time, (t) and o (t), chosen so that the model fits the term structure 
of spot interest rates and the term structure of spot rate volatilities. 
The changes in the short rate are lognormal distributed, with the res- 
ulting advantage that interest rates cannot become negative. Once 0(t) 
and o(f) are chosen, the future short-rate volatility, by definition, is en- 
tirely determined. An unfortunate consequence of the model is that 
for certain specifications of the volatility function o Çt) the short rate 
can be mean-fleeing rather than mean-reverting. The model has the 
advantage that the volatility unit is a percentage, conforming to the 
market convention. Unfortunately, due to its lognormality, neither ana- 
lytic solutions for the prices of bonds or the prices of bond options are 
available, and numerical procedures are required to derive the short- 
rate tree that correctly returns the market term structures. Remark 
that this model does not have an ATS since the volatility term is pro- 
portional to the level of the short rate. Many practitioners choose to fit 
the rate structure only, holding the future short-rate volatility constant. 
The convergent limit therefore reduces to the following 


dln (r) = 0(t)dt + o(t)dV 


This process can be seen as a lognormal version of Ho-Lee. 

The following example shows how to calibrate the BDT bino- 
mial tree to the current term structure of zero-coupon yields and 
zero-coupon volatilities. 


15.1.5.1 A Simple Binomial Tree-Model 


The best way to illustrate a simple tree-model is via an example. 

We start by looking for the value of an American call option on a 
five-year zero-coupon bond with time to expiration of four years and 
a strike price of 85.50. The term structure of zero-coupon rates and 
volatilities is shown in Table 15.1. From the rates and volatilities, we 
will calibrate the BDT interest rate tree. To price the option by using 
backward induction, we build a tree for the bond prices, as shown in. 
(Fig. 15.12) 
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Table 15.1 Market data 
Input to BDT Model 


Years of maturity Zero-coupon rates (%) Zero-coupon volatilities 
1 9 24 
2 9.5 22 
3 10 20 
4 10.5 18 
5 11 16 


Fig. 15.12 The bond prices | BDT 


To build the price tree, we have to build the rate tree as in Fig. 15.13. 

We start by finding the prices of the zero-coupon bonds with ma- 
turity from one year to five years in the future. The face values are 
100 (% of the nominal amount), the zero-coupon rates are given in the 
previous table. 


100 
——. = 91.74 
1+ 0.09 
100 
ee 83.40 
(1 + 0.095) 
100 
— = 75.13 
(1 +0.10) 
100 
= 67.07 


(1 +0.105)4 
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Fig. 15.13 The interest rate tree in BDT 


and 


100 
(1 +0.11) 


59.35 


Then we add this to our data. In a different situation, we might know 
from the beginning, these prices from data or by bootstrapping of 
coupon-bonds. 
This gives us the one-period price tree as in Fig. 15.14. 

The next step is to build a two-period price tree. From Table 15.2, 
it is clear that the price today of a two-year zero-coupon bond with 
maturity of two years from today must be 83.40. To find the second- 
year bond prices at year one, we need to know the short rates at step 
one as in Fig. 15.15. 


100 


91.74 


Fig. 15.14 A one-period tree 
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Table 15.2 Data by bootstrapping 


Years of maturity Zero-coupon rates (%) Zero-coupon volatilities Zero-bond prices 


1 9 24 91.74 
2 9.5 22 83.4 
3 10 20 75.13 
4 10.5 18 67.07 
5 11 16 59.35 
100 
Su r, 
83.40 100 9.0 
Ya 
100 


Fig. 15.15 How to find the rates in period one 


Appealing to risk-neutral valuation, the following relationship 
must hold 


100 100 
0.5 . 1 +0.5- 10 


1 +0.09 


In a standard binomial tree, we have 


= 83.40 


= PNA d 


=e2VAt > In (5) =20/At 


alis S 


o= we" (5) 


and 
100 
Su = 
1+ry 
100 
S= 
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where Af in the previous situation is one year. Similarly, in the 
BDT tree, the rates are assumed to be lognormally distributed. This 
implies that 


rae m(#) =0.5 -1m (Z) =0.22 

Od Re \ra rd 
As we did in the OAS model earlier, we define the volatility factor 
Zn by 


Zn = e20nv At 
We are left with two equations in two unknowns, r, and rg. We 


know that r, = r4Zn = rge? which leads to the following quadratic 
equation 


05222 056. 


l+rq l+rg-e 4 = 83.40 
1 + 0.09 


This gives a second order polynomial equation that can be solved and 
we get the following rates at step one 


ra = 71.87%, ry = 12.22%. 


Using these solutions, it is now possible to calculate the bond prices 
that correspond to these rates. The two-step tree of prices then 
becomes as in Fig. 15.16. 
The next step is to fill in the two-period rate tree, see Fig. 15.17. 
Last time, there were two unknown rates, and two sources of 
information: 


Fig. 15.16 The price-tree in period two 


410 J.R.M. Roman 


Fig. 15.17 The interest rate in period two 


1. Zero-coupon rates. 
2. The volatility of the zero-coupon rates. 


This time, we have three unknown rates, but still only two sources 
of information. To get around this problem, remember that the BDT 
model is built on the following assumptions: 


e Rates are lognormal distributed. 


e The volatility is only dependent on time, not on the level of the 
short rates. There is thus only one level of volatility at the same 
time step in the rate tree. 


Hence, the “steps” between the rates is given by 


Fae e203V At _ e2020 _ 40.40 
that is, 


Fud Vdd 


So we are left with only two unknowns. Based on the risk-neutral 
valuation principle, the following relationships must hold 


100 100 100 100 
Suu = = 2? Sud = = , 
l+ru 1+raq-Z; I+rud 1+raq-Z3 
100 0.5 - Suu + 0.5 - Sud 
Sdd = Sy = > 
1+ rdd 1 +0.1222 
0.5- Sua +0.5.- S 0.5-S,+0.5-S 
Sy = ud da: 75.13 = u d 


1 + 0.0787 1 +0.09 
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If the bond only has two years left to maturity, the bond yield or rate 
of return must satisfy 


0,5-100_, 40.5. 100 
l+rgd Z2 l+rgd'Z3 


10 100 
+0.5- 0.9 Trz 10> Tera 
i 140.0787 


75.13 = 0.5 ` 1+0.1222 


1 +0.09 


By solving this equation, we get rqa. By multiplying with Z2 we then 
also get rud and Fuu: 


Tdd = 1.41%, Tud = 10.76%, Tuu = 15.50%. 


As the bond yields must be approximately lognormal distributed, it 
also follows that 


0.5 -In (=) = 0.20 
Va 


7 
Yu _ 040 
Yd 


Then, y, can be expressed as 


and S,, can be expressed in terms of Sg as 
100 


peng] 


This equation must be solved by a numerical model as Newton- 
Raphson. The solution is 


u T 


Su = 78.81 
Sq = 84.98 
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18.31% 


Fig. 15.18 The four-year short-rate tree 


giving 
Tdd = 7.47% 
Tud = 10.76% 
‘dd = 15.50% 


This gives the missing information in the two-period rate tree. The 
consecutive time steps can be computed by forward induction, as in- 
troduced by Jamshidan (1991), or more easily with the Bjerksund and 
Stensland (1996) analytical approximation of the short-rate interest- 
rate tree. Finally, we get the four-year short-rate tree as in Fig. 15.18. 

From the short-rate tree, we can calculate the short-rate volatilities 
by using the relationship 


1 l (2) 
1a PES Tn a A 
” 2/ At Yd 


oo = 24.00% 
o1 = 22.00% 
02 = 18.24% 
03 = 14.61% 
o4 = 14.66% 


The four-year rate tree supplies input to the solution to the five-year 
price tree, Fig. 15.19. 
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100 
81.30 
70.44 100 
63.63 85.36 
60.17 75.54 100 
59.35 71.41 88.66 
69.20 81.64 100 
77.89 91.29 
85.78 100 
93.35 
100 


Fig. 15.19 The price tree at five year 


Fig. 15.20 The price tree of an American option 


The value of the American call option with strike 85.50 and time to 
expiration of four years can now easily be found by standard backward 
induction. It follows as in (Fig. 15.20) 

(0.5 < Cyat,i41 + 0.5 + Citi) 
i+ rji 


Cji = max Sji = 85.50, 


The price of the American call option on the five-year bond is 
thus 2.18. 


15.1.5.2 Binomial Interest Trees with Forward Inductions 


To solve the tree mentioned previously, more effectively we will in- 
troduce forward inductions. But first we will recall the backward 
induction. When we refer to nodes in a binomial model we will use 
the following index notation as shown in Fig. 15.21. 
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Fig. 15.21 The index notation of the nodes in the BDT model 


Let the unit time be divided into M periods of length At = 1/M each. 
At each period n, corresponding to time t = n/M = nAt, there are n+ 1 
states. These states range from i = —n, —n+2,...,n—2, n. At the present 
period n = 0, there is a single state i = 0. see the Fig. 15.21. Let r(n, i) 
denote the annualized one-period rate at period n and state i. Denote 
the discount factor at period n and state i by 


1 
~ [L+ rn, DJA 


p(n, i) 
The aforementioned tree is a discrete time representation of the 
stochastic process for the short rate, where we have used previous 
equation to express the discount. The probability for an up or down 
move in the three is chosen to be 1. 

The attraction of the binomial lattice model lies in the fact that, 
once the one period discount factors p(n, i) are determined, securities 
are evaluated easily by backward induction. For example, let C(n, i) 
denote the price of a security at period n and state i. This price is 
obtained from its prices at the up and down nodes in the next period 
by the backward equation. (Fig. 15.22) 


Ca, )=Y¥. p(n, )[C(n+1,i+1)+C(n+1,i-1)] 


This iteration is continued backward all the way to period n = 0. The 
price of the security today is given by C(0, 0). 
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Cin + 1,i+1) 


Cu, i 


Cin +1,i-1) 


Fig. 15.22 The relation of the node index 


Fig. 15.23 The solution of zero-coupon prices (discount factors) 


Suppose we were given the market data in Table 15.3 where the 
zero-coupon prices are calculated from the yim: 


Table 15.3 Market data 


Maturity: m Zero-Coupon Price: P(0, m) YTM(m) Yield Volatility 
(years) (Paying $1 in m years) (%) Oterm(m) (%) 

1 0.9091 10.0 20 

2 0.8116 11.0 19 

3 0.7118 12.0 18 

4 0.6243 12.5 17 

5 0.5428 13.0 16 


We want to find the discount factors that assure matching between 
the model’s term structure and the market term structure. First we 
present the solution, see Fig. 15.23. 

The discount factors in the tree were found by using forward induc- 
tion, a method first introduced by Jamshidan. Forward induction is 
an efficient tool in the generation of yield-curve binomial trees. It is an 
application of the binomial formulation of the Fokker-Planck forward 
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equation. The forward induction method will be described for the gen- 
eral class of Brownian-Path Independent interest models that includes 
the BDT model. 


Brownian Path-Independent Interest Models 


An interest rate model is referred to as Brownian Path Independent 
(BPD if there is a function r(z(t), t) such that r(t) = r(z(t), t), where z(t) 
is the Brownian motion. The instantaneous interest rate and hence the 
entire yield curve depends, at any time ¢, on the level z(t) but not on 
the prior history z(s), s < t of the Brownian motion. Two BPI families 
are of major interest: 


Normal BPI r(t) = Unt) + on(t)z(t) 
Lognormal BPI r(t) = Uz (eZ 


Where on(t) and oz(t) represent, respectively the absolute and the per- 
centage volatility of the short-rate r(t). Uy(t) is the mean and Uz(t) the 
median of r(t). 

The advantages with the lognormal BPI are as we have mentioned 
the positive interest rates and natural unit of volatility in percentage 
form, consistent with the way volatility is quoted in the market place. 
However, unlike the normal BPI, the lognormal BPI does not provide a 
closed form solution. It is possible to fit the yield curve by trial and er- 
ror but this is inefficient. In fact, the total computational time needed 
to calculate all the discount factors of a tree with N periods is pro- 
portional to N 3. Since N should be at least 100, too many iterations 
are needed. Forward induction efficiently solves the yield-curve fitting 
problems, but before describing the procedure a discrete version of 
the BPI models is necessary. 

In most literature, the BDT model is presented with all time periods 
equal to one. We will here present the most general model where the 
time-steps and the cash flows can vary over time. Then we can handle 
all kind of time structures, amortizing instruments etc. 
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Consider again the previously mentioned tree. Define the variable 
Xx as 


where y; = 1 if an up move occurs at period k and y; = —1 if a down 
move occurs at period k. 

The variable Xg gives the state of the short rate at period k. At 
any period k, the Xz has a binomial distribution with mean zero and 
variance k. Now, let us investigate the mean and variance of Xı vV At 


E[Xiv At] = VATE [Xd =0 


Var [xvr] SAna skarsi 


It follows that Xı vV At has the same mean and variance as the Brownian 
motion z(t). Since the normal distribution is a limit of binomial distri- 
butions, and the binomial process X; has independent increments, the 
binomial process X,/ At converges to the Brownian motion z(t) as At 
approaches zero. 

The state of the short rate was denoted by i. Replacing Xz by i will 
lead to having z(t) approximated as iv At. Now, replacing t by m (with 
m = t/ AÑ gives the discrete version of the normal and lognormal BPI 
families. 


Normal BPI r(m, i) = Un(m) + on(m)iv At 


Lognormal BPI r(m, i) = Up(myeL iv At 


Where i = -m, -m+2,...,m—2, m. 
Green Functions and the Forward Induction Method 


For a node (m,j) a pure-state security s(m,j) is a short-rate security 
expiring at t = m which pays $1 at (m, j) and 0 elsewhere. The Green 
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(m. m) 


m, m-2) 


9 (m) j far(ny 


r(m,j)=U(m)e 


t=0 to fı h by 


Fig. 15.24 How to build the BDT tree 


function G(m, 0) is the time-zero value of s(m, 0). For example, G(2, 0) 
is the value at t = 0 of s(2, 0). 
We build the tree using the nodes as in Fig. 15.24. 


Example 15.1.1 
A European short-rate security paying $1 at (2, 0) and 0 elsewhere is given by 


1 1 1 
G2, 0) = ~p(0, 0) [520 1) + p0, D] 


where p(m, j) is the one-period discount factor 
pm, j) = exp {-r(m, j)At} 
continuously compounded or 


1 


PDE rem 


compounded with use of the simple rate. The nodes are given as in Fig. 15.25. 
If we put in the numbers from the following example, we see 


1 1 1 
G(2,0) = z - 0.909091 - É - 0.8747 + 5 -0.9108] = 0.4058 


1 1 
G(2, 2) = 5 - 0.909091 - 5 - 0.8747 = 0.1988 


1 1 
G(2,-2) = 5 - 0.909091 - 5 - 0.9108 = 0.2070 
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Fig. 15.25 The node indices 


Where, for example, 


1f{1 
G(2,2) = = - G0, 1)- pd, l= 5 { 5600.0) -10,0)} p, 1) 


1 
L ods 0.909091} p01, 1) 


- (GQ, -1) - pQ, -1) + Gd, 1) - pd, 1)) 
1 1 
i (300, 0) : p(0,0) - p, -1) + 5 GO, 0) - p(0, 0) - pQ, D) 


1 1 
. (5 -1- 0.90901 - p(1,—1) + a 1 - 0.90901 - pd, D) 


When we number the nodes in the tree as shown earlier, we have the 
value of the discount bond at (0, 0) as 


1 
[1 + r(0, 0)]® 
So we define the discount factors as 


P(m) 


p(O, 0) = 


1 
~ [1+ r(m)]" 
These are known since we know the spot rate r(m) = r(tm). The simply 
compounded forward rate is defined as 


1 (pt) 
f(t,T,T + Ad = x ( ) 


p(t,T + At) | 


Later, we will use simple rate compounding only, since this is the most 
common in the fixed income theory. 
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We can compute G(m, j) with forward induction 


1 
5 lpm. —1)G(m,j - 1) + pm, j+1)Gm,j+1)) Yl <m-1 
~ fd 
Gom+1j) =} 5p(m.j— DG, j- 1) jamsi 
1 
5p(m,.j+ DGO, j+ 1) jaune 


The initial condition is given by G(0, 0) = 1. 

Note that an arbitrary short-rate security expiring at t = m, with 
a payoff p(m,j) can be considered as a combination of pure-state 
securities. 

In discrete-time finance, the Green function is known as Arrow- 
Debreu prices where it represents prices of primitive securities. Let 
G(n,i,m,j) denote the price at period n and state i of a security that 
has a cash flow of unity at period m (m > n) and state j. Note that 
G(m,j,m,j) = 1 and that G(m,i,m,j) = 0 for i # j. In most cases we 
ignore the first two arguments and say that G(m, j) = 1 if we reach the 
node (m, j) and zero else. 

By intuitive reasoning, the previous forward induction function 
states how we discount a cash flow of unity for receiving it one period 
later. This is simply the dual of the backward binomial equation. Note 
that when j = +m, there is only one node (at the bottom or at the top), 
which gives a modified expression for these two cases. 

The term structure p(0, m), which represent the price today of a 
bond that pays unity at period m, can be obtained for all values of m, 
by the maximum smoothness criterion (see next section). 

Arrow-Debreu prices are the building blocks of all securities. The 
price of a zero-coupon bond that matures at period m + 1 can be ex- 
pressed in terms of the Arrow-Debreu prices and the discount factors 
in period m. 


p(0,m+1)= $` G0, 0, m, j)p@n, j) 
j 
In most cases we simply write this equation as 


pm + 1) = È Gin, jyp(m,j) 
J 
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The term structure can be fitted to any BPI models using forward 
induction. First, assume that o(m) = o is a given constant. The prob- 
lem is then to solve U(m) to match the given discount function p(m, j) 
where 


1 1 
(1+ rnp (1 + Ulm) exp (o (mj Rim) ) 0” 


p(m, j) = 


Constant Short-Rate Volatility 
First, we let the short-rate volatility be a constant, o (m) = o. Let m > 0 
and assume that U(m—1), G(m-1, j), r(m-1, j) and p(m—1, j) have been 
found. The values at the initial time m = 0 are U(0) = r(0, 0), G(O,0) = 1 
and p(0, 0) = 1/[1 + r(0,0)]4@. 


Step 1: Generate the Green functions: 
[p(m, j- Gm, j-1) +p, j+ DG, j+1)] yl <m-1 
G(m+1,j) = 


p(m,j — 1)G(m,j — 1) j=m+1 


p(m,j+ 1)G(m,j+ 1) j=-m-1 


NLR NIe RIF 


or 


G(m,j-1) 
2 i + U(m) exp (oG - DVA] 
G(m,j+ 1) 
Gm, j-1) 
G(m,j + 1) 


+ 


NI = 


NI = 
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or 


2 [1 +r(m,j- poa [1 +r, j+ pa 


1 Gnj-1) 
2 [1+ rm, j- 1p] 
1 G(m,j+1) 


2 [1 + rem, j+ py)” 


Step 2: Use p(0, m + 1) to solve U(m) via: 
1 
[1 + Um) exp (oj Am) |” 


Step 3: From U(m) calculate the short rate, and update the discount 
factors, for all nodes at time m: 


pO, m+ 1) =) Gn, j) 
j 


r(m,j) = Uine VAT 
1 
pm, j) = 
[1 + rm, j] 


For the solution in step 2, we use a Newton-Raphson method 
nml FfOn) 
m m 
F'O 
We can easily do this since we have the derivatives. The procedure 
converges rapidly with three to four iterations. 


Let U(m) = xm be the unknown. Then 


1 
fm) =$ Gj) 


p(m+1)=0 
A 
j (1 + Xm > eV A) a 


The derivatives are given by 


ef jv At(m) 


f' Gm) =- > Gim,j) 


— FAm 
j [1 + xm + eri m 
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Example 15.1.2 
From the following given data, where we have calculated p from r: 


1 
KETON 
r(0, 0) = r(1) = 0.100 => p(0, 0) = p(1) = 0.909091 
r(0, 1) = r(2) = 0.110 => p(0, 1) = p(2) = 0.811622 
r(0, 2) = r(3) = 0.120 => p(0, 2) = p(3) = 0.711780 
r(0, 3) = r(4) = 0.125 => p(0, 3) = p(4) = 0.624295 
r(0, 4) = r(5) = 0.130 => p(0, 4) = p(5) = 0.542760 


PY) 


and o = 19%, we calculate (with U(0) = r(0, 0), G(O, 0) = 1.0) 


Step 1: Calculate the Green functions at time 1: 


G(1, -1) = 0.5 - G(0, 0) - p(0, 0) = 0.5 - 1.0 - 0.9091 = 0.4545 
G, 1) =0.5- G(0, 0)- p(0, 0) = 0.5 - 1.0 - 0.9091 = 0.4545 


Step 2: Use p(0, 1), G(1, -1) and G(1, 1) to solve U(1) via. 


GU), GA) ng 
(i+rd,-DP® mara, peo? 
giving 
0.4545 : x = 0.811622 
À 1+U()- e919 © 14+U(1)- e019 J 


The result is U(1) = 0.1184. 


Step 3: From U(1) calculate the short rate, and the discount factors at time 1: 


r(, -1) = 0.1184.e°!? = 9.7915 % => p(1, -1) = 0.9108 
rd, 1) =0.1184.e%!9 = 14.3180 % => p(1, 1) = 0.8747 


Step 1: Calculate the Green functions at time 2: 


G(2, -2) =0.5- G(1, -1) - p(1,-1) = 0.5 - 0.4545 - 0.9108 = 0.2070 
GQ, 2)=0.5- G, 1): p(l, 1) = 0.5 - 0.4545 - 0.8747 = 0.1988 
GQ, 0) =0.5- (GU, -1)- p, -1)+ G01, 1)- pd, 1) 

= 0.5 - (0.4545 - 0.9108 + 0.4545 - 0.8747)) = 0.4058 


Step 2: Use p(0, 2), G(2, -2), G(2, 0) and G(2, 2) to solve U(2) = 0.1374. 


Step 3: From U(2) calculate the short rate, and the discount factors at time 2: 


pQ, -2)= 0.9125 (2, -2) = 9.5862 % 
p(2, 0) = 0.8792 r(2, 0) = 13.7401 % 
p(2, 2) = 0.8355 r(2, 2) = 19.6941 % 
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Step 1: Calculate the Green functions at time 3: 


G(3, -3) = 0.5 - G(2, -2) - p(2, -2) = 0.5 - 0.2070 - 0.9125 = 0.0944 
G(3, 3) = 0.5 - G(2, 2)- p(2, 2) = 0.5 - 0.1988 - 0.8355 = 0.0830 
G(3, -1) = 0.5 - (G(2, -2) - p(2, -2) + G(2, 0) - p(2, 0)) 
= 0.5 - (0.2070 - 0.9125 + 0.4058 - 0.8792) = 0.2728 
G(3, 1) = 0.5 - (G2, 0)- p(2, 0) + G2, 2)- p(2, 2)) 
= 0.5(0.4058 - 0.8792 + 0.1988 - 0.8355) = 0.2614 


Step 2: Use p(0, 3), G(3, j) to solve U(3) = 0.137156. 
Step 3: From U(3) calculate the short rate, and the discount factors at time 3: 


p3, -3) = 0.9239  r(3, -3) = 8.2361 % 
p3, -1)=0.8963 (3, -1) = 11.5713 % 
p(3, 1) = 0.8602 r(3, 1) = 16.2571 % 
p83, 3) =0.8141 r(3, 3) = 22.8404 % 


In C/C + +, a tree calibrated to yield can be written as 


Build a Black-Derman-Toy tree calibrated to the interest rate 
Input: yc - a vector with short interest rates at the nodes 
to build the tree 
vol - a vector with short IR volatilities at the nodes 
to build the tree 


N - the number of nodes in the vectors 
dt - the time intervals between the nodes 
Output: d - the discount tree 
E - the tree of forward rates 
i = 0 -> i<N 
j = -i => j <= i(j+=2 


r[i] [N+j], d[i] [N+j] 


double buildBDT (double *yc, double *vol, int N, double »*dt, 
double **d, double *¥*r) 
{ 


double **Q; // State securities = 1 if (i,j) is reached, 0 if not 

double +U; // Median of the (lognormal) distribution for r at 
// time t 

double *P; // Bond prices 


const double epsilon = 0.000001; // Error in N-R iterations 
const int maxit = 20; // Max number of iterations 
int iter; 

double error, suml, sum2, guess, Guess, Time, Disk, Gamma, Disk2; 
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U = (double *)calloc(N + 2, sizeof (double) ); 
P = (double *)calloc(N + 2, sizeof (double) ); 
Q = (double **)calloc(2*N + 1, sizeof (double) ) ; 
for (int i = 0; i < 2*N + 1; i++) 
Q[i] = (double *)calloc(2*N + 1, sizeof (double)); 


Time = 0.0; 


// Discount factors per time-node 
for (int j = 0; j < N; j++) { 
Time += dt[j]; 
P[j+1] = 1.0/pow(1.0 + yc[j], Time); 


// initlize first node 


Time = 0.0% 

Q[0] [IN] = 1.0; 

U[0] = yc[0]; 

r[0] [IN] = U[0]; 

d[0] [N] = 1.0/pow(1.0 + r[0] [N], dt[0]); 

// evolve the tree for the short rate 

for(int i = 1; i < N; i++){ 
//update pure security prices at time i 
Q[i] [N-i] = 0.5*Q[i-1] [N-i+1]*d[i-1] [N-i+1]; 
Qi] [N+i] = 0.5*Q[i-1] [N+i-1]*d[i-1] [N+i-1]; 
for (int j = -i+2; j <= i-2; j += 2) 


Q[i] [N+j] = 0.5*Q[1i-1] [N+j-1]*d[i-1] [N+ j-1] 
+ 0.5*Q[i-1] [N+j+1]*d[i-1] [N+ +1]; 


// Use Ralph-Newton method to solve the mean rate, U[i] 
guess=r[0] [N]; 


iter=0; 
do { 
suml = 0; sum2 = 0; 
for (int j = -i; j <= i; j t= 2) { 
Gamma = exp(vol [i] *j*sqrt(dt[i])); //Volatility factor 
Disk = pow(1.0+guess*Gamma,dt[i]); //Discount factor 
Disk2 = pow(Disk,dt[i]+1.0); 
suml += Q[i] [N+j] /Disk; //Should sum up to P[i+1] 
sum2 += Q[i] [N+j]*Gamma+dt[i]/Disk2; //Derivative 
} 
Guess = guess + (suml - P[i+1])/sum2; 
error = fabs (Guess - guess); 
guess = Guess; 
iter++; 


if (iter > maxit) { 
printf ("===========WARNING ! NOSOLUTION==============\n") ; 
break; 
} 
} 
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while(error > epsilon) ; 


U[il = guess; 

// set r[.] and d[.] 
for (int j = -i; j <= i; j+ =2 ) 
r[i] [N+j] U[i] exp (vol [i] *j*sqrt (dt[i])); 
d[i] [N+] 1/pow(1 + r[i] [N+j], dt[il); 


} 


return0d.0; 


} 


Fitting Interest Rate Yield and Volatility Data 


Next consider the case matching both the yield and volatility curves 
in BPI models of the same general form. This requires solving jointly 
for U(m) and o(m). Let Py(1,m) and Pp(1, m) represent the prices at 
period n = 1 states of m-maturity zero-coupon bonds, see Fig. 15.26. 
Here, to get the present value of the cash flow at tọ, we use r(0, 0) 
to discount to time t = 0. We also define the steps in time: Atı is the 
step from to to t1, so Af; is the step from t = 0 to tı. In the figure 
we have used the short-rate formula for the BDT model. Note that 
an up move of the short rate differs from a down move by a factor 


exp(20 (m),/ At(m)). 


0, to l, t 2, b m, t, 


Fig. 15.26 The BDT tree 


r(m,j+2)= U (m) e? UDE 


r(m, ))=U (me 
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Therefore we have 


yu(m) = e@27term(m)V At(m) 


yp(m) 
P„ and Pq are given by 
Py(m) = 
[1 +yu@m)]"*" 
and 
Pp(m) = 
[1 + yom] A" 


A second equation is found by discounting back to the origin 


1 
P= ui +f pte) 70-0) 


If we introduce 


Tm = t= Atm 
and 
Dn) = eem Atm) 
we have 
1 
Poon 7 ( Puen i) -T(m) 
giving 


Pp(m) = (1 _T(m) + POD Puny Y)" 
We then have two equations to solve simultaneously: 
Pp(m) = (1 - T(m) + Fm) Py(my 7m) 
P(m) 


Py(m) + (1 -T n) + Pam Py(my Tm) = 00) 
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We first solve Py(m) via Newton-Raphson and then calculate Pp(m). 
Forward induction is then used to determine the time-dependent 

functions that ensure consistency with the initial yield-curve data. 

However, state prices are now determined from the nodes U and D 


requiring the following notation: 
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Gu(m, j): the value, as seen from node U, of a security that pays off 
$1 if node (m, j) is reached and zero otherwise. 

Gp(m, j): the value, as seen from node D, of a security that pays off 
$1 if node (m, j) is reached and zero otherwise. 

By definition Gy(1, 1) = 1 and Gp(1, —1) = 1. The tree is construc- 
ted from time Af onward using a procedure similar to the previous 
section. Now we have two equations 


| Py(m + 1) = 9) Gy(m, jpm, j) 
Pp(m + 1) = Ey Gp(m, j)p(m, j) 
where j = —m,-m+2,...,m—2,mand 

1 


(m,j) = 
i [i +U (myer VET | a 

The term structure of zero-coupon bonds P(m) and the yield volatility 
term-structure Oje;n,(m) are known. Py(m) and Pp(m) can be found for 
all periods m by using the equation for the term structure of volatility 
in conjunction with the Arrow-Debreu prices in a Newton-Raphson 
iteration where we have two unknown U(m) and o(m) to solve simul- 
taneously. This can easily be done since, as we will see, the Jacobian is 
known. 

The full set of steps to build the tree is therefore the following. 
Assume m > 0 and that U(m- 1), o(m- 1), Gy(m- 1, j), Gp(m- 1, j) 
and r(m—1, j) are known for all j at time step m—1. The values at initial 
time are U(O) = r(0, 0), o (0) = Oterm(), Gu(, 1) = 1, God, -1) = 1 
and r(m- 1, j) giving p(0, 0) = 1/(1 + r(0,0)) 4. 


Step 1: Derive Py(m) and Pp(m) for m = 2 to N. 
Pp(m) = (1 — exp (-2 At(m)orerm(m)) 
—(tn—Atm) 
+ exp (-2 At(m)orerm(m)) Py (my Mtn Atm)) 


Py(m) is found as the solution to 


P 1 — exp (-2VAr(morerm(m)) + Mimin) 
as & (-2¥ Ai(m)oterm(m)) ten) 
4 Pim) 
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The derivative used in Newton-Raphson is given 
1 +exp (-2 Ax(m)orerm(M)) : Py(my Am, 
(1 — exp (2 Ax(m)orerm(m)) 
—(tm—Atm)-1 
+ exp (2 Ar(m)orerm(m)) Pytiny Moat) 


Step 2: Generate Gy(m, j), Gp(m, j) 


Gu(m, j) 
1 
= zlean- 1, j- 1)Gy (m-1, j- 1)+p(m-1, j+ 1)Gu (m-1, j+ 1) 
Gp(m, j) 


1 
= 5 lpm 1, j- DGp(m=1, j- D+ p(m=1, j+ YGpm— 1, f+ D] 


Step 3: Using the derived discount functions Py(m+1) and Pp(m+1), 
solve U(m) and o(m) from 
as + 1) = >, Guy(m, Dp, D 
Pp(m + 1) = 2 Gp(m, Dp, j) 


where j = -m, -m + 2,...,m-— 2,m and 


1 


(1 + Uone niva) or" 
Step 4: From the calculated values of U(m) and o (m) calculate the 
short rate, and one-period discount factors for all nodes j at time m 


U(m)e? Iv Atm) 
1 
[1 Z rm, D] At(m) 


r(m, j) = 


p(m, j) = 


The method of forward induction requires only n arithmetic opera- 
tions to construct the discount factors at period n. The iterations are 
made only on the nodes at the given period, not the whole way back 


430 J.R.M. Roman 


to the root of the tree as in “trial and error”. In a tree with N peri- 
ods, the computational time is proportional to the number of nodes 
N 2 which is of the same order as when closed formed solutions for 
the discount factors are available. 


The Newton-Raphson Method in 2 Dimensions 


The Newton-Raphson method is a well-known numerical method to 
solve roots to equations from numerical analysis. The iteration scheme 
can be derived from a Maclaurin expansion of a given function f(x) 


h2 
f(xth)=f(x) +h-f'(x) + af ©) +... 


To the lowest order we have f(x + h) = f(x) + h - f'(x) where x + h is the 
root we are trying to calculate. Let the root be xn+1. We can write an 
iteration scheme as 


0 = f&n) = fn) + Ans —Xn)f Gn) 
This gives the well-known formula 
mic 
f'n) 
If we have to solve two equations simultaneously: 


fœ, y) =0 
g(x, y) =0 


Xn+1 = Xn 


We can write Newton-Raphson with vector notation: 
f(xn) 
Px) 


Xn+1 = Xn — 


where X, = (Xn, Yn) and 
I (Xn, Yn) 
fx,) = 
Œn) Vs Yn) 
The derivative is called the Jacobian and is defined as 
Of(Xns Yn) — Of (Xn, Yn) 
Xn OVn 


O8(Xn, Yn) 98(Xns Yn) 
OXn dyn 


J(Xn) = f(x,)= 
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Since we cannot divide by the Jacobian, we have to multiply with the 


inverse Jacobian. Therefore, we remember how to invert a 2 x 2 matrix 
from the linear algebra 


_{[4@ b —1 _ 1 d -b = _ 
r= (¢ i) 33 -a 7) «death = ad be 


We then have the following system of equation to solve: 


Og(Xn, Yn) If Xn, Yn 


fa) = be _ 1 IYn IYn Gs n) 
Yn+1 Yn D I8lXn, Yn) Bfn, Yn) 8(Xns Yn) 


OXn OXn 
where 
Of Xn, Yn) Of (Xn, Yn) 
2 OXn dYn _ Of Xn, Yn) dg(Xns Yn) Of Xn, Yn) dgn, Yn) 
98(Xn, Yn) dg(Xn; Yn) OXn OYn OYn OXn 


OX On 
In the previous BTD model we have to solveU(m) and o Qn) from 
Py(m+ 1) = } ` Gu(m, j) p(m, j) 
Pp(m a 1) = 2 Gp(m, J) p(m, jJ) 
where j = -m,-m + 2,...,m—2, mand 


1 


pn j) = n 
(1 + Umer iVa) di 


That is, we have two equations 


f(U, o) =>) Gyup(U, o)—-Py =0 
g(U, o) =} Gpp(U, o)-Pp=0 
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with 
dpulU, o) 
'y(U, =) Gy—— 
fu, o) =>) Gu T 
dpu(U, 
f'o(U, o)= Gy PUD 
00 
dpplU, o) 
‘GU,o)= 9 G 
g u(U, o)=} Gp TT. 
dpp(U, 
Jue 
00 
1 
fm) = X Gon, j) —————_ - P(m + 1) = 0 
j (1 +n eoi) 
The derivatives are given by 
ap(U, o At(m) - e7 iv Attn) 
an [1 + U(m) - erm Bt] seule 


and 


dp(U,o — U(m)- j- Attm)- Atm) - eo (mi Aim) 
do [1 + Ulm) - e0 mi Bie) 


Similar expressions yield for the derivatives of Pp(U, o). Therefore, we 
have the Jacobian and can use Newton-Raphson to build the tree. 


Example 15.1.3 

From the following data, where we now added volatility data: 
p(0, 0) = 0.909091 r(0, 0) = 0.100 o(1) = 0.150 
p(0, 1) = 0.811622 r(0, 1) = 0.110 o(2) = 0.140 
p(0, 2) = 0.711780 r(0, 2) = 0.120 a (3) = 0.130 
p(0, 3) = 0.624295 r(0, 3) = 0.125 o(4) = 0.120 
p(0, 4) = 0.542760 r(0, 4) = 0.130 o(5) = 0.110 


and calculate (Ar = 1): 
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Step 1: Derive Py(m) and Pp(m) for m = 2 to N. 
Our target here is P(2) = p(0, 1) = 0.811622 


exp (-2V'A12)o(2)) = 0.7557837 


exp (-2V/'A13)0(3)) = 0.7710515 
exp (2V At(4o (4)) = 0.7866279 
exp (-2V'Ar5)o(5)) = 0.8025188 


And we calculate: 
Py(2) = 0.879073 
Pp(2) = 0.906496 
Py(3) = 0.759125 
Pp(3) = 0.806791 
Py (4) = 0.657237 
Pp(4) = 0.716213 
Py (5) = 0.564908 
Pp(5) = 0.629164 

Since we have Gy (1, 1) = 1, and Gp(1, -1) = 1 we can calculate U(1) and o(1) using 

Newton-Raphson. The values are: 


U(1) = 0.119119 and o(1) = 0.143949 
We also calculate r(1, —1), r(1, 1), p(1, —1) and p(1, 1) from 


(mm, j) = Ume iV) 


a 1 
and p(m, )) = Frm, pata 


The values are: 
r(1,—1) = 0.103149 
p(1,—1) = 0.906496 
r(1, 1) = 0.137561 
p, 1) = 0.879073 


Step 2: Generate the Green functions Gu(2, 2), Gu(2, 0), Gp(2, 0) and Gp(2, -2) 


Guim, j) = 5 [pm 1, j- 1)Gu(m-1, j- 1)+pm-1, j+ 1)Gu(m-1, j+ 1)] 


1 
2 
1 
Gom, j) Glen j- Gn sit pl, j+ 1)Gom-1, j+ 1)] 
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1 1 
Gu(2, 2) = zd. Gud, 1)] = z [0-879073 -1] = 0.439537 


1 1 
Gu(2, 0) = zd, Gud, 1)] = z [0-879073 -1] = 0.439537 


1 1 
Gp(2, 0) = 5[PQ,-DGu(1,-1)] = 510.906496 - 1] = 0.453248 


1 1 
Gp(2, -2) = 7[P,-D)Gp(1,-1)] = 5 {0.906496 - 1] = 0.453248 


where we omit indices “out of range”. 


Step 3: Using the derived discount functions Py(3) and Pp(3) and the previous 
Green functions to solve U(2) and o(2) 


U(2) = 0.138944, o (2) = 0.123072 


Step 4: From the calculated values of U(2) and o(2) calculate the short rate, and 
one-period discount factors for all nodes j at time m: 


r(2,-2) = 0.108628 
p(2,-2) = 0.902016 
r(2, 0) = 0.138944 
p(2, 0) = 0.878006 
r(2,2) = 0.177721 
p(2, 2) = 0.849097 


Step 2: Generate the Green functions Gy(3, 3), Gy(3, 1), Gu(3,-1), Go@3, 1), Go(3,-1) 
and Gp(3,-3) as shown earlier. The result is 


Gu (3,-1) = 0.192958 
Gu (3, 1) = 0.379563 
Gu (3, 3) = 0.186605 
Gp(3, 1) = 0.198977 

Gp(3,-1) = 0.403396 

Gp(3,-3) = 0.204418 


Step 3: Using the derived discount functions Py(4) and Pp(4) and the previous 
Green functions to solve U(3) and a(3): 


U(3) = 0.139140, o (3) = 0.102192 
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Step 4: From the calculated values of U(2) and o(2) calculate the short rate, and 
one-period discount factors for all nodes j at time m: 


r(3,-3) = 0.102402 
p(3,—-3) = 0.907110 
r(3,-1) = 0.125624 
p(3, -1) = 0.888396 
7(3, 1) = 0.154111 
p03, 1) = 0.866468 
7(3, 3) = 0.189059 
p(3, 3) = 0.841001 etc. 


The final interest rate tree is shown next. 


14.395 12.307 10.219 


Build a Black-Derman-Toy tree calibrated to the interest rate 
and volatility 


Input: yc - a vector with short interest rates at the nodes 
to build the tree 
vc - a vector with short IR volatilities at the nodes 
to build the tree 
N - the number of nodes in the vectors 
dt - the time intervals between the nodes 
Output: d - the discount tree 
r - the tree of forward rates 
i = 0 -> i<N 


j = -i -> j < i (j+= 2 
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r[i] [N+j], d[i] [N+j] 
vol - avector with forward volatilities 
double buildBDT2 (double *yc, double *vc, int N, double »*dt, 
double **d, double **r, 


double *vol) 


double **Qu, **Qd; // State securities = 1 if (i,j) is reached, 0 


// if not 
double *U; // Median of the (lognormal) distribution for 
// r at time t 
double *P, *Pu, *Pd; // Bond prices 
const double epsilon = 0.000001; // Error in N-R iterations 
const int maxit = 20; // Max number of iterations 


int iter; 

double error, errorl, £ Pd, f Pu, df _PuU, df _PdU, df Pus, df_Pds; 
double Sigss, sigss, Disk, Disk2, Time = 0.0; 

double D, T, guess, Guess, f£ Der, Gamma, p00; 


U = (double *)calloc(N + 2, sizeof (double) ); 
P = (double *)calloc(N + 2, sizeof (double) ); 
Pu = (double *)calloc(N + 2, sizeof (double) ); 
Pd = (double *)calloc(N + 2, sizeof (double) ); 
Qu = (double **)calloc(2*N + 1, sizeof (double) ); 
Qd = (double **)calloc(2*N + 1, sizeof (double) ); 
for (int i = 0; i < 2*N + 1; i++) { 
Qu[i] = (double *)calloc(2*N + 1, sizeof (double) ); 
Qd[i] = (double *)calloc(2*N + 1, sizeof(double) ); 
} 
Time = 0.0; 
for (int j = 0; j < N; j++) { 
Time += dt[j]; 
P[j+1] = 1.0/pow(1.0 + yc[j], Time); 
} 
//initialize nodes 
u[O = yc[0]; 
r[0] [N] = yelo]; 
d[o] [N] = 1.0/pow(1.0 + r[0] [N], dt[0]); 
vol [0] = voa[0] ; 
Qu[1] [N+1] = 1; // N is used as "mid point" i.e., Qu[1] [1] 
// => Qu[1] [N+1] 
Qd[1] [N-1] = 1; // and Qd[1] [-11] => Qd[1] [N-1] etc... 
Time = dt[0]; // This is the first (time) node in the tree. 
// compute Pu[.] and Pd[.] 
for (int i = 1; i < N+1; i++) { 
// solve the following for Pu[i] 
T = Time; // Previous time 
Time += dt[il; //Now 
error = 0; iter = 0; //Used to exit this loop 
guess = U[0]; //Initial guess of Pu[i] 


Gamma = exp(-2.0*vc[i-1]*sqrt(dt[i])); 
p00 = 1.0/pow(1.0 + r[0] [N], dt[0]); 
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do { 
£ Pu = guess + pow(1.0 - Gamma 
+ Gamma*pow(guess, -1.0/T), -T) -2.0*P[i]/poo; 
f Der = 1.0 + Gamma*pow(guess, -1.0/T - 1.0)* 
pow(1.0 - Gamma + Gamma*pow(guess, -1.0/T), -(1.0 + T)); 


Guess = guess - f_Pu/f_Der; 
error = fabs(Guess - guess); 
guess = Guess; 

iter++; 

if (iter > maxit) break; 


} 


while (error > epsilon) ; 


Pu [i guess; 
Pd[i] = 2.0*P[i]/poo - Puli]; 


Evolve tree for the short rate 


for (int i = 1; i < N; i++) { 
// Update pure security prices at time step i 
Qu[1] [N+1] = 1; // N is usedas "mid point" i.e., Qu[1] [1] 
//=> Qu[1] [N+1 
Qd[1] [N-1] = 1; //and Qd[1] [-1] => Qd[1] [N-1] etc... 
if (i s 1) 
for (int j = -i+2; j < i; j += 2) { 
Qu[i] [N+j] = 0.5*Qu[i-1] [N+j-1]*d[i-1] [N+j-1 
+ 0.5*Qu[i-1] [N+j+1] *«d[i-1] [N+j+1] ; 


} 


for (int j = i-2; j > -i; j -= 2) { 
Qali] [N+j] = 0.5*Qa[i-1] [N+j-1] *d[i-1] [N+j-1 
0.5*Qd[i-1] [N+j+1]*d[i-1] [N+j+1] ; 


+ Il 


} 
} 


// Solve simultaneously U[i] and sig[i] using a 2-dim. Newton 
// initial guess 
guess = U[i-1]; 
sigss = vc[i-1]; 
iter = 0; 
do { 
£ Pu = 0; £ Pd = 0; df _PuU = 0; 
df PdU = 0; df _PuS = 0; df_PdS = 0; 


for (int j=-i+2; j < i; j+=2) { 
Gamma = exp(sigss*j*sqrt(dt[i]l)); 


Disk = pow(1.0 + guess*Gamma, dt [i]); 
Disk2 = pow(1.0 + guess*Gamma, dt[i] + 1.0); 
f Pu += Qu[i] [N+j] /Disk; 
df PuU -= Qu[i] [N+j]*Gamma*dt [i] /Disk2; 
df PuS -= Qu[i] [N+j]*guess*j*dt [i] *sqrt (dt [i] ) *Gamma/Disk2; 
} 
f Pu -= Pu[i+1]; 


for (int j=-i; j < i-2; j+=2) { 
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Gamma = exp(sigss*j*sqrt(dt[i])); 


Disk = pow(1.0 + guess*Gamma, dt[i]); 
Disk2 = pow(1.0 + guess*Gamma, dt[i] + 1.0); 
£ Pd += Qd[i] [N+j] /Disk; 
df PdU -= Qd[i] [N+j]*Gamma*dt [i] /Disk2; 
df PdS -= Qd [i] [N+j] *guess*j*dt [i] «sqrt (dt [i] ) *Gamma/Disk2; 
} 
f Pd -= Pd[i+1]; 
D = df PuUxdf PdS - df PdU*df PuS; 
Guess = guess - (df_PdS*f Pu - df_PuS*f_Pd)/D; 
error = fabs(Guess - guess); 
guess = Guess; 
Sigss = sigss - (-df_PdU*f Pu + df_PuU*f Pd) /D; 
errorl = fabs(Sigss - sigss)j; 
sigss = Sigss; 
iter++; 
if (iter > maxit) } 
printf ("s========== WARNING! NO SOLUTION ====s=========\n") ; 
break; 
} 
} while ((error > epsilon) && (errorl > epsilon)); 
U[i] = guess; 
vol[i] = sigss; 
// set r[.] and d[.] 
for (int j = -i; j < i; j += 2) { 
r[i] [N+j] = U[i]*exp (vol [i] *j*sqrt (dt [i])); 
d[i] [N+j] = 1.0/pow(1.0 + r[i] [N+j], dt[il); 


} 
} 


return 0.0; 


} 


15.1.6 The Black—Karasinski Model 


The BK model is developed in a perfect market environment. It as- 
sumes that the forward short rate developed by the model follows 
a lognormal distribution where the instantaneous spot rate evolves 
under the risk neutral measure, Q, according to the SDE 


d\n (r(t)) = [0 — a(t) - n(r()] dt + ot) dV) 


where 0(t), a(t) and o(t) are deterministic functions of time and 
r(O) = ro. 
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We let the a(t) = a and o(t) = o thus leaving 0(t) being the only 
parameter that changes in time. This allows us to use 0(t) to fit our 
model perfectly to the current term structure. The other two paramet- 
ers, a and o, will be used to calibrate the model to vanilla instruments, 
whose prices are observed in the market. The coefficient a can be 
interpreted as the rate at which the model reverts to a long-term mean. 

From It6 lemma, we obtain 


2 
d(r(t)) = r(t) joc + > —a-In vo] dt + or(t)dV(t) 


with the solution (s < Ð 
t t 
r(t) = exp 4 In(r(t)) «oO + / eX 6(u)du + o J e HY) dv (u) 
s s 
The first moment of r(t), with respect to the filtration F,, is given by, 
2 
E [rO]F,] = exp tin rD) -e + J e9 (u)du + — [1 a | 


Ss 


Let 
t 
amieta J eG (u)du 
0 


The long-term mean of the short rate cannot be calculated analyt- 
ically. A numerical procedure such as the trinomial lattice can be 
implemented to derive a short-rate tree that matches the initial term 
structure. 

Given the short-rate dynamics of the model, we can write the short 
rate as a function of time, 


r(t) = ett 
where the stochastic differential of the x process is given by, 
dx(t) = -a - x(t)dt + odV(t) 


where x(0) = 0. We can integrate the SDE in order to obtain a formula 
for the process x, 
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t 
x(t) = x(s)-e% 40 | e “4 dV(u) for each s < t. 


S 


We begin by implementing the trinomial tree for x by discretising the 
time horizon, where At; = ti+ı — ti for each i. The process for xwill 
evolve according to the trinomial tree where x;.; = jAt; is the value of 
the process at time t; for the j-th node. From this node, the process 
can take on one of three values, Xi+1:k+1, Xi+1;k OF Xi+1;k-1, Where Xj41:x 
is the central node. The level of k is set such that xj41., is as close 
as possible to M;.;. The maximum and minimum number of nodes at 
each time step, ti, is denoted by j and j respectively. j and j at time ti+1 
can be determined by finding the values of k for the nodes x;j and xij 
respectively. 

The values of the nodes at each time must be calculated in an iter- 
ative manner, starting at the current time and working as far out into 
future as desired. 

Once the xprocess for the whole tree is generated, the tree needs to 
be displaced in order for the model to match the current term struc- 
ture. Since the BK model assumes that the instantaneous forward short 
rate is lognormal distributed, the model is not analytical tractable. This 
implies that one cannot solve wanalytically. In order to overcome this, 
a numerical procedure must be used to generate the value of _ at each 
time step. We denote Q;.; as the present value of an instrument paying 
1 if node (i, j) is reached and 0 otherwise. Q;.; can be thought of as 
the discrete analogue of the Arrow-Debreu security prices. We begin 
by calculating the current value of a, ao. This is given by 


ao = ln {-n (a 2)} 
ti 


where p(O, t1) is the market discount factor for the maturity tı. Once 
ao is computed, Q) ; can be calculated for all jby, 


O1j = >> Qongth, j) - exp{—Ato - exp (œo + hAxo)} 
h 


where q(h,j) is the probability of moving from node (i, h) to node (i + 
1,/). Aftercalculating Q1; for all j = j),..., Ji we can calculate a; by 
matching it to the marketdiscount factor for the maturity t2. This can 
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be calculated by numerically solvingthe equation, 
4 
(or1) = pO, t2)- È ij exp{-exp (a1 +jAx1) Atı} =0 
ji 


This can be solved using the Newton-Raphson. Thus, in general 
we have, 


Oisig = > Oinglh, j) - exp{-At; - exp (aj + hAxi)} 
h 


where g; is calculated numerically using 


Ji 
plai) = p(O, tiy1)- È Qiy - exp {—exp (aj +jAxi) Ati} =0 
j 


The first and the second derivative of ¢(«;) is given by: 


J. 


-I 


$' (oi) = È Qij -exp {exp (æ; +jAx;) Ati} exp (œi + jAxi) Ati 


Ji 


and 
plai) = p (ai) — b' (ai) - exp (œi +jAxi) Ati 


As we can see from the previous equation, gis time dependent and not 
state dependent. Thus in order to obtain the value of the forward short 
rate at each node (i, j), we take x; j and calculate r; j using the formula, 
Hy = eliti j 

The BK model does not yield any analytical formulae to price a zero- 
coupon bond or any European bond option. Therefore, the only way 
to price interest rate derivatives, both vanilla and exotic, is through 
numerical procedures such as a lattice approximation or Monte Carlo 
simulation. However, by assuming that interest rates are lognormal dis- 
tributed, it prevents the forward short rate from becoming negative. 
These negative rates could skew the price of a derivative that is priced 
using a normally distributed short-rate tree. 
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15.1.7 Two-Factor Models 


The previously defined one-factor models assume is that at every in- 
stant, interest rates for all maturities are perfectly correlated with 
each other. For example, a long interest rate, such as a three year 
rate, is perfectly correlated with a short interest rate. The perfect 
correlation between interest rates along a yield curve implies that 
changes to the interest rate in the short end will be equally trans- 
mitted along the yield curve to the long end. In order to incorporate 
correlation between yields of different maturities, one can introduce 
more factors to improve the description of the evolution of the 
short rate. 

A two-factor model will imply more precision in the modelling but 
at a higher cost of implementation. A common assumption amongst 
all multiple factor models is that the market must be complete; there 
must be as many tradable assets in the market as there are sources of 
uncertainty. 

Brennan and Swartz model is an early (1982) and well-known 
two-factor model that is mainly used when pricing options on bonds. 
Instead of focusing solely on the short rate, this model incorporates the 
longest and shortest maturity default-free instruments. Brennan and 
Swartz goes on to assume that the two yields follow a Gaussian process 
and that each yield is driven by its own source of uncertainty. This 
model is believed to improve the precision of pricing derivatives that 
depend on the behaviour of both a short and long-dated instrument. 
For example, an option that allows one to swap a short-dated bond for 
a long-dated bond. The processes are given by 


dr = [a, + bi(p —r)| dt + ordz 
dp = p-[a2+ bor+cop| dt + o2 pdw 


where dwdz = adt. oj and o; are the volatilities for the short-rate r and 
the long rate p. a is the correlation between the two rates. 

Longstaff and Schwartz used the general equilibrium framework of 
Cox, Ingersoll and Ross with an extension by assuming two independ- 
ent unspecified state variables which follow stochastic processes of 
the form 


dx = a,(b, —x)dt + 0,/xdz 
dy = ay(by — y)dt + oy,/ydz 
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Both factors assumes to affect the mean of the instantaneous rate 
of return, but only the last factor is assumed to affect the variance. 
Therefore, risk is only priced using the second factor. By using the 
term-structure equation it is possible to determine the short-rate r and 
its instantaneous variance V as part of the equilibrium 


r=xt+y 
2 


Z 2 
V=ofx+oyy 
Now, it is possible to change variables and express the valuation 
equation in terms of the new and observable variables r and V. 


15.1.7.1 The Two-Factor HW Model 


Hull and White proposed a two-factor model of a single term structure. 
This model provides a more accurate estimation for the changes in the 
term structure and volatility structure than their one-factor model. HW 
validates the use of this two-factor model for volatility structures that 
are humped in nature. 

In the HW two-factor model, the risk-neutral process for the short 
rate, r, is 


df (r) = [0 (t) + u- af (r)| dt + ojdz) 


where u has an initial value of zero and follows the process 
du = —budt + 02dz2 


The parameter 0(t) is a deterministic function of time. The stochastic 
variable u is a component of the reversion level of rand itself reverts to 
a level of zero at rate b. The parameters a, b, o1, and o2 are constants 
and dz, and dz2 are Wiener processes with instantaneous correlation p. 

This model provides a richer pattern of term-structure movements 
and a richer pattern of volatility structures than the one-factor model. 
For example, when f(r) =r, a= 1, b = 0.1, 0; = 0.01, o2 = 0.0165 and 
p = 0.6 the model exhibits, at all times, a “humped” volatility structure 
similar to that observed in the market. 

When f(r) = r the model is analytically tractable. The price at time t 
of a zero-coupon bond that provides a payoff of 1 CU at time T is 


P(t, T) = A(t, T) exp [-B(t, T)r- C(t, T)u] 
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where 
1 -a(T-t) 
B(t, T)=-[1-e | 
a 


~a(T-t) | 1 oor) 1 


AA ETET b(a—b) ab 


and A (t, T)is as given in the following. 
The prices, c and p, at time zero of European call and put options 
on a zero-coupon bond are given by 


c = LP (0, s)N(h)- KP (0, T)N (h-op) 
p = KP(0, T)N (-h-op) —LP (0, s) N (=h) 


where T is the maturity of the option, s is the maturity of the bond, K 
is the strike price and L is the bond’s principal 


1. LP@,s) op 
= —In + 
op P(0,T)K 2 


and op is as given in the following. 
The A(t, T), op, and 0(t) Functions in the Two-Factor HW Model 


In this part, we provide some of the analytic results for the two-factor 
HW model when f(r) = r. 
The A(t, T) function is 


P(O, T) 
P(O, t) 


oO 
n= re —e "Bit, T? — po,o2[B(O, DCO, t)B(t, T) + y4- y2] 


1 
= 31C(O, t)?B(t, T) + y6- ys] 
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and 
e (atb)T ( ela+b)t = 1) eal (e? at _ 1) 
(a+ b)(a—b) 2a(a — b) 


y= 


1 1 1 
y2 = —(yı + Ct, T)- C0, T) +a TY — -B(0, TY 
ab 2 2 


t eat) -e eat 


+ 
a a 


eo (atbyt zij e72 j 
+ 
(a—b)(at+b) 2a(a—b) 


v3 > 


-a _] 


1 1 2 t e 

y4 = PASÉ — C(O, t) - z200, t) + F oe oe 
11 gl 2 

y5 = pig ct Ty= 700, TY + y2] 
1 1 2 

Y6 = g” Pha | 


where A(t, T) and C(t, T) functions are as we mentioned before and 
F(t, T) is the instantaneous forward rate at time t for maturity T. 
The volatility function, op, is 


2 


j {o?[B(t, T)-B(t, N° + o3[C(t, T)- Ca, OP 
p 


+20102[B(t, T)- B(t, HI[C(t, T)- C(t, t)]}dT 


This shows that o,has three components. Define 


1 
U= 
a(la— b) 
1 
~ b(a—b) 


(eT = ot) 


(eT _ ery 


The first component of o is 


o2 
— Bgt, TPA -e° 
2a 
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the second 
U? y? UV 
2 2at 2bt (a+b)t 
— -1)+ — —1)-2—— =1 
7, ) ape ) aa" )) 
and the third 
2p0102 


U V 
(C eT) (e! 1) (etb) _ 1)) 
a 2a a+b 


Finally, the 0 (t) function is 
O(t) = F,(0, t) + aF(O, t) + (0, t) +ap(0, t) 


where the subscript denotes a partial derivative and 


1 1 
(t, T) = 501 BU T}? + 502C, T} + pojo2B(t, T)C(t, T) 


15.1.8 Three-Factor Models 


In recent years, researches have come up with some yield-based term- 
structure models which specify three factors driving the future from 
the term structure. Such models are assumed to follow stochastic 
processes which can take on different forms. For example 


dr = k(0 —r)dt + /Vadz 
d0 = a(B —@)dt + ndw 
dV = a(b-V)dt + ¢/Vay 


where r is the short rate, 0 denotes the long run mean of r and V the 
variance of the short rate. This set of factors are designed to give the 
term-structure evolution more flexibility in that it allows not only for 
parallel shifts, but also for twists and not perfectly correlated bond 
prices. This advantage comes at the price of higher computational 
demands and theoretical sophistication. 


15.1.9 Fitting Yield Curves with Maximum Smoothness 


Single-factor term-structure models, such as HW, can be used to fit 
yield curves and forward rate curves with maximum smoothness. 
Such a method will generally match the observable yield-curve data 
very well but between observable data points, yield-curve smoothing 
technique is necessary. Kenneth J. Adams and Donald R. Van De- 
venter provide an approach to yield-curve fitting by introducing the 
“maximum smoothness criterion”. 
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The objective is to fit observable points on the yield curve with the 
function of time that produces the smoothest possible forward rate 
curve. To do this, a technique from numerical analyses is used. The 
smoothest possible forward rate curve on an interval (0, T) is defined 
as one that minimizes the functional 


T 
Z= J [F"0, s)|" ds 
0 


subject to 
ti 
exp - f fo, s)ds ¢ = P(O, ti =1,2,...,m 
0 


where P(O, ti) represent the observed prices of zero-coupon bonds 
with maturities t;. Expressing the forward rate curve as a function of 
a specified form with a finite number of parameters may approach 
this problem. The maximum smoothness term structure can then be 
found within this parametric family, that is, it will be smoother than 
that given by any other mathematical expression of the same degree 
and same functional form. 

However, it would be more useful to determine the maximum 
smoothness term structure within all possible functional forms. This is 
possible due to the theorem provided by Oldrich Vasicek and stated in 
an article by Adams and Van Deventer in The Journal of fixed income, 
pp. 53-62. June 1994. 


Theorem 15.1.8. The term-structure f(0, t), 0 < t < T of forward 
rates that satisfies the previous equations is a fourth order spline 
with the cubic term absent given by 


FO, =c +bit+ai tiy<t<t i=1,2,...,m+1 


where the maturities satisfy 0 = tọ < ti < ... < tm+1 < T. The 
coefficients aj, bi, ci, satisfy the equations 
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4 4 
cil; + biti + aj = Ci-1t; + bist) + Gist 


Acjt? +b,= Aciy1t? + bis 


Cm+1 = 0 
i _ ; a P(O, ti) 


For a proof of this theorem, we refer to the article written by Kenneth 
J. Adams and Donald R. Van Deventer. It is seen that the theorem spe- 
cifies 3m + 1 equations for the 3m + 3 unknown parameters aj, bi, Ci, 
i= 1,2,..,m+ 1. The maximum smoothness solution is unique and can 
be obtained analytically as follows. 

The objective function is proportional to 


m 


_ 265 5 
i=l 


according to the term-structure f(t). This function is quadratic in the 
parameters while the previously mentioned four conditions are all lin- 
ear in the parameters. We have an unconstrained quadratic problem of 
the form 

min x'Dx 


subject to 


i 


with the solution 


(1-a (aat) a) Dx=0 


Any two of these equations provide the remaining conditions on the 

parameters aj, bi, ci, Two additional requirements may be stated 

1. f(T) = 0 for the asymptotic behaviour of the term structure. 

2. ag = r which means that the instantaneous forward rate at time zero 
is equal to an observable rate r. 


If both of the additional requirements are used, no equation from the 
previous equation is needed. 


16 


Heath-Jarrow-Morton 


16.1 The Heath-Jarrow-Morton (HJM) Framework 


Up to this point we have studied interest models where the short-rate 
r is the only explanatory variable. The main advantages with such 
models are as follows. 


1. Specifying r as the solution of an Stochastic Differential Equation 
(SDE) allows us to use Markov process theory, so we may work 
within a partial differential equation (PDE) framework. 


2. In particular it is often possible to obtain analytical formulas for 
bond prices and derivatives. 
The main drawbacks of short-rate models are as follows. 


1. From an economic point of view it seems unreasonable to assume 
that the entire money market is governed by only one explanatory 
variable. 


2. It is hard to obtain a realistic volatility structure for the forward 
rates without introducing a very complicated short-rate model. 


3. As the short-rate model becomes more realistic, the inversion of the 
yield curve described earlier becomes increasingly more difficult. 
These, and other considerations, have led various authors to propose 
models that use more than one state variable. One obvious idea would, 
for example, be to present an a priori model for the short rate as well as 
for some long rate, and one could of course also model one or several 
intermediary interest rates. The method proposed by Heath-Jarrow- 
Morton (HJM) is at the far end of this spectrum — they choose the 
entire forward rate curve as their (infinite dimensional) state variable. 
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We will now specify the HJM framework, and we start by specifying 
everything under a given objective measure P. 


Assumption: We assume that, for every fixed T > 0, the forward rate 
f(t, T) has a stochastic differential which under the objective measure 
P is given by 


| df(t, T) = a(t, T)dt + o (t, TAW? (t, T), 
f@, T) = f*(0, T) 


where W” is a (d-dimensional) P-Wiener process whereas a(t, T) and 
o (t, T) is adapted processes. 

Note that conceptually this is one stochastic differential in the 
t-variable for each fixed choice of T. The index T thus only serves 
as a “mark” or “parameter” in order to indicate which maturity we are 
looking at. Also note that we use the observed forward rated curve 
{f*(0, T); T > 0} as the initial condition. This will automatically give us 
a perfect fit between observed and theoretical bond prices at t = 0, 
thus relieving us of the task of inverting the yield curve. 

It is important to observe that the HJM approach is not a proposal 
for a specific model, like for example, the Vasicek model. It is instead a 
framework to be used for analysing interest rates models. Every short- 
rate model can be equivalently formulated in forward rate terms, and 
for every forward rate model, the arbitrage-free price of a contingent 
T-claim X will still be given by the pricing formula 


T 
TI [0, X] = E2 | exp }- J r(s)ds $ .X 
0 
where the spot rate is as usual given by r(t) = f (t,t). 
Suppose now that we have specified a, o and {f*(0,7}; T > O}. 


Then we have specified the entire forward rate structure and thus, by 
the relation 


T 
p(t, T) = exp - | fo. s)ds 
t 


we have in fact specified the entire term-structure {p(t, T); T > 0, 
0 < t < T}. Since we have d sources of randomness (one for every 
Wiener process), and an infinite number of traded assets (one bond 
for each maturity T), we run a clear risk of having introduced arbitrage 
possibilities into the bond market. The first question we pose is thus 
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very natural: How must the processes a and o be related in order that 
the induced system of bond prices admits no-arbitrage possibilities? 
The answer is given by the HJM drift condition that relates a too. 

We start as usual with the assumptions that there exists a local risk- 
free security with the price process B given by 


dB(t) = r(t)B(t)dt 
BO) =1 


where the spot rate is given by r(t) = f(t, t). 

We also assume that an equivalent probability measure Q ~ P such 
as each Z!-process is a Q-martingale on [0,7], where the discounted 
bond prices Z’ is defined as 


We also know that the dynamic of the forward rates imply the 
following dynamic for the bond prices: 


dp(t, T) = p(t, T) {r(t) + b(t, T)} dt + p(t, Tya(t, T)dwW(t) 
where 
df(t, T) = a(t, T)dt + o (t, T)dW(t) 
and a(t, T) and b(t, T) are given by: 
T 


a(t, T) = -J o (t, u)du 


t 
T 


b(t, T) = — J a(t, u)du + sate Ty 
t 
The dynamic of Z T is then given by: 
dZ(t, T) = b(t, T)Z(t, T)dt + a(t, T)Z(t, T)dW(t) 


Therefore we have to find out if there exists a Girsanov transformation 
that for all T at the same time removes the drift. 


dQ = L(T)dP on Fr 
where 


| dL(t) = g(t)L(t)dW(t) 
L(0) =1 
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for some process g(t). From Girsanov theorem we get 
dW(t) = g(t)dt + dV(t) 
where V is a Q-Wiener process. We then have 


dZ(t, T) dZ(t, T) S <a 7 p(t, T) 
IET) dp(t, T) + IBO dB(t) = BO dp(t, T) BAD 
= Z(t, T) {r(t) + b(t, T)} dt + Z(t, T)a(t, T)\dW(t) — Z(t, T)r(t)dt 
= b(t, T)Z(t, T)dt + a(t, T)Z(t, T)dW(t) 


= {b(t,T) + gat, T)} Z(t, T)dt + a(t, T)Z(t, T)dv(t) 


dZ(t, T) = dB(t) 


We must have 

b(t, T) 

a(t, T) 
This Girsanov kernel, g(t, T), holds for a given T. Therefore a martin- 
gale measure QT will be generated such as Z! becomes martingale. 
Remark! This depends on our choice of T, so there is no guarantee that 
O° for S # T is QO! -martingale. If there exists a Girsanov transformation 
that make all Z’-processes martingale at the same time, then g(t, T) 
must be independent of the choice of T. 


g(t, T) = 


Theorem 16.1. The following statements are equivalent 
e There exists a measure QT that makes all Z?” processes martin- 
gales. 
e For all T and S we have 
b(t,T) _ b(t, S) 
a(t,T) a(t, S) 


for allt < min(T, S). 
e The Girsanov kernel g(t, T) is independent of T. 
e For each S and T we have 


T 
a(t, T) = —o (t, T) 4 g(t, 9- f oa s)ds 
t 


Proof: We only prove the last statement since the others are obvious. 
We have 
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which in detail gives 
T T 


g(t, S) | o(t,u)du = — J a(t, u)du + Zali, Ty 
t t 
T T 2 


T 
g(t, 9 fo, 9ds=- f at, sds +5 f otas 


t t 
so 
T T 2 


T 
fee s)ds = —g(t, 9 fo, sds +5 [oe s)ds 
t 


t t 
Take the derivative with respect to T and we are finished. 


Theorem 16.2. If one of the previous statements holds, then the 
market is free of arbitrage. 


It is natural to call the function g(t, T), the market price of risk. We 
remember that on a market free of arbitrage, the market price of risk 
is the same for all securities. 

Suppose one of the aforementioned statements hold. Then we can 
define a unique measure Q that makes all discounted bond prices mar- 
tingales. The question we ask us is, how does the forward process look 
like under this measure? The answer is surprisingly simple. 


Theorem 16.3. Let the forward dynamic under P be given by: 
df(t, T) = a(t, T)dt + o (t, T)dW(t) 


Then, if any of the previous statements holds, the forward rates 
under Q are given by 


df(t, T) = a*(t, T)dt + o (t, T)dV(t) 


where 


T 
a*(t,T) = o(t, n f ot s)ds 
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Proof: After Girsanov transformation, the Q-dynamic is given by 
df(t,T) = {a(t, T) + g(Ho(t, T)} dt + o(t, T)d V(t) 


Using 


T 
a(t, T) = —o (t, T) 4 g(t, 9- f ou, s)ds 
t 


=> 


T 
df(t, T) = 4-o(t, T) y g(t) — J o(t,s)dsp + g(t)o(t, T)? dt + a(t, T)dV(t) 


t 
T 


= Yo(t, T) | a(t, s)ds} dt + o (t, T)dV(t) = a*(t, T)dt + o (t, T)dV(t) 


The result is a little bit surprising, since the Q-dynamic is completely 
determined by the diffusion function o (t, T). Therefore, if the process 
o (t, T) is deterministic, the forward rates are independent of the mar- 
ket price of risk. This is also true in a more complex situation where 
the forward rate solves a system of SDEs. 

If we remember what we found when we went from df! to dp” and 
if we use the super index * in the drift and diffusion under Q we have: 


df(t, T) = a*(t, T)dt + o*(t, T)dV(t) 
dp(t,T) = p(t, T) {r(t) + b*(t, T)} dt + p(t, Ta (t, T)dW(t) 
T 
a*(t, T) = -f o*(t,u)du 


t 
T 


1 
b*(t,T) =- J a*(t, u)du + G Ty 
t 
We know that a Girsanov transformation does not change the drift, so 


we must have o*(t, T) = o (t, T). Then we know that under Q the yield 
is given by the short rate. Therefore we must have b*(t, T) = 0. 
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16.1.1 The HJM Program 


To use the HJM framework we will use the following program: 


. Fix a filtrated probability space (Q, F,P,F) and a Wiener pro- 
cess V. The filtration is the natural, generated by V. 


. Specify the choice of volatility structure for the forward rates for 
each T > 0, explicitly giving the process o (t, T). 
. Define the drift of the forward rates by 


T 
a(t,7T) = o(t, n f oa s)ds 
t 


. Observe on the market, the initial forward structure {f*(0, T); 
T > O}. 
. Integrate the forward rates with the equations 


t t 


ft, T) = f*(0,T)+ J a(u, T)du + i o(u, T)dV(u) 


0 0 


. Calculate the bond prices as 


T 
p(t, T) = exp - | fe. u)du 


. Calculate derivative prices based on p(t, T). 


16.1.1.1 Ho-Lee Model 


To see how this works, we use the simplest we can think of, a constant 
volatility o (t, T) = o > 0. If we use the HJM equation 


df(t, T) = a*(t, T)dt + o (t, T)dV(t) 
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where 
T 
a*(t, T)=0(t, n) f ot s)ds 
t 


We then get 
T 
df(t,T) = | o J ods | dt + odV(t) = 07(T —t)dt + odV(t) 
t 
We see that the drift is then given by: a(t, T) = o*(T — t). We then get 
t t 
* 2 x 2 4 
FT) =f*0, T} J o? (T-u)du+ J odV(u) = f*(0, T)+0 (T- zJ vo 


0 0 


We remember that a Wiener process at time t = 0 is zero: V(O) = 0. 
We recognize these rates as the one we got from the Ho-Lee model. 
Remark how easy we get them in the HJM framework. We also get the 
bond prices 


o2Tt 
5 (T —t)-—o(T—-1t)V(t) 


T 
p(t, T) = exp -[ rv. u)du 


OT) 
T)= 
POD = FON 


o2Tt 
»] 5 (T -t)-o(T ovo) 


16.1.2 Hull-White Model 
If we use a Gaussian forward rates with volatility given by 
olt, T) = oe “T 
We get 
df(t, T) = a*(t, T)dt + o (t, T)dV(t) 
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where 
T 
a(t, T)=0(t, n f ot s)ds 
t 


Therefore 
T 
df, T) = | ce 47 J oe Tds | dt + oe T avin) 


t 


2 
"a (ar — gaa) dt + ae" y(t) 
a 


Integrating with respect to t, we obtain 


t 


2 2 2 
F(t, T) = f*0, N+55 E 5 (1-6) +0 J e@Tay(s) 
a a 
0 


Introducing the notation 


t 
X = J eX) qdV(s) 
0 


And using the fact that 
t 

J eT dV (s) = TIXO 

0 
We obtain the following formulas for f(t, T) and r(t) 

_ pk -a(T-t) g” -aT\2 T i —a(T-t) 2 
SED =O T) +o xa Ss (l-e -a (1e) 

and 


* o? -at\2 
r) =f°(0,1) + OX) + 55 (l1-e“) 
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We recognize these rates as the Hull-White (extended Vasicek) model. 
The formula shows that the forward rates and the instantaneous short 
rate are linear functions of the same Gaussian process X(t), so we 
observe a perfect correlation of the forward rates. 

The asymptotical behaviour of the short rate is given by 


o2 
r(t) = f(0, +0oX(t)+ Fa 


which is a Gaussian random variable with mean 
g2 
Hoolt) = f(0, 1) + — 
2a 
and variance 
t 2 t 


2 
oO 
a. =0°E J eo) gV(s) =o" J e7) ds E? (1 — r 
a 
0 0 
We see that the short-rate fluctuation have a non-trivial asymptotic 


probability distribution. This fact is known as mean-reversion of the 
spot rate and a is called the rate of mean reversion. 


16.1.2.1 The General Situation 


In a mode general situation we can let the volatility depend on the 
forward rates and then solve a system of SDEs under Q. In more detail 


1. Specify o as function of three variables: t, T and f(t, T). 
2. Solve 


df(t, T) = a(t, T)dt + o (t, T,f (t, T) dV@ 
f0, T) = f*(0, T) 


where 


T 
alt, T)=0(t,T, f(t, r) | ons.fe. s))ds 
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The question to ask at this point is under what condition on o we can 
solve the previous equations. The situation is complex since this is 
infinite number of coupled equations where a(t, T) at time t not only 
depends on the actual forward rates, f(t, T), but also all forward rates 
f(t, s) with t < s < T. But more difficult is the problem with o. If we do 
not specify o well enough, œ which is quadratic in o can explode and 
give infinite forward rates. This gives bond prices of zero and possible 
arbitrage situations. If ø is Lipschitz continuous in f(t, s), positive and 
uniformed limited, then there exists a solution to the system for all 
initial forward rates. 


16.1.3 A Change of Perspective 


The main result of the HJM approach consists in providing the exten- 
sion of the Black and Scholes (1973) reasoning to the fixed income 
sector using forward rates. This can be done as there exists a one-to- 
one correspondence between instantaneous forward rates and bond 
prices. Bonds are traded assets, so we can apply the procedure 
of replacing the drift coefficient with the short rate under a risk- 
neutral probability measure. Passing from spot rates to forward rates, 
thus, allows us to incorporate directly arbitrage restrictions without 
specifying in advance the market price of risk. 

The noticeable fact is that the drift, determined by arbitrage argu- 
ments, depends only on the volatility parameters, and this resembles 
the Black and Scholes (1973) results. In this sense it can be said that 
the HJM can be considered the true extension of their methodology to 
the fixed income sector. Up to now it might seem that HJM comes in at 
no cost, but this is not the case. Switching to forward rates and relying 
only on volatility calibration, has two main drawbacks: first, under the 
risk-free measure, the forward rates are biased estimators of the future 
spot rates; second there may be cases in which the spot rate does not 
follow a Markov process. This is a somewhat unpleasant feature of the 
HJM approach because of the heavy computational difficulties arising 
in non-Markovian contexts. 

Jeffrey in a 1995 article derived general conditions on the volatility 
structures in HJM under which markovness is still retained. To be more 
specific, he provides necessary and sufficient conditions such that one 
can determine which volatility structures are allowable in a Markovian 
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spot interest rate context and the set of allowable initial term struc- 
tures corresponding to a given volatility structure. We will not discuss 
this here, because this is out of the scope at this point. 

Mari (2003) has proposed a perturbative extension of a model for 
Bond Prices within the affine class. This model is set up with the 
property of consistency with arbitrary initial term structures. Affine 
structures possess very interesting properties: first of all they are math- 
ematically very tractable; as a consequence they allow for risk analysis 
and estimation via closed-form solutions of PDE or via solutions of Or- 
dinary Differential Equation (ODE) of the first order; moreover they 
can be estimated using maximum likelihood techniques. In the model 
it is assumed that the discount factor is a smooth function of the spot 
rate and of maturity T. 

Under the risk-neutral measure, the stochastic dynamics of the term 
structure is given by 


DET MO) _ gate oy (tT. O)a0*O) 


pO, T, r(0)) = p*(0, T) 


Mari (2003) proved that the model can be fitted consistently with arbit- 
rary initial term structures and the implied spot rate follows a Markov 
process if and only the following condition holds 


Oplt, T,r() = VA) + kOr(OBt, T) 


with 


C(t) —A(t) 1 1 


k C T 
(9 ) fJ A(u)du + C(t) 
t 


B(t,T) =2 


and 


A(t) = : {cw = / C(t) — aoco) 


where h(t), k(t) and C(t) are functions that can be arbitrarily chosen 
which must satisfy the condition C (t)? > 2k(t)C?(t). Under this 
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condition Mari shows that the solution of the term structure is: 


p*(0, T) 
p*(0, £) 


F°(0.080,7)— | HOBO, Tydu 
exp i 0 


5 f 00TA O, DB Tydu 
0 


p(t, T, r(t)) = e" OBUT) 


where H(t) is the solution of the Volterra integral equation of the 
first kind: 


J noga, T)du = G(t) 
0 


with 
t 


J PTF ODB Dau 
0 


Nl = 


g=- 


and f* as usual is the initial forward rate curve. As a corollary, Mari 
proves that the dynamics of the spot rate is described by 


dr(t) = {a(t) -bOr } dt + YAO + kOrOdW A) 


where 
ao = OO s hof, D-HO) 
OB(t, T) 
b(t) _ 3 T2 | T=t 


The innovation of the paper consists in the explicit determination of 
the function a(t) which is the term accounting for the initial term 
structure, and in bringing to the forefront the Volterra equation, as 
a device to overcome the obstacle met by Hull and White (1992). In 
the following, Mari goes on considering some applications. 
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Gaussian Models, the CIR volatility structure and the generalized 
CIR volatility structure, in which h(t) # 0. The problem is that, in gen- 
eral, Volterra equation does not admit closed-form solution, except for 
simple case, as the Vasicek one. In fact for the extended Vasicek model, 
this method gives the same solution of the Hull and White (1992). As 
for the generalized CIR model, a perturbative solution of the Volterra 
equation is proposed. 


17 


A New Measure — The Forward Measure 


17.1 Forward Measures 


In previous sections, we have used two probability measures: the 
objective (real) probability measure P, and the “risk-neutral” 
martingale measure Q. In this section we will introduce a whole 
new class of probability measures, so-called forward measures, in- 
cluding Q as a member of that class. These probability measures are 
connected to a technique called change of numeraire. They are 
of great importance both in the understanding and for practical cal- 
culations since the amount of computational work needed in order 
to obtain a pricing formula can be drastically reduced by a suitable 
choice of numeraire. Especially the forward measures simplify the 
calculations of prices on bond options. 

To get some feeling for where we are heading, let us consider a 
pricing problem. But first we remember that a martingale is a zero- 
drift stochastic process. We will also in general think of measures as 
units in which we value other securities. If we use the price of a traded 
security as such a unit measure, then there is some market price of risk 
for which all other security prices are martingales. 

Suppose that pı (t, T) and po(t, T) are prices of two traded securities 
that depend on a single source of uncertainty. Define the relative price 
of pi(t, T) with respect to p2(t, T) as 

_ pitt, T) 

” = PET) 
We refer p2(t, T) as the numeraire. The equivalent martingale meas- 
ure states that, if there are no arbitrage opportunities, y is martingale 
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for some market price of risk. What is more, for a given numeraire 
security p2(t, T), the same choice of the market price of risk makes y 
martingale for all securities pı(t, T). This choice of market price of risk 
is the volatility of p2(t, T). We can state this as a theorem and we now 
give a proof. 


Proof: Suppose the volatilities of pı (t, T) and p2(t, T) are o and o2. In 
general, when we introduce the market price of risk, à we have: 


dp = (r + ào )pdt + opdW 
Therefore 


dp = (r + 0102)p\dt + o1p;\dW 
dp2 =(r+ o3)podt + o2p2dWw 


Using It6’s lemma we get 
1 ð 1 a 1 1 a2 (py 
a(2 )- (2 arr (2) dpa 3 P1 ) dp}? 
p2 dpi \p2 dp2 \ p2 2 ðp2 \ p2 


32 
+ (2) dpıdp2 
dpi0p2 \ p2 


1 
= —{(r + 0102)pidt + o1pidW} - "4 {(r + 02)pzdt + o2p2dW} 


p2 P> 
+ 52,03 padt — 5002p \p2dt 
pees, 2 
2 Po 
= Tip + 0102)dt + o,dW} — ane o5)dt + o2dW} 
P2 p2 
= PI odt -P oiozdt 
p2 p2 
+ A — Fl aW + Pdi —02)dW 
P2 P2 p2 


We then see that pı/p2 is martingale. We say that in a world where 
the market price of risk is o2 the world is forward risk neutral with 
respect to p2. Therefore we call this measure (in terms of p2) as a 
forward measure. 

This very simple analysis shows that we can change to any nu- 
meraire security, and use that as a forward measure where the market 
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price of risk is the volatility of the numeraire security. Then in terms 
of this security all processes become martingales. 

We have used exactly this in option pricing on equities, where we 
used B(t) as the numeraire security. Then we found that the discounted 
stock price was martingale. If we remember the “rollover strategy” in 
the bond pricing section, we called this the money market account. 

Because f/g, where f and g are any securities, is martingale in a 
world that is forward risk neutral with respect to g, it follows that 


g(t) g(s) 
r| 


Let us now consider the pricing problem for a contingent claim X, in 
a model with a stochastic short rate of interest r(t). From the general 
theory we know that the price at t = 0 of X is given by the formula 


or 


f(s) 
g(s) 


f= a(t) - EF | 


T 
T[0, X] = E2 exp -| r(s)ds ¢ -X 
0 

The problem with this formula from a computational point of view is 
that, in order to compute the expected value we have to get hold of the 
joint distribution (under Q) of the two stochastic variables (the integral 
of r(s) and X) and finally integrate with respect to that distribution. 
Thus we have to compute a double integral, and in most cases this 
turns out to be rather hard work. 

Let us now make the (extremely unrealistic) assumption that r and X 


are independent under Q. Then the previously mentioned expectation 
splits, and we have the formula 


T 
TI[0, X] = EÈ | exp 4 - J r(s)ds $ | ELIX] 
0 


which we may write as 


T1[0, X] = p(0, T) - E2[X] 
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We now note that this is a much nicer formula since: 


e We only have to compute the single integral E2[X] instead of the 
double integral. 


e The bond price p(0, T) does not have to be computed theoretically 
at all. We can observe it (at t = 0) directly on the bond market. 


The drawback with the previous argument is that, in most concrete 
cases, r and X are not independent under Q, and if X is a contingent 
claim on an underlying bond, this is of course obvious. What may be 
less obvious is that even if X is a claim on an underlying stock that is 
P-independent of r, it will still be the case that X and r will be depend- 
ent (generically) under Q. The reason is that under Q the stock will 
have r as its local rate of return, thus introducing a Q-dependence. 

This is the bad news. The good news is that there exists a general 
pricing formula, a special case of which reads as 


TI[0, X] = p(0, T) - ETX] 


Here ET denotes expectation with respect to the so-called forward- 
neutral measureQ’, which we will discuss later. We see from this 
formula that we do indeed have the multiplicative structure, but the 
price we have to pay for generality is that the measure Q7 depends 
upon the choice of maturity date T. We define, on the bond market, 
the forward measure Q7 on F” as: 


Definition 17.1 Let T be a fixed time. Then the forward measure 
QT on F” is defined by 


T 
iag? exp |- focal 


as EQ [e {foc 


That is, the Radon-Nikodym derivative RT is given by 


T 


17 A New Measure — The Forward Measure 467 


It is very important to notice that we get different measures QT for 
different choices of T. 


We will now prove a stronger pricing formula: 


Theorem 17.2. Let X be a given Fclaim. Then the arbitrage-free 
price of X is given by 


M[t, X] = p(t, T)- E"(X|Fil 
where ET quote integrations with respect to Q7. 


Proof: If we use 

EL [RTX|F;] 

ETXI F] = t 
x] E2[R™|F,] 


We then have 


T 
OT pT 7 Q 7 
E£ [R' X|F;] mon exp | r(s)ds | X|F; 
0 
t T 
= OT exp - f roas EL | exp - f roas X|F, 
(0) t 
Tir x] i 
t,x 
= 50, T) exp {— | r(s)ds 
0 
and 
T 
QRT = Q _ 
E [R IF] z0, ne exp J rene |F; 


t 
= P exp {— | r(s)ds 


These two give the result. 
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Theorem 17.3. The likelibood process L' is given by: 
t 


-PCD opl- Jo gl- 26D 
pOT) |) pO, TBO 


Proof: Since L’ is Q7 martingale 


t 


T Q T = RT ptt, T) -f = PUT) | 
L' (NE? [L O]F] = EL [RIF] = 70.n r(s)ds = 50, NBO 


If we are using one-factor models where all uncertainty is generated 
by the Q-Wiener process V, we know that all absolute continuous 
transformations of measure are given by a Girsanov kernel. Especially, 
there must exist a Girsanov transformation between Q and Q7. We are 
curious of how this Girsanov transformation looks like. 

We know that the dynamic of a T-bond under Q is given by 


dp(t, T) = r(t)p(t, Todt + v(t, T)p(t, T)dV (1) 


With It6 we get 


aL? alt 1 p(t, T) 
dL! (t) = ——dp + ——aB = 
2 dp PY OB pO, T)B() p(0, T)B*(t) 


7 ea (r()p(t, Tdt + v(t, T)p(t, T)dv(0)} 


__ PGT) 
p(0, T)B*(t) 

__ POT) 
pO, T)B(t) 


r(t)B(t)dt 
v(t, T)dV(t) = v(t, DLT (dV (1) 


Therefore we have proved the following result: 


Theorem 17.4. For a given T, the Girsanov transformation from Q 
to Q' is given by a likelibood process given by: 


dL! (t) = v(t, T) = L' (t)dV(t) 
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The Girsanov kernel is given by the process v(t, T) and the likelibood 
process L? have the representation given by 


t 


LT (f) = exp Í v(s, navo) - 5 J v?(s, T)ds 
0 0 


Furthermore 
dV(t) = v(t, T)dt + dW! (1) 


where dw (i t) isa Q!-Wiener process on the interval [0, T]. 


The forward measures have an important economical interpretation 
as well. In the aforementioned discussion we have used a T-bond as 
numeraire. But generally we can use any security as the numeraire 
process. 

In order to understand why formulas of this type have anything to 
do with the choice of numeraire, let us give a very brief and informal 
argument. 

We start by recalling that the risk-neutral martingale measure Q has 
the property that for every choice of a price process II(t) for a traded 
asset, the quote 

M 

Bit) 
is a Q-martingale. The point here is that we have divided the asset 
price II(4) by the numeraire asset price B(t). It is now natural to in- 
vestigate whether this martingale property can be generalized to other 
choices of numeraire, and we are led to the following conjecture: 

Consider a fixed financial market, and a fixed “numeraire” asset 
price process So(t) on the market. Then there exists a probability 
measure, denoted O°, such that 


I(t) 
Solt) 
is a Q°-martingale for every asset price process II(¢). 

Let us for the moment assume that the conjecture is true. We then 
fix a certain date of maturity T, and we choose the bond price pro- 
cess p(t, T) (for this fixed T) as numeraire. According to the conjecture 
there should then exist a probability measure, which we denote by 
Q7, such that the quotient 

(A 
ptt, T) 
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is a martingale under the measure Q", for every I(t) which is the price 
process of a traded asset. In particular we have (using the relation 
PE, Ty =D) 


Tmo) | er| I(T) 


= = ET (nT 
p0, T) p(T, i CE 


where ET denotes expectation under Q7. Let us now choose the de- 
rivative price process II(t,X) as II(t) in the previous equation. Then 
we have II(T) = I(t, X) = X: 

TI(0, X) 


= ET[X 
p(0, T) oe 


T1(0, X) = p(0, T) - ETX] 


An alternative is a try to construct a measure QT with p(t, T) as nu- 
meraire that makes all prices to martingales. Especially this measure 
should make 


B(t) 
p(t, T) 


to a martingale. If we use the dynamics of p(t, T) under Q: 


ZO 


dp(t, T) = r(t)p(t, T)dt + v(t, T)p(t, T)dV(t) 
and use Itô’s formula on ZT 
azt 1a2z? 
d dp)” 
Dp ptg ap? (dp) 
1 B(t B(t 
_ dB- (t) p+ (t) 
p(t, T) p-(t,T) p°, T) 
B(t) B(t) 


men FED ee ©) 


= = v(t, Dp°(t, T)dt 


= Z! (t)rdt —Z! (1) (rdt + v(t, T)dV(t)) + ZT Ov (t, T)dt 
= Z! (v(t, T)dt - Z (v(t, T)dV(t) 


az? 
Z(O = ——dB 
dz (t) 3B dB + 


(dp? 
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If we now make a Girsanov transformation from Q to Q7 with the 
kernel g(t) we get 


dZ" (t) = ZTO [a T)- g(t)v(t, T)} dt —Z" (t)v(t, DAVITO 


where V7 is a Q?-Wiener process. We see that Z” becomes a Q7- 
martingale if g(t) = v(t,T). This Girsanov kernel is the same as the 
one in the previous theorem. Thus Q7 makes all prices martingales 
with p(t, T) as numeraire. 


Theorem 17.5. If S is a process such as S(D/B() is a Q-martingale. 
Then, the process 


S(t) 
p(t, T) 


z= 
isa Q' -martingale on the interval [0,T]. 
Under Q7, also 


T(t, X) 
p(t, T) 


is a Q'-martingale. By using p(T, T) = 1 and TI(T,X) = X we get 


MGX _ pr EE X) 


= F| = ET [X|F; 
ptt, T) PT, T). | iA 


This is the forward price at time t for the contract X. 


17.1.1 Forwards and Futures 


Let us study a simple example where we need the forward measure, 
to value a forward or a future contract on underlying equity. 

We suppose there exists a martingale measure Q. If we buy a 
T-contract today, at time t we know that the price is given by 


T 
m;[X] = E£ | X- exp - f roas |F; 


t 
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The cash flows are: 


1. At time t we pay the amount 7;[X]. 
2. At time T we receive the stochastic amount X. 


A forward and a future contract are variants of the aforementioned 
contract, but they differ on how the cash flows are paid. We start with 
the simplest, the forward contract. 


Definition 17.2 Let X be a contingent T-claim. With a forward 
contract on X contracted at time t, with the delivery at T and the 
forward price ¢(t, T, X) we mean the following construction: 


G) The holder of the forward contract receives at time T the 

stochastic amount X cash units. 

GD) The holder of the forward contract pays at time T the amount 
o(t, T, X) cash units. 

Gii) The forward price $(t,T,X) is determined when we sign the 
contract at time t. 

(iv) The forward price is determined so that the arbitrage-free price at 
the contract is equal zero when we sign the contract at time t. 


The forward contract defined earlier are traded over-the-counter 
(OTC) and not at exchanges. An important characteristic of the con- 
tract is the value of zero when the contract is signed at time t. Our 
problem is to find the mathematical price of the contract X of the 
previous construction. This is quite obvious: 


T 
=n eer kT en [oes IF, 
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where p(t, T) is the price at time t of a zero-coupon bond paying one 
cash unit at maturity T. We can summarize this and write down the 
price of the forward contract. 


m|X| E 1 


OT) = eT T 


T 
j -E® | exp [os [Fy 
t 


We write this as 
p(t, T,X) = ET[X|F4] 


where ET means integration with respect to the forward measure 
QT 

The reason that this contract is not traded at exchanges is credit 
risk G.e. that the other party cannot fulfil the obligation). Therefore, 
another contract, which can be traded, standardized on exchanges, 
has been created. This is the future contract. 


Definition 17.3 Let X be a contingent T-claim. With a future con- 
tract on X contracted at time t, with the future price (t, T,X) we 
mean the following construction: 


(i) For each time t there exists a price, ®(t,T, X) called the future 
price for X with delivery at T. 


Gi) At time T the holder of the contract pays ®(t, T,X) and receives 
X cash units. 


Gii) During each time interval (t,t + dt] the holder receives 
(t+ dt,T,X)-—(t, T,X) cash units. 
(iv) The market price at each time is equal to zero. 


In practical situations, the time dt is one bank day but can also be a 
week or a month. Step Gii) means that there are continuous cash flows 
between the buyer and the seller of the contract. In such construction, 
the credit risk is minimized to the change of the price during a period 
of dt. The buyer and the seller also have to hold a margin requirement 
on an account on the market place. This margin can be used to close 
the contract at time T. 
We can notice the following about the future contract. 


1. OC T, X) = X so at time T there are no reason to deliver anything. 
This is also true in real situations. 
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2. A future contract is not a contract where you have to deliver any 
security at T with a predefined price. 


3. There are no costs to enter or leave a future contract. 


4. The only part of the contract is the cash flows during the lifetime 
calculated as the price difference during a period dt in time. 


We will now give a mathematical definition of the future contract. 


Definition 17.4 A future contract on a contingent T-claim X is a 
security with an adapted price-and-dividend process [z, ®] given by 
the following conditions: 


(t, T,X) = X, P -almost true 
m= P — almost true, Yt < T 


Theorem 17.9. The price of a future contract is given by 
D(t, T,X) = E°LX|F i] 


If the short-rate r and X are independent, the price of the forward 
and future contract coincide. That is, 


O(t, T, X) = ¢(t, T, X) = ELIX F] 


17.1.2 A General Option Pricing Formula 


As we have seen earlier, that for a forward measure QT “takes care 
of the stochasticity” on the interval [0, T]. This can be seen in the 
previous theorem that states the pricing formula: 


M(t, X) = pt, T) - E"[X|Fi] 
We will now show how the calculations of prices of interest rate op- 
tions can be simplified by using forward measures. But first we give 


the following lemma: 


Lemma 17.10 For a fixed T, then the forward rate process f(t, T) is 
a Q' martingale. Especially, for all t < T we have: 


E"[r(1)|Fil = f(t, T) 
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Proof: From the previous theorem we have 


T 
EDIF = pë? r(T)exp į - J r(s)ds ¢ |F; 
1 0 r 
_ Q 
ere ne T exp f roas |F; 
1 7) f 
2. — FÊ z 
=a ape exp f roas |F; 
_ Pr®T) | 
ay 


To simplify the calculations of options, we suppose that the short-rate 
r(t) under Q is given by 

dr(t) = {a(t) + b(t)r()} dt + a(t)dV(t) 
Then we know 


1. r(t) is a normal distributed process. 
2. The bond prices have the form of 
p(t, T) = exp {AG T) - BY, Tyr} 
3. The price of a European call option on a S-bond, with maturity T 
and strike K is given by: 
T 
M(t, X) = E® | g {r(T)} exp į - / r(s)ds ¢ |F; 
0 
X = g(r) = max (exp {A(T, S) — B(T, S)r(T)} — K, 0) 


With the aforementioned theorem, the price of this contract can at 
t = 0 be written as: 

T1(0, X) = p(0, T) - E" [g(r(T))] 
This is a much simpler formula than before, since: 


e We do not have to calculate p(0, T). This value is given on the 
market! 


e The expectation value is a simple integral instead of an double 
integral. 
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To use the pricing formula, we have to find the distribution of r(T) 
under Q7. But this is a simple procedure. 
Theorem 17.11. Suppose that the dynamics of r under Q is given by 
dr(t) = {a(t) + b(t)r(H)} dt + a(f)dV(t) 

Then r(1) is normal distributed under QT with: 

E" [r(T)] =f0,T) 
T T - 
Var" [r(T)] = Var? [r(T)] = ET ( J o(s) - exp J b(t)dt mo) 


0 5 
T 


a | o2(s ett ds 
0 


where H is defined by 
T 


H(t, T) = f eoan 
t 
We show this by usung a integrating factor exp [- h bludu} and 
calculate 


d (= — | b(u)du «) = nn (> - I b(u)du dt 


0 0 
t 


+ exp - f onau O dr 
0 


The first term is calculated as 


-b(t)r(t) - (os — J b(u)du dt 
0 


and the second as 
exp -| b(u)du > [{a(t) + bOr} dt + odV(t)] 
0 
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We finally have 


t t 


d | exp y- J b(u)du ¢ r(t) | = exp $- J b(u)du } [a(t)dt + o ()ÐdV(t)] 
0 0 


With the definition of H(t, 7) we can write this as 

d (OD) = eM OD [anat + oOV] 
To calculate the variance of r(T) under Q7, we first integrate the 
process of r, giving 


T T T 


r(T) = r(0) exp J b(u)du } + J exp J b(u)du } a(s)ds 


0 s 


0 
T T 
+ | exp / b(u)du ¢ o(s)ds 
0 


sS 
or 


T T 
r(T) = r(O)e#OP + J ets Da(s)ds + J eT) 5 (5)dV(s) 
0 0 


We know that from Section 13.1 that under Q 
dp(t, T) = r(t)p(t, T)dt + v(t, T)p(t, DdV (Ð) 
have the kernel g(t) = v(t, T). If we change the measure to QT with 
this Girsanov transformation and use the process for an affine term 
structure 
dp(t, T) = r(t)p(t, T)dt — o (t, r(t))B(t, T)p(t, T)dV(t) 


we get 


v(t, T) = -0 (t)B(t, T) 
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where v(t,7) is deterministic. After the Girsanov transformation 
we have 
T T 
NT) = r(O)eFO” + J eT) La(s) + v(s, T)} ds + J e” Do (sydW"(s) 
0 0 
We can sum up this in the following theorem. 


Theorem 17.12. Suppose that the dynamics of r under Q is given by 
dr(t) = {a(t) + b(t)r()} dt + a(t)dV(t) 


Then the price of a European call option is given by 


I(t, X) = p(t, T) J max (exp {A (T, S) — B(T, S)z} — K, 0) ġ(z)dz 


—00 
where © is the density of a normal distribution with the expectation 
value 

m= E’ [RTF] =f, 7) 


and variance 
T 


v = var! [r(T)] = | as 
t 


The price is given by 


oT T)—my 
T [sX] = -2 g(r(T)) exp [la 


We remember from the end of lecture notes I that a general payoff for 
a European call option is given by: 


Cr = max (S(T) — K, 0) = (S(T) — K) [tscry> x} 


where Iis(T)>k} is an indicator function equal to 1, if S(T) > K and 
O else. We use S(t) as any underlying security. We then have the 
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arbitrage-free price as 
1 


T1(0, X) = E2 | 
B(T) 


(S(T) — K) lsm | 
T 


= EÊ | exp - f roas SE ssx) 


0 
T 


-K.E exp - f roas Ti s(ry>K} 
0 
=A-B 


The first expectation value is, if we use S(t) as numeraire, S(T) 
discounted to a present value S(0) 


T 
A =E® | exp }- J r(s)ds } SCY snr) = SCO)E® [Lsmzx}] 
0 
= S(0)Q° (S(T) > K) 


The second expectation value is, if we use p(t,7) as numeraire, the 
price of a discount bond with maturity T 


T 
B=K.E® | exp ?} — | r(s)ds t Lsm>x | =K PO, DE" [smx] 
0 
= K - p(0,T)Q" (S(T) > K) 


Then we can write 
T1(0, X) = S(0)Q% (S(T) > K) -K - p(0, T)Q" (S(T) > K) 


where Q7 denotes the T-forward measure and Q5 the martingale 
measure for the numeraire process S(t). 

In order to use this formula in real situation we have to be able 
to calculate the previously mentioned probabilities. Before we do the 
calculation we will repeat some parts discussed in earlier sections. We 
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know that S(t)/B(t) is Q-martingale, where 
t 


B(t) = exp f rodau 


0 
Therefore 
S()\ — S(t) 
d (5) = po OO 
The zero-coupon bond price is given by 
T 
B(t 
p(t, T) =E? exp fran |F, = E2 Fea F| 
t 
so 


is also a martingale. The T-forward price F(t, T) of S is the price set at 
time ¢ for delivery of S at time T with payment at time T. The value of 
the forward contract at t is zero, so 

Bit) 


= fo a 2 
0=E Fa {S(T) FOTN, 


= BOE? aa =F, TE” Fata 
B(T) B(T) 
S(t) 

= BORD — F(t, Dpt, T) = S) — F(t, T)p(t, T) 

Therefore, 
S(t) 
p(t, T) 

Definition 17.5 Any asset in the model whose price is always strictly 
positive can be taken as numeraire. We can denominate all other 
assets in units of this numeraire. 


F(t,T) = 


Example 17.1.14 
Money market account as numeraire. At time 1, a stock S is worth S(#)/B(1) units of 
money market and a T-bond is worth p(t, T)/B(t) units of money market. 
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Example 17.1.15 


Bond as numeraire. At time ż < T, a stock S is worth F(t, T) units of a T-maturity 
bond and the 7-maturity bond is worth 1 unit. 


Theorem 17.16. Let N be a numeraire, that is, the price process for 
some asset whose price is always positive. Then oO” defined by 
1 N(T) 


QN(A) = NO J an E VA E€ Fr 


is risk-neutral for N. Q` is called the risk-neutral measure Jor the 
numeratre N. 

Note: Q and ON are equivalent, that is, they have the same probab- 
ility zero set, and 


Q(A) = vo [cree WA 6 Fr 


Proof: Because N is the price process of some asset, N/B(t) is 
martingale under Q. Therefore 


NQ) = 1 NW) jo _ 1 E2 Fa E 1 N(0) _ 
N(O) J B(T) N(0) B(T) N(O) B(0) 
2 


and we see that Q is a probability measure. Let Y be a traded as- 
set price. Under Q, Y/B(t) is a martingale. We must show that under 
ON, YIN is a martingale. Using 


eeuxy= | xao= | x Ear = E? É x| 


d dP 
Q Q 
N E F| _ BO) ro E rU), |- BO po lam F] 
N(T) N(t) B(T) N(T) N(t) B(T) 


BAYA _ Y(t) 
NOBO NÆ 


which is the martingale property for Y/N under the probability 
measure Q”. 
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17.1.2.1 The Bond Price as Numeraire 


Fix T € [0, T] and let p(t, T) be the numeraire. The risk-neutral measure 
for this numeraire is 


P cs Da Lo See 


ora) = x T) J = T) J B(T) 


Because the bond is not defined after the time T, we change measure 
only “up to time T”, that is, using 
1 pT,T) 
p0, T) B(T) 


and only forA € Fr 


Q' is called the T-forward measure. Denominated in units of the 
T-maturity bond the value of the security S is 


S(t) 


F(t,T) = , 
ue p(t, T) 


StS 


This is a martingale under Q7 and has the differential form: 
dF(t,T) = op(t, DF, T)dW'(t), O<t<T 


That is, a differential without a drift term dt. The process {w!; 
0 < t < This a Brownian motion under QT, and we may assume 
without loss of generality that of(t, T) > 0. 

Remark: The numeraire p(t,7) is the price of the bond with matur- 
ity, T. Therefore, different forward-neutral measures are not compat- 
ible against each other’s. The value of $1 on maturity T cannot be 
equal to another measure. 


17.1.2.2 The Stock Price as Numeraire 


Let S(t) be the numeraire. In terms of this numeraire, the stock price 
is identical to 1. The risk-neutral measure under this numeraire is 


S(T) 


s -30| a 
L A= O BT E YA € Fr 
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Denominated in shares of the stock, the value of the 7-maturity 
bond is: 


pi,T) 1 
SA F(t, TY 


O0<t<T 


This is a martingale under Q’ and so has the differential form: 


i S 1 š 
i (an) EA Gan “ne 


Where (ws 30 < t < T} is a Brownian motion under Q5 , and we may 
assume without loss of generality that y(t, T) > 0. 


Theorem 17.17. The volatility y(t, T) is equal to the volatility 
or(t, T). In other words we have 


it B 1 5 
i (za 5) SORU (za 5) we 


Proof: Let g(x) = 1/x, so g'(x) = —I/x’, g(x) = 2/x3. Then 


: = =o’ 1 ” 2 
Í any = dg (F(t, T) = g' (F(T) dF(tT) + 58" (FUT) (AFG, T)) 


E T)F(t, T)AWT (t) + oilt, T)F”(t, T)dt 


i 
“FRET FET) 


=a [-ort T)dW1 (1) + ož, Tat] 


= or(t, Da [-aw’ (1) + or(t, T)dt] 


Under Q7, -WT is a Brownian motion. Under this measure 1/F(t, T) 
has volatility of (t, T) and mean rate of return okl, T). The change of 
measure from Q7 to Q5 makes 1/F(t, T) a martingale, that is, it changes 
the mean return to zero, but the change in measure does not affect the 
volatility. Therefore y(t, T) must be op(t, T) and W5 must be 


t 
w(t) = -WO J opu, T)du 
0 
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We now turn back to the general pricing formula for a call option 
TI(0, X) = S(0)Q° (S(T)K > K) -K - p(0,T)Q" (S(T) > K) 


We assume that the process 


S(t) 
Z — 
n p(t, T) 


has a stochastic differential of the form 
dZ(t) = Z(t)m(t)dt + Z(tho (dW 


We start to compute the second term: 


S(T) T 
>K)=0'(Z(T)>K 
TD ) Q (Z(T) ) 


Q" (S(T) > K) =Q" ( 
Since Z is an asset price, normalized by the price of a T-bond, it has 
zero drift under Q7, so its Q7-dynamics are given by 
dZ(t) = Z(t)o(t)dw" 
The solution to this is given by (use It6’s formula on In(Z)): 


3 1 3? 
dln (Z) = In (Z(t) dZ(t) + F In (Z) (AZ)? 


0 


= 507 (oat +odw! 
and we get 
S(O) f 1 r 
_ Tie 2 
AU T) exp J ewaw (ft) fe (t)dt 
0 


XW) 
~ p(0,T) 


exp [zn W zza) 


We know from stochastic calculus that the previous stochastic integral 
has a normal distribution with mean zero and variance 


T 
ET) = J o(s)ds 
0 
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The entire exponent is thus normal distributed, and we can write the 
probability as 


QO (Z(T) > K) = Q7 Pa exp [z .WT-— sn] > K) 


sof it le K - p0, T) 
=Q (>o W a (r) > ( 5.0 )) 


gt (zr WT >In (“ a 2) : 520) 


S TE 5(0) 4 
= (w = =m ele oD) 2™ o}) 


where 


S(O) ly 2 


Sr) 


dz = 


The first probability in the option formula is a Q°-probability, which 
we write as 


S _ ps (POT) 1 LAS a 
O° (S(T) > K)=Q ( ST) <_z)=0 (o<) 


where we defined Y(t) as 


pt,T)_ 1 _pO,T) 


Y(t) = == 
SH ZA S(O) 


exp {zn :W = zz) 


Therefore 
Q5 (S(T) > K) 


aS L\ ef PUD ee: 1 
=Q (vn <Z)-0 ( SO) exp | 2) W z% D<) 


S s lig S(O) 
j (a-w Eaa (Gon)) 


| S as 1 S(O) l2 B 
k (r SET (e05) kee cm} exta 
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where 


di =d2 + X(T) 


To summarize, we have a general formula for call options 


T10, X) = S(O) - N[di]—K - p0, T) - N[d2] 


where 
S0) hen 
pP n,- ET) 
i E) 
and 
dı =d2 + X(T) 


Remark! If r(t) is a constant, then p(t, T) = eT and we get the usual 
Black-Scholes formula. 


17.1.2.3 The Hull-White Model 


As a concrete application of the option pricing formula of the previous 
section, we will now consider the case of interest rate options in the 
simplified Hull-White model (the extended Vasicek model). To this end 
recall that in the Hull-White model the Q-dynamics of r(t) are given by 


dr = (6(t) — ar) dt + odV(t) 
We recall that we have an affine term structure 
pt, T) = e^ T)-BET)O) 


where A(t, T) and B(t, T) are deterministic functions, and where B(t, T) 
is given by 


1 
B(t, T) =- {1 = oy 
a 


The project is to price a European call option with date of maturity Tı 
and strike price K, on an underlying bond with date of maturity T>, 
where Ti < T2. In the notation of the aforementioned general theory, 
this means that T = 7) and that S(t) = p(t, T2). We start by checking if 
the volatility, oz, of the process 


7 p(t, T2) 


zT 
OS GTO 
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is deterministic. Inserting p(t, T) into this gives 
Z(t) exp {A(t, T2) - A(t, T1) — [Bt T2) - B@ T1) 1 1r)} 


Applying the It6 formula to this expression, we get the Q-dynamics: 


dZ(t) oF x Z(t)d 5. a Z(t)odt 
A = — — r e, (oy 
ot or 20r2 2 


= Z(t) {...} dt-Z(t) - {B(t, T2)-— B(t, T,)} odV 
= Z(t) {...}dt+Z( -oz(t)hdV 


That is, 
oz(t) = —o {B(t, T2) - B(t, T1)} = -2 | Laer ais ak 
a 


oO oO 
Zo | eah) _ gaua 27 gat { eh gami 
a 


a 


Thus oz is in fact deterministic, so we may apply the option formula. 
We obtain the following result, which also holds for the Vasicek model. 

The Hull-White bond option: In the Hull-White model the price, 
at t = 0, of a European call with strike price K, and time of maturity 
Tı, on a bond maturing at Tz is given by the formula 


11(0, X) = p(0, T2) - Nidi]—K - pO, T1) - N[d2] 


where 
pOT) | 152 
ee In [o] > 
2 Z 
and 
d =d +È 
where 
T ; Tı 
2 2 O f aT ,-aT\\2 2as 
x = f o26)as=5 fe 2 _e P fe ds 
a 
0 0 
we 


= ee + eal = Ie ean {1 = et } 
a ~a(T)_T}) £ 
fe 2a(T>-T1) 4 1 2e P" | [i-e] oar! 


= a {1 — ear} a 
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We have used from the previous equation the formula 
T1(0, X) = S(O) - N[d1] - K - p(0, T) - N[d2] 


and replaced the stock price S(O) with the discount underlying bond 
p(O, T2) with maturity at T2 and T with time to maturity for the bond 
option, 7}. 

We end the discussion of the Hull-White model, by studying the 
pricing problem for a claim of the form 


Z=(r(T)) 
Using the T-bond as numeraire, we have by using the forward measure 
M(t, Z) = p(t, TE}, [® OTY], 


so we must find the distribution of r(T) under QT, and to this we will 
use the volatility of the T-bond, and we obtain bond prices (under 


Q) as 
dp(t, T) = r(t)p(t, Todt + v(t, T)p(t, T)dV (1) 
where the volatility v(t, T) is given by 
v(t, T) = —o (t)B(t, T) 


Thus, the Q’-dynamics of the short rate are given by 
dr = (6(8)-ar—07 v(t, T)) dt-+ odv") 


where V! is a O!-Wiener process. We observe that, since v(t, T) and 
O(t) are deterministic, r is a Gaussian process, so the distribution of 
r(T) is completely determined by its mean and variance under Q". 
Solving the aforementioned linear SDE gives us 


T T 
r(T) = et + J Ea [48-07 s, T)] ds +o I er ay) 
t t 


We can now compute the conditional Q' -variance of r(T), on(t, T), as 


A 2 
o?(t, T) = 0? J ge) Joe > fi _ etary} 
a 


t 
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Note that the QT-mean of r(T), does not have to be computed at all, 
since we have 


m,(t, T) = ET, [(T)] = f(T) 


which can be observed directly from market data. Under Q’, 
the conditional distribution of r(T) is thus the normal distribution 
NUf(t T),o-(@,T)], and performing the integration we have the final 
result. 

Given the previous assumptions, the price of the claim 


X = ®(7r(T)) 
is given by 
i 1 T -FE TY? 
I(t, X) = p(t, ah | P(z) exp |e i 


17.1.2.4 The General Gaussian Model 


In this section we extend our earlier results, by computing prices of 
bond options in a general Gaussian forward rate model. We specify the 
model (under Q) as 


df(t, T) = a(t, T)dt + o (t, T)dV(t) 


where V is a d-dimensional Q-Wiener process. We assume that the 
volatility vector function 


o(t,T) =[o1(t,T),...,op(t, T)] 


is a deterministic function of the variables t and T. Using the bond 
price dynamics under Q given by 


dp(t, T) = p(t, T)r(t)dt + p(t, T)v(t, T)d V(t) 


where the volatility is given by 


T 


v(t, T) = -f o (t, s)ds 


t 
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we consider a European call option, with expiration date Tp and exer- 
cise price K, on an underlying bond with maturity Tı (where of course 
To < Tı). In order to compute the price of the bond, we use the 
previous pricing formula, which means that we first have to find the 
volatility o7, 7) of the process 


_ pTI) 
~ p(t, To) 


in easy calculation shows that in fact 


Z(t) 


Ty 
E E A == J en 
To 


This is clearly deterministic. We now have the following pricing for- 
mula for prices of Gaussian forward rates. The price, at t = 0, of the 
option 


X = max {p(To, T,)—K,0} 


is given by 
T1(0, X) = p(0, T1) - N[d1] -K - p0, To) - N[d2] 
where 
p(0,7}) ly2 
In [ee] T 22.7; 
a2 
J52 
UT 7, 

and 

dy =d+ Ehn 
and 


To 
ERT, = f lonn oas 
0 
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Exotic Instruments 


18.1 Some Exotic Instruments 


For some exotic instruments, we can use the forward measure pricing 
described in the previous chapter. We will now describe methods of 
how we can calculate prices for such kinds of derivatives. 


18.1.1 Constant Maturity Contracts 


Constant maturity contracts are instruments using a floating rate, 
based on a swap index (i.e. the par rate of a generic swap). They can be 
valued using the forward measure technology based on term-structure 
models. This requires the mapping/calibration of a volatility structure 
with a term-structure model. 

Let the value of such a CMS contract be g(Rf(T7, T2)) at the payday 
Tp, where 


1 | 1-p(T1, Ty) 


yp (Ti, Tj) 
=2 


Ry (T1,T2) = 


is the swap rate, having p(T7, T2) equal to a zero-coupon bond price at 
T; of bond maturing at T2. Here t is the reset period with 77 as reset 
day and T2 as payday. We will primarily study the calculations using 
the Hull and White model. 
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If the dynamics of the instantaneous rate under the measure Q is 
dr = (q (t) —kr)dt + sdz, 
and the forward measure Q” is defined by 


T 
do exp l- i roas] 


EQ |e l- fi oa | 


then the present value of the contract PV(t) can be expressed as 


PVC) = p (t, Tp) E®™ [8 (Ry (Tp, Ts. Te)) r = 7] 
where the expectation value ends up in an integral in r(T)) 


of ND, 
g(r) exp (=) dr 


PV =p (t, Tp n 


) G] J 


a -KT, = KT, —KTy „2kT, «Tp 
Poa ‘le KT, e "+e Pe Te | 
K 


0 
= —— ln p(0, s) 
ðs s=T, 


and 
Tp g? T, T, T, 
v = Var?” [r(T,)] — eT (etr — et") 
2K 
If instead using the Ho and Lee model, we have 


ð 
m= -—lnp(0,s) +0o°(T?-T,T,) 
ðs s=T, 


and 
y= oT, 


We can here use Romberg method to calculate the integral. 
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18.1.2 Compound Options 


By compound options, we mean options on option-style instruments. 
These include: 


e options on options 
e options on caps/floors 


e options on free defined cash flows where there is at least one 
optional cash flow. 


To make an accurate valuation possible, these contracts must also 
be mapped/calibrated to a volatility structure with a term-structure 
model. The underlying instrument should here use the same volatility 
structure as the compound option, regardless of how the instrument 
is underlying. 

Compound options can be valued using the forward measure 
technique described under constant maturity contracts. With this tech- 
nique, the valuation is carried out by integrating the product of the 
payout function at expiry and a density function and then discounting 
the result. 

For compound options, no swap rate is involved and there is no 
need to calculate the expectation value of r(T,) under the forward 
measure Q (i.e. T, here equals T,), which simplifies the calculations. 
The present value PV(t) of a compound option is 


Ga 2 
PV(t)=p (t, Tp g(r) exp (=) dr 


) zl 2v 


with T, = option expiration day, 
g(r) = 8 (r (Tp)) 
is the boundary condition, including the value at r = r(Tp) of the 
underlying option/cap/floor defined cash flow 
0 
m = E2? [r (Tp)] = -— In p00, s) 
Os sT, 
Using Hull and White 


v= Var?” [r (Tp)] = ZE (1 -exp 24) 
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or Ho and Lee 
ee) 
v=o Tp 


Romberg’s method is used when calculating the integral. 


18.1.3 Quanto Contracts 


Quanto contracts have floating cash flows where the reference rate is 
a rate index in a currency other than the payout currency. Such quanto 
products are: 
e Differential swaps 
e Quanto caps/floors 
e Quanto bond options 
e Swaptions 
These products can be valued according to term-structure models Ho 
and Lee or Hull and White. 

The model is a multi-factor model in the sense that the domestic 


rate, r(t), the foreign rate, y(t), and the exchange rate are modelled as 
stochastic processes: 


dr(t) = a,dt + 0-dZ 
and 
dy(t) = aydt + oydw" 


For the exchange rate S(t), we have the following differential equation 
in the domestic world 


ds(t) 
= (r—y)dt + o,dX 
SO (r-y)dt + o, 
The T-forward exchange rate is 
SO O 
oan m 
i p'(t) 


For valuation, the correlation between the domestic interest rate and 
the foreign interest rate, p as well as the correlation between the 
foreign interest rate and the exchange rate, 5 is needed. 
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In addition, a quanto option needs three volatility structures for the 
valuation: the volatility of the domestic rate of the option, the volatil- 
ity of the foreign rate of the underlying asset and the volatility of the 
exchange rate of the underlying currency. 

A quanto swaption is defined by selecting a different instrument 
currency for the option than the underlying swap currency. The type 
of quanto bond option that is valued as the difference between the 
price of the foreign bond, g(T), and a fixed amount in the domestic 
currency (strike K): 


payout = max (q(T)- K,0), 


with the payout in the domestic currency. 
The explicit formulas for each contract type are given next. 


18.1.3.1 Differential Swaps 


Differential swaps are valued using the following formula: 


n 


| + a Dyas, (t) — pi (t)) 


i=2 


1 1 
qt! (to) p"! (to) 


PV (t) = p" ®© | 


where 
p'(t) is the value of a zero-coupon bond paying out 1 unit of the 
domestic currency at time T, 


q'(t) is the value of a zero-coupon bond paying out 1 unit of the 
foreign currency at time T 

POTO 

—a 


Dr (t) = 
Tr O= "FO 


(0) 


a(t) = e417) is the “correction factor” that takes the quanto effect 
into account and where cov¢. ..) is model dependent. 
In Ho and Lee we have 


Oy — pOr 
cov(t, T, t) = a(t -TXT —1) [ [50s -oyt + pa,T]+ ZIT T4 J 
and in Hull and White we have 


cov(t, T, t) = C(T,t)- [i +h +5] 
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where 
AT j= 2 [eaen 7 i| 
Ky 
pa (1 = ool) 
Ky 
oy | = eo- 1 97 2ky(T-1) 
h = — 
Ky Ky 2Ky 
and 
po, [1 -e T- 1 eterter (TY) 
h= 
i Kr | Ky Ky + Ky | 


ô is the correlation between the foreign interest rate and the ex- 
changed rate and p is the correlation between the domestic and 


foreign short interest rates. 


The time tọ does not have to be the starting time of the contract, it 


can be any reset date. 


Quanto Caps/Floors 


Quanto caps/floors have a present value that equals the sum of the 
present value of each caplet. The caplet value is 


Caplet(t) = p! (£) | 


where 


a(t).q" (t) 
g(t) 


x2 
e 2 dx, 


d 
1 
(d) = — 
(d) zl 


( alt) - q" (t) 
n 


q(t) - (d +(t -T) - Reap) 


P(d+)- (1 + (t -T)- Reap) va] 


v(t) 


T 


v(t) = J var, Fal 
f(s) 


t 


) 4 vt) 


2 
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and 
T 
a-q 
fs 
q 


The rest of the variables used are the same as for differential swaps. 


Quanto Bond Options 


According to a result obtained by Jamshidian, an option on a portfolio 
of zero-coupon bonds can be valued as a portfolio of options on zero- 
coupon bonds 

n 

C(t) = max (0, Acoupon(T) = K) = >» ci Max (0, q'\(T) Di) 

i=l 
If all bond prices are continuously decreasing functions of the short 
interest rate y, there is a value of y where the value of the coupon 
bond equals the strike price K. Let us call this value yx. 

The option will only be exercised if the value of the short rate is be- 
low yx. With yx and the formula for bonds as a function of the interest 
rate, discount factors D; can be calculated from the exercise date T to 
the different coupon dates T;. 

The value of the it option on a zero-coupon bond is then: 


q” Oa 
q'(T) 
where the parameters are the same as the previous equation and 


cymax (0,4) -D) =p" | oady- Dvd| 


d 
1 2 
(d) = —— Td 
(d) T. J e Zdx 
a.) = O2 O 
v(t) 2 
v(t) = fror || 
f(s) 
and 
Ti. 
f=? 
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The Black Model 


19.1 Pricing Interest Rate Options Using Black 


The Black-76 modified Black-Scholes model has become the standard 
model for valuing over-the-counter (OTC) interest rate options, caps, 
floors and European swaptions. The formula was originally developed 
to price options on forwards and assumes that the underlying asset is 
lognormal distributed. 

Black’s formula is often recalled as a special case of the Black-Scholes 
one, but it is in reality a generalization: if one applies Black to an equity 
option, where S(T) = S(O)e’ T one gets the Black-Scholes formula. 
But the Black-Scholes formula also holds when the spot has complex 
dynamics and there is no replication of the forward with the spot. 

When used to price a cap, for example, the underlying forward rates 
of the cap are thus assumed to be lognormal. Similarly, when used to 
price a swaption (an option on a swap), the underlying swap rate is 
assumed to be lognormal. 

The lognormality can be justified when pricing cap/floors and 
swaptions independently amshidan (1996), Miltersen, Sandmann and 
Sondermann (1997)). Still, a simultaneous valuation of both a cap and 
a swaption with the Black formula is theoretically inconsistent. Both 
the forward rate of the cap and the swap rate cannot be lognormal 
simultaneously. However, the great popularity of this model for pri- 
cing both caps and swaptions indicates that any problems due to this 
inconsistency are negligible in an economic sense. Traders use to ad- 
just this inconsistency by adjusting the volatility based on experience 
for the particular market in which they operate. 
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The same is true with bond prices and swap rates; they cannot be 
lognormal at the same time. For instance, if the bond price is assumed 
to be lognormal, the continuously compounded swap rate must be 
normally distributed. 


19.1.1 Par and Forward Volatilities 


Volatilities quoted on the market are par volatilities applied to some 
generic instruments. As an example, we see next the cap volatilities 
based on 3-month USD Libor. 


Cap maturity Volatility [%] 
lyr 10.37 
2 yr 12.87 
3 yr 14.12 
4 yr 15.12 
5 yr 15.25 
7 yr 15.13 
10 yr 14.88 


The par or average volatility of 10.37 % would apply for all the three 
caplets in a 1-year cap (normally, there is no option on the first Libor 
fixing), the par volatility of 12.87 % would apply to all seven caplets in 
a 2-year cap and so on. 

This makes the quotation in terms of volatility very easy. However, 
the first three caplets in the 2-year cap must be identical to the caplets 
in the 1-year cap. Therefore, it would seem sensible that they should 
always be priced using the same volatilities. 

Let us define “forward” volatility! as the volatility that would apply 
to a single caplet. The forward volatility for the very first caplet would 
be the volatility of a 3-month rate, which will be fixed in 3 months’ 
time. The forward volatility for the second caplet would be the volatil- 
ity again of a 3-month rate, but this time fixed in 6 months’ time, and 
so on. 


1 Some does not use the confusing, expression “forward volatility”. Since volatility is not a 
traded asset, it can therefore be either present or future, but not forward. Similarly, one might 
not use the term “forward-forward volatility”, which probably is used to mean the future 
volatility of a forward quantity. 
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In the cap market, forward volatilities are derived from quoted par 
volatilities. Let T denote the maturity of the Tth generic cap for which 
we have par volatilities. Define the price of a cap of maturity T using 
par volatility Vr as: 


Cr=} c(Vr) 


t<T 


where c,(Vr) is the price of a single caplet of maturity t. For arbitrage 
reasons, the same cap using the forward volatility curve should have 


the same price: 
Cr =) cvr) = >> evs) 


t<T t<T 


where v, is the single period forward volatility. Hence, we can define 
a recursive relationship: 


Cr=Cr_1= D Cr(V1) 


T-1<t<T 


A crude but common assumption is to set v, equal to a constant for 
T—1 < t < T. Then we can calculate sequentially the forward volatil- 
ities. Also, remember that par volatilities are most appropriate for ATM 
options. 

To estimate the forward volatility curve we use the following 
process: 


1. Guess a forward piece-wise constant volatility curve. 
2. Price each of the caps using this curve. 


3. Adjust each segment of the volatility curve, starting at the short 
end in a bootstrapping fashion, so that the price of each cap based 
on the forward volatility curve matches the original price. 


We end up with a curve like Fig. 19.1. 

Whilst such a curve is arbitrage free, a smoother curve would 
be better. The approach may use an optimization technique using a 
smoothness criterion: }_` (0; — o1) which has to be minimized whilst 
still being arbitrage free. 

The result might look like. (Fig. 19.2) 

Notice the very typical “humped” structure over the 2- to 5-year 
region; this is likely because of the traditional high demand by end- 
users for interest rate protection over those maturities. 
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Fig. 19.1 The initial caplet volatility curve. The dots represent the cap volatility 
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Fig. 19.2 The optimized bootstrapped caplet volatility 
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Remark that the volatilities cannot be linearly interpolated with re- 
spect to time. Instead, you need to interpolate the squared volatility 
multiplied with time. This gives us the following interpolation formula 

o°(I2) - T2-9°(T1) -T1 


2 2 
t)-t= T,):T, + t=T 
o“(t) o“(Ti)- Tı T-T, ( 1) 


giving 


2 . Tə -02 , 
o= foa 4? (T2) ae Tı (1 2) 


These curves are often combined with statistical confidence bands. In 
practice it is found that volatilities do revert to a long-run level (as sug- 
gested by the ARCH model), which means that the confidence bands 
are wider at the short end than at the longer end. The bands are often 
called “volatility cones” due to their shape, and are used by traders to 
imply the likely movement of volatility through time. 

We have just derived forward volatilities from a single ATM par volat- 
ility curve. It is however, common practice to use volatility surfaces, 
that is, a matrix of strike vs. forward start date, when pricing and valu- 
ing caps and floors. This allows the smile effect to be incorporated. IR 
options on 3-month Libor are the most common, probably reflecting 
the fact that one can get exchange-traded options on 3-month deposit 
futures for hedging. Therefore, the most liquid volatility surface would 
also be on 3-month Libor, and volatility surfaces for other tenors rep- 
resented by an offset surface from the 3-month one. A more complete 
approach therefore would be to model the entire two-dimensional sur- 
face. This surface is likely to contain gaps due to missing maturities and 
also missing volatilities for particular strikes. 


19.1.2 Caps and Floors 


As we have seen, an interest-rate cap consists of a series of individual 
European call options, called caplets. Each caplet can be priced by 
using a modified version of the Black-76 formula. This is accomplished 
by using the implied forward rate, F, at each caplet maturity as the 
underlying asset. The price of the cap is the sum of the price of the 
caplets that make up the cap. Similarly, the value of a floor is the sum 
of the sequence of individual put options, called floorlets that make 
up the floor. 
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As we know, the Black formula is 
Peat = e7 (F - N(d1) -K - N(d2)) 


Pout = €77 (K - Ndz) -F - N(-d1)) 


where F is the forward price and 
F In(F/K) — (o?/2)T 
2 = = 
oJ/T 


Consider the pricing model of a caplet whose ceiling rate is Le. 
The holder of the cap receives at time f; an amount equal to 
a; max {Lj_-1(7i-1) — Le, 0}. The present value of this payment at Li- is 


dı oVT 


a max {Lj_1(7;_1) — Le, 0} = max | 1 nears : | 
1 +g;Li(T;1) 1+ ajLj1(T-1) 
Remember the value of a pure discount bond 
p (Tia, Ti) = E S 
1 + æiLi (Ti) 
Therefore, the quantity 
1+ ajLe 


can be considered as the value at time T; of a discount bond that pays 
1 + &iLe at time T. Hence, the payoff in the aforementioned max{.} is 
the same as that from a put option with expiration date T;_; on a bond 
with maturity time 7;. The par value of the bond is 1 + ajL, and the 
strike price of the put option is unity. Therefore, an interest rate cap 
can be considered as a portfolio of European put options on discount 
bonds. 
The time-t value of the caplet can then be expressed as: 


Cit, Tii, Ti) = p(t, TIE gp; p [i max {Lia (T) - Le, 0}] 


Since Li-ı(T;-1) is Fr(i_1)-measurable, we may write 


Cit, T1, Ti) = p(t, Ti-1)Eo,,,, [p(Ti-1, Titi max {Lj-1(Ti-1) - Le, 0} 
QTG-1) 


= p(t, Ti-)Eo,,, , [max {1 -0 + a;Le) p(Ti-1, Ti), 0}] 
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If we finally assume that the bond prices p(t, T), under the risk-neutral 
measure Q, follow a general Gaussian process (as given next), the 
time-t value of the caplet is given by 


Cit, T1, Ti) = p(t, TNC?) - (1 + ihc) p(t, Tia)NCd\), t < Tii 


where 
U+aiL¢)p(t,Ti) ly2 í 
2 Li(t)/Tj-1 -t 
and 
di = do + Ely T; —t 
and 
TiTi n 
TUD) = o2(s, u)duds 
Ai Tit J Lor l 
Epa 


The previous analytical expression is complicated. This is because we 
have based the model on unobservable instantaneous forward rates. 
This makes the model difficult to implement and calibrate the volatility 
to market cap data. This motivates to use a market model. 

We therefore assume that the underlying forward Libor process is 
lognormal distributed with zero drift under some “market probability” 
Qm. In its simplest form we let the volatility denote the constant Black 
volatility of the forward Libor process 


dLi1® = Li (Aot dW” 


where W” is a Brownian process under Qm. The Black formula for the 
time-t value of the caplet that pays œ; max {Lj_-1(7Tj_1) — Lc, 0} at time T; 
is given by 


CCT) ae Ti)Eo,, [max {Lj-1(Ti-1) — Le, 0}] 


where 
j 2 
pr In [42] _ 5 (ož) (Teh) 
1 — 


L 
oiv Ti -t 
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and 
d =d; -0% T;_\ —t 
We can simplify this as 
N-t 
C() = p " FNN- K -N(@@)] 
1+F.-r 
where t is the tenor, N the face value and F the implied forward rate 


between time ¢ and at the caplets maturity, T. Similarly, for a floorlet, 
we have 


FO = eK Naa) -F - Ndi) 


Example 19.1.1 


We will illustrate the cap value in a simple example. Suppose we have a caplet, 
with 6 months to expiry on a 182-day forward rate and a face value of 100 million. 
The 6-month forward rate is 8% (with act/360 as day-count), the strike is 8%, the 
risk-free interest rate 7%, and the volatility of the forward rate 28% per annum. 


F = 0.08, K = 0.08, T = 0.5, r = 0.07, 0 = 0.28. 


4, = 1008/008) + (0.28?/2)0.5 
: 0.28V0.5 


N(d1) = 0.5394, N(d2) = 0.4606 


= 0.0990, dz = dı — 0.28V0.5 = -0.990 


10°. 355 
C(t) = —— 997 [0.08 - N(d1) — 0.08 - N(d2)] = 295.995 
1 +0.08 - 182 


19.1.3 Swaps and Swaptions 


It is usual to distinguish between the two different types of swap- 
tions: 


e Payer swaptions. The right but not the obligation to pay fixed rate 
and receive floating rate in the underlying swap. 

e Receiver swaptions. The right but not the obligation to receive fixed 
rate and pay floating rate in the underlying swap. 


Most swaptions (about 90 %) is of European types and are normally 
priced by using the forward swap rate as input in the Black-76 option- 
pricing model. The Black-76 value is multiplied by a factor adjusting 
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for the tenor of the swaption, as shown by Smith (1991). This is 
the practitioner’s benchmark swaption model. As illustrated by Jam- 
shidan (1996), the model is arbitrage-free under the assumption of a 
lognormal swap rate. 

To derive a formula for a swaption we will start by studying a 
forward-starting swap. That is a swap that starts at a future time where 
we exchange floating against fixed cash flows. A Ta x (Ty — Tn) swap 
means a swap that starts at time T, and have maturity at time Ty. 

Denote the reset days for any swap as: To, T1, Ty and define a; as 
T; — T;_,. The holder of a forward-starting T,, x (Ty — Tn) payer swap 
with tenor Ty — T, receives fixed payments at times 7,41, Tnio,..., TN 
and pays at the same times floating payments. 

For each period [T;, Tj,;] the Libor rate L;,,(7;) is set at time T; and 
the floating leg œi+1Li+ı(T;) is received at 7;,,. For the same period the 
fixed leg a;,,F is paid at T;,; where F is the (fixed) swap rate. 

The arbitrage-free value at t < T, of the floating payment made at T; 
is given by p(t, T;)—p(t, Ti+). The total value of the floating legs at time 
t for t < Tn equals 


N-1 


y L pt, T) -plt Tix 
Ys AGT) PET = Yo am T 7) 


i=n+1 i=n 
N-1 
= a [PCE Ti) — p(t, Tis1)] = p(t, Tn) - p(t, Ty) 


=n 


= Prt) — pn(t) 


where we have used that the forward rate is given by 


1 1 p(O, ti) — pO, ti-1) 

P(O, ti) = pO, t-1) EE EN > f (ti1, ti) = a: pO, t) 
If we go back to the FRN, we remember that the value at the starting 
day is the same as the face value = 1. In a swap, we do not have any 
final payment of the face value. This gives the swap value at the starting 
day t = 0, as 1 — p(0, T). Between to resets we therefore must have the 
swap value as: p(t, to) — p(t, T) where fo is the time for the next reset 
day. This explains the previous formula. 

The total value at time ¢ for the fixed side equals 


N-1 N 


SOF: pt, Taani =F D> aip) 


i=n i=n+1 
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where F is called the swap rate. This is a par rate since it makes the 
price of the swap to be equal zero when entering the swap contract. 
Therefore, the total value of the payer swap is given by 


N 
PSN (t, F) = palt)-pn(T)-F > aipi(t) 


i=n+1 


We therefore define the forward swap rate (at par) RN (t) of the 
Tn x (Ty — Tn) swap as the value of F for which the total value earlier 
is zero. That is, 


Pn) — PN) 
RYO = F = 


> apt) 
i=n+1 


Therefore we also define for each pair n,k with n < k, the process 


N 
Si) = F apis) 


i=n+1 


as the accrual factor or the value of a basis point (also called the 
level, DVO1 Dollar Value change in a shift, PVO/ Present Value change 
in a shift, annuity or numerical duration of the swap). 

We then express the swap value as 


Pnit) — pn(t) 


Ney) 
Rn = Ne) 


In the market there are no quoted prices for different swaps. Instead 
there are market quotes for the par swap rates. We see that we can 
easily compute the arbitrage-free price for a payer swap with the strike 
rate K as 


PSN (t, RY), K) = (RYO - K) SY 
A payer swaption is then a contract given by; 


PY (t, RN (Tn), K) = max (RY T-O T) 


n 


This contract gives the holder the right to enter a swap contract at 
time T, with swaption strike (fixed rate) K. 
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Under the numeraire process sy a payer swaption is then a call op- 
tion on RY with strike price K. The value of this contract is given by 
the Black-76 formula: 


PN (t) = SNO) {RN (QN(d1) - KN(d2)} 
where 
In [22] + 50; (Tn—1) 
OnNV/Tn -t 
dy = dy —OnnVTn-1 


The constant on y is known as the Black volatility. Given a market 
price for a swaption, the Black volatility implied by the Black formula 
is referred as the implied Black Volatility. 

We can also write the Black formula as 


dı = 


P(t) = S(t) {RN (Q)N(d1) -K - N(da)} 

N 
Y= aapilt) « {Rn -N(di) -K - N(d2)} 
i=n+1 


= p(t): {F - N(d\)—K - N(d2)} 


or 


PNO — Pnt) — pn(t) 


n mo (Rn Ndi) —K NE] 


Here the function g(t) is a discount function. If we denote the forward 
swap rate between t, and ty as F, we have at t, 


Pnt) — Pn(t) = p(t, th) — p(t, ty) = p(t, tn) {1 -p(tn, tn) } 


1 1 
= PU, tn) | L- EF, n) | =p | l- F FN | 


If we now let T = t, be the maturity of the swaption, F the for- 
ward swap rate (aforementioned RY (t)) and introducing m reset days 
per year (the frequency), we finally have, where PS denote a payer 
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swaption, and RS is a receiver swaption 


tress 

ps = SEA TTF. Ndi) -K -Ndo 
l- r" 

RS = oe [K - N(-d2) - F - N(-d))] 


In(F/K) + 50° -T 


dı = ‚də =d\oVT 
1 oT 2 1 


where 
t = Tenor of swap in years (time between swaption maturity and 
swap maturity). 
F = Forward rate of the underlying swap. 
K = Strike rate of the swaption. 
r = Risk-free interest rate. 
T = Time to swaption expiration in years. 
o = Volatility of the forward-starting swap rate. 
m = Compounding’s per year in swap rate. 


We also used continuous compounding, that is, p(t, T) = e770 


Example 19.1.2 

Consider a 2-year payer swaption on a 4-year swap with semi-annual compounding. 
The forward swap rate of 7% starts two years from now and ends 6 years from 
now. The strike is 7.5%, the risk-free interest rate is 6%, and the volatility of the 
forward-starting swap rate is 20% per annum. 


t =4.0,m = 2, F = 0.07, K = 0.075, T = 2,r = 0.06,0 = 0.20. 
1n(0.07/0.075) + (0.202/2) - 2 
dı = i )+( ee 0.1025, dz = dı —0.20V/2 = -0.3853 
0.20./2 


N(d) = 0.4592, N(d2) = 0.3500 


c = e ©? [0.07 - N(d1) -0.075 - N(d2)] = 0.5227% 


With a semi-annual forward swap rate, the upfront value of the payer swaption in 
per cent of the notional is 


js! are 
(1+0.07/2)*7 
-| ——— | = 1.7964% 
k | 0.07 l ý 
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19.1.3.1 The Greeks 


If we return to the Black formulas we can first see that the Greeks are 
more complicated to calculate than the Greeks in the Black-Scholes 
formula. Delta for instance can be defined as the derivative of the 
Premium (swaption value) with respect to the forward rate F. Other 
definitions of delta is as the derivative with respect to the present value 
of the fixed leg of the swap or as the derivative with respect to the 
annuity. We can also calculate a delta by shifting the yield curve. 

Let’s try to explain the general difficulties when defining a delta; op- 
tions including swaptions) pricing is based on models. Those models 
have parameters. The market, on the other hand, takes this in the op- 
posite direction. There are market prices and the model parameters 
are selected (calibrated) to achieve the market prices. In this context 
all the models provide the same (market) prices. 

Regarding delta, the situation is different. The figures are not calib- 
rated, they are the consequences of the price calibration and intrinsic 
model dynamic for the rates. You can therefore refer to two different 
types of deltas. The theoretical delta is a ratio. It is often referred to Gn 
particular by Rebonato) as in-the-model delta (or hedging). The DV01 
is obtained by shifting one rate (or the entire curve) by one basis point. 
This is (often) incompatible with the model used for the pricing. For 
that reason it is known as out-of-the-model delta (hedging). 

In the formula 


PNC) = g(t): {F - N(d1) -K - N(d2)} 


we have seen that there is a “hidden” F. Some books and articles give 
delta as: 


A = g(t) - N(dı) 
alternatively, 
A = N(d}) 
However, by making the approximation: 


APN(t) _ PNC, F + dF) - PYG, F -dF) 
AF 2. dF 


it is easy to prove that none of the previous deltas gives the cor- 
rect value. The calculation of delta is quite messy. Remember the 
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calculation of delta for a stock option. We know that dı and d2 also 
are functions of F. For the stock option dı and dz also includes the 
risk-free rate. 

To calculation of delta as the derivative with respect to F, we use: 


— 
ps = EIT T IF. Ndi) -K -NUda)] 
and 
In(F/K) + 02- T 
dı = ( ) 2 , dy = dı -04T 
oat 
First, we have 
dd; _ Odz _ 1 
OF OF F.o-JT 
then 
1 
ƏPS Ə |l- Fm" r 
= — = — | —— e F- N(d -K-N(d 
oF =| pe aie me 


-rT ð K . 
JF [o [Nan- F va» || 


1 


of (F) 


=e". | [may -F- nan | 2 +f(F) > ap [NaF va» || 


We now have two derivatives, and they are calculated as 


ð K ON(4i) | = K F ANd) _ K 
oF [man-F = -Nan)| = OF N(d2) - FEOF mN) 
and 
aa = - {-( + Filmy "| = i TM 
OF OF (1 + F/m) 
So 


ed 1 K 
= {(1 astm) po) 


sie ee [xa ER | | 
Mrr e l A p 
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where we used 


ONG) _ E dF) ue 
a OF =f p(x)dx = [ec Mess [P(d(F)) - 6(-00)] 
oat) dd(F) l 
= — Ve op NaF = ——N (d(F 
p Pa) = (d(F)) o 
and 


1 dd; (avr) n 
Jn OF 
1 1 2 2 2 
_ -(d1)}/2 dja VT -0°T/2 _ dio VT ,-0T/2 yy 
= ——— =e e e =e e N (d1) 
~V 20T Fo VT 


F 
— e!(FIK)+0°T/2 0° TI2 N'(d1) = x N'(di) 


Nd) =; Ë Nai- oVT) = 


Greeks in the Black Model 


If we ignore the annuity the Greeks in the Black model is given by: 


oC 
Acall = ar e' TO N(d)) 


oP 
Aput = zp = eT (N(d1)- 1) 
ð 2C 0 2P ent) 1 -d2 
= ———_ => err! = — + V 
OF? OF? FovVJT— af? 
a dC _ oP =F. gays %2 


ao ~ do J 20 


ae F-N'(d,)- 
Ocat = — =e" jt ee ee) 
- JPA 
OF ag F-N’(d)-o 
Opa= = = =e e 2 (r FN di) KN d2) + — ) 
0 


C 
Pcall = Jr =t-K. eT? ON (dy) 


oP 
Pput = T -t K+ e"9N(-da) 
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19.1.4 Swaps in the Multiple Curve Framework 


We saw earlier how to derive the swap rate for a forward-starting swap. 
If we generalize this for an ordinary swap, under the multiple curve 
framework we generate the cash flows with one curve (on tenor) and 
discount with another. Here we will study the difference when using 
one or two curves. 

Denote the reset days for any swap as To, Tı, Ty and define a; as 
the time interval T; — T;_;. The holder payer swap with tenor Ty — To 
receives fixed payments at times 7), T2,..., Ty and pay at the same 
times floating payments. 

For each period [T;, Ti+1] the Libor rate L;,)(7j) is set at time T; and 
the floating leg q;, ,Li+1(Ti) is received at T;+1. For the same period the 
fixed leg a;,,F is paid at Ti where F is the (fixed) swap rate. 

The arbitrage-free value at 0 = t < Tn of the floating payment made 
at T; is given by p(T;) — p(Ti+1). The total value of the floating legs at 
time ¢ for t < Tn equals 


N 
1 p(T;1)- p(T; 
Ya; ; P(T-1) — p(Ti) p(T) 


a -f(Ti1, Ti) - p(T) = a p(T) 


i=l i=l 
N 
= 2 Rue p(T;)| = pO) - p(y) 


=1-p(T) 


where we have used that the forward rate is given by 
1 

ti) = p(ti-1) + pUi-1, ti) => p(ti-1): —- 

P(ti) = P(ti-1) + p(ti-1, ti) > p(ti-1) ETR 


1 plti) -—pG@-) 
ai pti) 


In the previously mentioned analysis the forward rate f(t, T;) and the 
discount factor, p(t, Ti) is given by the same curve/tenor. In a multi- 
curve framework we might generate the cash flows with one curve 
(as follows, a 3-month tenor curve) and discount with another (in sub- 
sequent section, a 6-month tenor curve). Then, we have to modify the 
calculation as follows 


> f(t; ti) = 


2 ~ Ti-1)— Ti 
2 a: fam(Ti-1, Ti) - pem (T) = 2 me pady - pem(Ti) 
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We see that we cannot simplify this as we did when using the same 
tenors on both curves. The total value at time ¢ for the fixed side, 
using a 6-month tenor for discounting equals 


N N 
> F -aj-pem(Ti) =F- D ai pem(Ti) 
i=l i=l 
where F is the swap rate. This is a par rate since it makes the price 
of the swap to be equal zero when entering the swap contract. So the 
total value of the payer swap is given by 


X pouT) ~ p3a (Ti) x 
PS(F) = ) ) ——— = - pom (T) -F -È oe; - pou (Ti) 
a p3m (Tj) z 
N 
Ti-1) - T; 
= Y (EEM P.o) -paT 


With the old methodology, we should have the result 
N 
PS(F)=1-p(T)-F } oi- p(T) 
i=l 
If we use the same tenors (a before the credit crises) for the cash-flow 
generation as for the discounting we derive the following swap rate: 


1-p(T) 
F = Noo 
Ža; p(T) 
i=l 
With different tenors we oa 
p3m(Ti-1) patin 
3 pe . pou (Ti) 
F= 
5 a; - pem(Ti) 


i=1 
So 


N 
D (a _ pa) =0 
p3m(Ti) 


ray eu 1) -p3m(Ti) =yo (Po 1) -) 


p3m(Ti) a \ P3m (Ti) 
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and 


N 
1 p3m(Ti-1) 

F= 1 
L D ( p3m(T)) ) 


i=l 
19.1.5 Swaptions with Forward Premium 


In the European, the swaption markets have changed to be traded with 
a forward premium in contrast to spot premium. In such a way we 
can minimize the counterparty risk. Therefore we can also discount 
with the new risk-free interest rate, the EONIA overnight index-swap 
COIS) rate. 

Say that we want to buy a payer swaption at t = 0 with maturity at 
t = T. The swap maturity here is denoted by t = S. The present value 
of the swaption at t = 0 is in general given by 


P(O, T, S) = S30) {F(0, T, S)- N (d1(0, T, S)) — K - N (d2(0, T, S))} 


where F(0,7,S) is the forward swap rate between t = T and t = S 
contracted at t = 0 and 


In | FOF} + $07(0,7,5)-T 


OT S): ~T 
d>(0,T, S) = di -0 (0,T,S)- VT 


dı (0, T, S) = 


and 
S 
p(O, T) — p(0, S) 
§5(0) = D(t;, S) = —2— +? 
7(0) 2a aipltiS) = OTS 
i=T+At 


Here p(t, S) is the forward discount factor (zero coupon) between time 
t and S. This means that the premium at t = 0 is P(O, T, S). If this is a 
forward premium, we shall at t = T pay 


P(O, T,S) 


premium = 
pO, T) 


We therefore construct a portfolio consisting of the swaption and the 
premium, so that the total value at t = 0 is zero. At any arbitrary time t, 
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the value of our portfolio is 


V(t, T, S) = O) {F(t, T, S) -N (di(t, T, S) -K - N (d2(t, T, S))} 
- p(t, T) - premium 


_ p(t, T) — pt, S) 
= Fars) COTO NGET, -K-N (dal T.S) 


— p(t, T) - premium 


where F(t, T, S) is the forward swap rate between t = T and t = S at 

time ¢ and 

In| Fee! + $0, 7,5)- (T=) 
o(t,T,S)-/T-t 

dy(t,T, S) =d; —o(t,T,S)- VT -t 


d\(t,T,S) = 


19.1.6 The Normal Black Model 


Usually the underlying security is assumed to follow a lognormal 
process (or Geometric Brownian Motion). However, there are some 
traders who believe that the normal process describes the real market 
more closely than that of lognormal counterpart. This model is also 
known as the Bachelier’s model. 

Let us assume that the current future price, strike price, risk-free 
interest rate, volatility and time to maturity as denoted as f, K,r,o 
and T -t respectively. Let us also assume that the current future price 
follows the following normal process: 


df = udt + odW;, 


where n is a constant drift. For instruments like swaptions, f repres- 
ents the forward rate. 

Let us start by studying the behaviour of the delta-hedged portfo- 
lio which consists of long delta shares of future contract and short 
one derivative in question. Say, call it II. Let us also denote the value 
of derivative by g. Then, the value of the delta-hedged portfolio is 
given by: 


Hege r 
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So applying Ito’s lemma using the earlier mentioned SDE into the 
changes of the portfolio value, one gets 


a 
dl = dg - 1 


3 dg 1 402 ə ə 
= (E +u +0 \dt+ 0o Saw -Ë (udt + caw) 
ðt af 2 af2 of of 


We want the aforementioned quantity to be a Q-martingale under the 
discounted expectation with risk-free rate. This is the same as stating 
that the previous quantity equals the gain from the risk-free interest 
rate for the portfolio value. So, we have: 


ail = rIldt 


Since it costs nothing to enter into a futures contract, one has II = g. 
Thus, we obtain the following PDE 


dg 1 407 
ue + o 8 = rg 
ot 2 df? 
In a risk-neutral world the process is giving as 
af = odV; 


with the trivial solution, from integration over the interval [t, T]: 
ITD) =f O +o (Vr- V 


We see that f is a Gaussian process; N[f;, o*(T —1)], that is, with mean 
f(t) and variance o?(T — t). By the application of Feynman-Kaé, we 
obtain the following solution 

T- F rA 


(T) - e 220- d 
na eal fr 
=00 


—r(T-t) 
= [fr =f,tovT t-z] A 


T (vT 
x [ome 20°71) oT — tdz 


—0O 


g(t, fr) = e” TPE? [®(T)] = 


eT- P 


ot 
= —_— | (T). edz 
J 20 
—0o 
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Here 
(fr -—K)*  foraCall 


a= | (K—fr)* foraPut 


For the Call we have 
rT F 2 
Mc(t) = J fr-K) -€7dz 
~y 210 EA 
-r(T-1) j a 
=ë f+o[T-t-z-KY -e 7dz 
270 a. 
orl) F 2 
= (f; tovT—t-z-K)-e€ 7dz=A-B 
200 | 
zo 
Set f, = F and with zo = = we get 


gnm (2 r(T-1) 
A= (F-K) | edze" ~F — K) - N[zo] 
~v 20T 
zo 
gov T 


erT) P 2 i 
B= ovVvT-t-z-€ 2dz=e 
J 20 : J 20 
0 


Then, the fair values of call C (payer swaption, PS) and put P (receiver 


iS) 


tl 


swaption, RS) are expressed as 
VT -t 
C= eT | (F-K): N(d) + Xe €? 
~v 2T 


Ow T-t zi) 
— e 


P = e” | (K - F) - N(-d) + 
V2 
where 
d= F-K 
oV/T-t 
and 
t = Tenor of swap in years (time between swaption maturity and 


swap maturity). 
F = Forward rate of the underlying swap. 
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K = Strike rate of the swaption. 

r = Risk-free interest rate. 

T = Time to swaption expiration in years. 

o = Volatility of the forward-starting swap rate. 
m = Compounding’s per year in swap rate. 


To apply this on swaptions we need, as before, to multiply C and P 
with the annuity 


1 
l- (+F/m) 
F 


The Greeks can easily be calculated by simple differentiations 


ac 


Ac= — =e”. Nad 

C= ap =e (d) 
aP 

Ap = — = e70 . N(-d 

pep ~ (-d) 


3C 8P eT 1 en 
= — . e 

ƏF? ƏF? oyT-t 2r 

W 22” gral ee 

do 00 J 20 


ac 
Ora eae 
Oa 


JIT = 
x (e-no? n T etn) 


V2- m 2V2- m-t 


Op = oP apr) 
ot 


F= 
x (e-on py a etn) 


v2- m 2V2- m-t 


19.1.6.1 Convexity Adjustments 


A standard bond or interest rate swap has a convex price-yield relation- 
ship. To price options with the Black-76 model when the underlying 
asset is a derivative security with a payoff function linear in the bond 
or swap yield, the yield should be adjusted for lack of convexity value. 
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Examples of derivatives where the payoff is a linear function of the 
bond or swap yield are constant maturity swaps (CMS) and constant 
maturity treasury swaps (CMT). The closed-form formula published by 
Brotherton-Ratcliffe and Iben (1993) assumes that the forward yield is 
lognormal distributed. 


1 ay. 
adj. = 5 aE We (es - 1) 


where 


P = Bond or fixed side swap value. 
yr = Forward yield. 

T = Time to payment date in years. 
o = Volatility of the forward yield. 


Example 19.1.3 
Consider a derivative instrument with a single payment 5 years from now that is 
based on the notional principal times the yield of a standard 4-year swap with an- 
nual payments. The forward yield of the 4-year swap starting 5 years in the future 
and ending 9 years in the future is 7%. The volatility of the forward swap yield is 
18%. Calculate the convexity adjustment of the swap yield. 

The value of the fixed side of the swap with annual yield is equal to the value 
of a bond where the coupon is equal to the forward swap rate/yield yr. 

c c c lt+c 


= T zt 3°" 4 
I+yr (l+ypy (+y (+yr) 


The partial derivative of the swap with respect to the yield is 
oP c 2c 3c 4(1 +c) 
Oye +y (tyr (+y (+yr) 
= {c = yp = 0.07} = -3.3872 


and the second partial derivative with respect to the forward swap rate is 
a?P 2c 6c 12c 20(1 +c) 
T 7t gF 5+ 6 
dye (tyry (Ut+yry (QA+yrP (1+yr) 
The convexity adjustment can now be found as: 
115.2933 7 gigs 
dj. =-= - 0.07 =° —1) = 0.001 
adj. = 7 agq9 ‘007 (¢ ) =0.0019 
The convexity-adjusted rate is then equal to 7.19% (0.07+0.0019). 


= 15.2933 
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19.1.6.2 Vega of the Convexity Adjustment 


By taking the derivative of the convexity adjustment, we get the 
convexity adjustment’s sensitivity to a small change in volatility 


v=- -yeoTe® T 
19.1.6.3 Implied Volatility From the Convexity Value 
in a Bond 
If the convexity adjustment is known, it is possible to calculate the 


implied volatility by simply rearranging the convexity adjustment 
formula 


dj. 1 
a +1 


afer fae). 2 a 
2 aye OYF YF 


19.1.7 European Short-Term Bond Options 


o= |in 


European bond options can be priced in the Black-76 model by using 
the forward price of the bond at expiration as the underlying asset. 


c=e' (F-N(d})—K - N(d2)) 
p = e” (K - N(-d2) -F - N(-d\)) 


where F is the forward price of the bond at the expiration of the 
option, and 


PS In(F/K) —(07/2)T _ 
2 = oVT = 


This model does not take into consideration the pull to par effect of the 
bond. At maturity, the bond price must be equal to principal plus the 
coupon. For this reason, the uncertainty of a bond will first increase 
and then decrease. 

The Black-76 model assumes that the uncertainty (variance) of the 
underlying asset increases linearly with time to maturity. Pricing of 


dı oVT 
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European bond options using this approach should thus be limited to 
options with short time to maturity relative to the time to maturity of 
the bond. A rule of thumb used by some traders is that the time to 
maturity of the option should be no longer than one-fifth of the time 
to maturity on the underlying bond 


Example 19.1.4 
Consider a European put option with 6 months to expiry and strike price 122 ona 
bond with forward price at option expiration equal to 122.5. The volatility of the 
forward price is 4%, and the risk-free discount rate is 5%. Calculate the option’s 
value. 

F = 122.5, K = 122,T =0.5,r = 0.05, o = 0.04. 


_ In(122.5/122) — (0.042/2) - 0.5 
: 0.0405 


N(-d\) = 0.4369, N(-d2) = 0.4481 


= 0.1587, dy = dı —0.04,/0.5 = 0.1305 
p = e995 [122N(-d>) — 122.5N(—-d1)] = 1.1155 


19.1.8 The Schaefer and Schwartz Model 


Schaefer and Schwartz (1987) modified the Black-Scholes model for 
pricing bond options to take into consideration that the price volatility 
of a bond increases with duration 


c =S - N(d1) - Ke”T N(d) 
p = Ke N(-d2) -S - N(-d}) 


where o = (as?!) D, and 


In(S/K) — (r + 07/2)T 
_ In(S/K) — ( WT di-oVT 
o/T 
Here D is the duration of the bond after the option expires. A is estim- 


ated from the observed price volatility og of the bond. « is a constant 
that Schaefer and Schwartz suggest should be set to 0.5. 


2 


pa 
go-l . D* 


where D* is the duration of the bond today. 
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Example 19.1.5 


Assume that the duration of the bond is 8 years and that the observed price 
volatility of the bond is 12%. This gives: à = 0.15. 

In Table 19.1 we use this value and compares the option prices from the Schaefer 
and Schwartz formula with option prices from the Black-76 formula. 


Table 19.1 Option prices from Schaefer and Schwartz and Black-76 


Bond Base Adjusted Black-76 Modified 
Duration Volatility (%) Volatility (%) Value Black-76 value 
1 12.0 1.5 5.5364 0.6929 

2 12.0 3.0 5.5364 1.3857 

3 12.0 4.5 5.5364 2.0783 

4 12.0 6.0 5.5364 2.7707 

5 12.0 7.5 5.5364 3.4628 

6 12.0 9.0 5.5364 4.1545 

7 12.0 10.5 5.5364 4.8457 

8 12.0 12.0 5.5364 5.5364 
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Convertibles 


20.1 Convertible Bonds 


A convertible bond is a security issued by a company that may be 
converted from debt to equity (and vice versa) at various prices and 
stages in the life cycle of the contract (e.g. the time to maturity). There 
are many types of convertible bonds with various conversion proper- 
ties and complex structures. Common examples of convertible bonds 
are Convertible Preferred Stock bonds, Zero-Coupon convert- 
ibles, Mandatory convertibles, to name but a few. The traditional 
(simplest) convertible bond is one that is a fixed coupon paying bond 
when the stock price S is below some predetermined conversion price 
K Ge. S < K), and may be converted to a predetermined number 
of stocks (the conversion ratio) when above (i.e. S > K). It may im- 
mediately become apparent that the traditional convertible bond is 
effectively a bond with an imbedded call warrant (option) on the stock 
of the issuing company with strike price K. 

Since a convertible bond is a liability of the issuer, if the company 
goes into liquidation, the convertible bondholder has priority over 
most other parties except pure bondholders. 

Returning to our traditional convertible bond example, for the mo- 
ment we ignore credit rating issues, the convertible price Beon is close 
to its fixed income value (bond) B of an equivalent pure bond from 
the same issuer when deep out-of-the-money. Hence, 


Bcn ~B forS < K. 
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When the stock price is very high and exceeds the conversion price 
K, the convertible bond becomes stock-like when deep in-the-money. 
Hence, 


Beon ~S forS >K. 


Moreover, given that the convertible is effectively a bond plus a war- 
rant on the stock, the price of a convertible must be comparable to the 
sum of the two individual components. From arbitrage considerations 
for options, we know that the price of a call warrant W must satisfy 


W > max[S- K, 0] 


prior to expiry. Ignoring issues related to credit risk, when the warrant 
element is out-of-the-money the convertible is worth the fixed income 
value B. Therefore, the convertible has to satisfy the relation 


Bcon > max[S- K, 0] + B 


given the hybrid nature of the convertible bond. Here the price of the 
convertible bond has been approximated as 


Beon = B+W 


In Fig. 20.1 we show the price track of a traditional convertible bond. 
The convertible price (solid red line) is always above the stock price 
track as already discussed. The red dotted line demonstrates the price 
track of a bond plus warrant in the absence of credit risk. 

The true price track of the convertible is found to fall below the 
fixed income value (Bcon < B) when the stock price falls to low levels 
due to the widening of credit risk spread when the company’s stock 
price falls. As the stock price falls to low levels there is an increas- 
ing correlation between the price of the convertible and the stock; 
however, as the price rises to very high values, the correlation be- 
comes insignificant (as the credit rating improves). A fall below the 
fixed income value is also seen in the pure bonds due to poorer credit 
rating. 

The following terms are used to describe various sections of the 
price track of the convertible: 


1. Distressed debt -In this region the convertible is on close to a de- 
fault event. If a default event occurs, a sum proportional to the 
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Fig. 20.1 The price track of a convertible bond 


recovery rate R is paid out to the holder of a convertible. The 
value of the convertible is highly sensitive to the credit risk spread 
(a parameter often referred to as omicron) in this region. 


2. Busted convertible-A term often used to describe a convertible that 
is out-of-the money but above the distressed zone. 


3. Hybrid zone-The convertible shows behaviour between the stock 
and a pure bond. 


4. Equity zone-The convertible price is more equity-like than debt. 
Credit risk factors become insignificant since the company’s credit 
rating is high due to the high stock value. 


The hybrid nature of convertibles is often exploited by arbitrageurs in 
the rather popular practice of convertible arbitrage. Convertible arbit- 
rage is especially successful at times of high volatility in stock price, 
producing high returns with relatively low risk. Delta, gamma and 
other more sophisticated hedging strategies are used to capture the 
low-risk profits (though not completely risk-free). Instances can occur 
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when the equity options imbedded are priced different to those of the 
equivalent pure options that may exist in the market for various reas- 
ons. These situations, when a relative price difference is observed, are 
exploited by arbitrageurs in a long-short trade. 


20.1.1 A Model for Convertibles 
The stock is modelled as a lognormal Brownian process 
dS = uSdt + oSdZ, 
and the interest rate as 
dr = u(r, t)dt + w(r, t)dZ> 


where Z; and Z2 are two independent Wiener processes with a cor- 
relation p. The drift u(r,t) and volatility w(r,t) is dependent on the 
interest rate model. We make the choice 


dr = (a, — by r)dt + wdZy 


where all parameters are time dependent. The value of the convertible 
V depends on the stock price, the interest rate and of time, V(S, 7,1), 
and given by the following PDE 


ƏV oo 282 a2V 3V ow 02V ƏV aV 
+ + pa Sw + +r +(u—Aw) rV =0 
ðt 2 as2 aSor 2 ar as ðr 


This is found by hedging the two processes against each other and 
with the introduction of the market price of risk. The value of the 
convertible must be: V(S,r,t) > nS where n is the number of stocks 
on exercise. We get 


ƏV o?S2?3?V 32V w283? V av aV 
— + ——~ + po Sw——— + — — + rS— + (a, —bir)— -rV =0 
ðt 2 as aSér 2 dr as or 


This equation can be solved with a finite difference method. 
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A New Framework 


21.1 Pricing Before and After the Crisis 


Ten years ago if you had suggested that a sophisticated investment 
bank did not know how to value a plain vanilla interest rate swap, 
people would have laughed at you. But that isn’t too far from the case 
today. 

We will now give an introduction to yield curve constructions and 
how this has been changed since after the financial crisis. 


21.1.1 Introduction 


Pricing complex interest rate derivatives requires modelling the fu- 
ture dynamics of the yield curve term structure. Most of the literature 
considers the existence of the current zero-coupon yield curve as 
a given, and its construction is often neglected, or even obscured, 
as it is considered to be more of an art than science. Actually, any 
yield curve term structure modelling approach will fail to produce 
good/reasonable prices if the current term structure is not correct. 
Financial institutions, software houses and practitioners have de- 
veloped their own proprietary methodologies in order to extract the 
current zero-coupon yield curve term structure from quoted prices 
on subsets of liquid market instruments. These can be divided into 
two groups: “best fit” and “exact fit” algorithms. “Best-fit” algorithms 
start by assuming a functional form for the term structure and calibrate 
its parameters such as to minimize the re-pricing error of the chosen 
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set of calibration instruments. An example of this is the Smith-Wilson 
approach to discounting used by regulators for insurance companies. 

In banks, “exact-fit” algorithms are often preferred in practice. Such 
algorithms fix the zero-coupon yield curve on a time grid of N points 
in order to exactly re-price N pre-selected market instruments, often 
referred to as benchmarks. The implementation of these algorithms is 
often incremental, extending the yield curve step by step in increas- 
ing order of maturity for the selected instruments, in a “bootstrap” 
approach. 

Intermediate yield curve values are then obtained by interpolation 
on the bootstrapping grid. Here different interpolation algorithms are 
available but little attention has been devoted in the literature to the 
fact that interpolation is often already used during bootstrapping, 
not just after that, and that the interaction between bootstrapping 
and interpolation can be subtle if not nasty (see e.g. Patrick Hagan, 
Interpolation method for curve constructions). 

While naive algorithms may fail to deal with market subtleties such 
as date conventions, the intra-day fixing of the first floating payment 
of a swap, the turn-of-year effect, the futures convexity adjustment, 
etc., even very sophisticated algorithms used in a naive way may fail to 
provide relevant estimates of forward Euribor rates in difficult market 
conditions, such as those observed since the summer of 2007 and the 
so-called subprime credit crunch crisis. Today using just one single 
curve is not enough to account for forward rates of different tenors, 
such as 1, 3, 6, 12 months, because of the large basis swap spreads 
presently quoted in the market. 

Prior to the credit crisis, (zero-coupon) yield curve modelling was 
reasonably well understood. The underlying fundamental principles 
had existed for over 15 years with steady evolutions in areas that 
were most relevant to options and complex products. Credit and li- 
quidity issues were ignored as their effects were minimal. Pricing a 
single-currency interest rate swap was relatively straightforward. A 
single “default free” zero-coupon yield curve was calibrated to liquid 
market products, and future cash flows of other instruments were 
discounted and evaluated using this single curve. There was little vari- 
ation between implementations, and results across the market were 
consistent. 

Following the credit crisis, yield curve modelling has undergone 
nothing short of a revolution. During the credit crisis, credit and liquid- 
ity problems appeared in several markets. This drove apart previously 
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closely-related interest rates. For example, Euribor basis swap spreads 
dramatically increased and the spreads between Euribor and Eonia 
overnight indexed swaps (OIS) diverged. In addition, the impact of 
counterparty credit on valuation and risk management dramatically 
increased. 

Existing modelling and infrastructure no longer seemed to work 
and a re-assessment of the basic principles has taken place. Currently 
a new interest rate modelling framework is evolving which is based 
on OIS discounting and the integration of credit value adjustments 
(CVAs). Pricing a single-currency interest rate swap ARS) now takes 
into account the difference between projected rates such as Euribor 
that include credit risk and the rates appropriate for discounting cash 
flows that are risk free or based on funding cost. CVAs take into ac- 
count the likelihood that the counterparty will default, along with 
the expected exposure given default, the volatility of these expected 
exposures, and wrong way risk.! 

One of the many consequences of the liquidity crisis that started 
in the second half of 2007 has been a strong increase in quoted 
basis spreads in the market between single-currency interest rate in- 
struments, in particular for swaps. This is characterized by different 
underlying rate tenors (e.g. Euribor3M, Euribor6M, etc.), reflecting 
the increased liquidity risk, and an increased preference of financial 
institutions for receiving payments with higher frequency (quarterly 
instead of semi-annually, for instance). Such asymmetry has induced 
the “segmentation” of interest rate markets into various sub-areas, with 
1M, 3M, 6M and 12M underlying rate tenors. Each area is character- 
ized, in principle, by its own internal dynamic, reflecting the different 
views and interests of the market participants. 

In order to price derivatives we must now know 


1. the underlying interest rate (Libor/Eonia, etc.); 


2. the matching market prices for plain vanilla derivatives, which are 
used to construct zero-coupon yield curves and the term structure 
of volatilities, as well as for calibration and hedging; 


3. the transaction mechanics: collateral and liquidity/funding issues; 


4. the counterparties: credit and default issues. 


1 Wrong-way risk is defined by the International swaps and Derivatives Association (ISDA) as 
the risk that occurs when “exposure to a counterparty is adversely correlated with the credit 
quality of that counterparty”. 
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21.1.2 After the Crises - How the Market Has Changed 


In Fig. 21.1, we show the market quotations on 31 September 2008, 
for six basis swap curves corresponding to the four Euribor tenors 1, 
3, 6 and 12 months. 

As one can see, the basis spreads are monotonically decreasing from 
over 100 to around four basis points. There is neither way nor any 
good reason to ignore such quotations in a market pricing framework 
of interest rate derivatives. Before the credit crunch of August 2007, 
the basis spreads were just a few basis points. 

The consequences of the credit crunch crisis that started in August 
2007 can also be seen in the historical series of the Euribor 6-month 
(6M) rate vs. the Eonia OIS rate as in Fig. 21.2. The change in the 
spread is essentially a consequence of the different credit and liquid- 
ity risk reflected by Euribor and Eonia rates. This divergence is not 
a consequence of any difference in counterparty risk between these 
contracts. Euribor and OIS rates are exchanged in the interbank mar- 
ket by risky counterparties, but they also depend on different fixing 
frequences of the underlying rates. 


100 
— - Euribor 1M vs 3M 
-- Euribor 1M vs 6M 
30 Tor — Euribor IM vs 12M 
; — Euribor 3M vs 6M 
60 Euribor 3M vs 12M 
===- Euribor 6M vs 12M 
40 
20 


Fig. 21.1 A typical overnight index swap 
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Fig. 21.2 The 6-month Euribor vs. Eonia overnight indexed swap rate 


In Fig. 21.3, we show the basis spread between some of the term 
structures of interest rates in June 2011 

The different influence of credit risk on Libor and overnight rates 
is shown in Fig. 21.4, where we compare the historical series for 
the Euribor-OIS spread above credit default swaps (CDS) spreads for 
some main banks in the Euribor Contribution Panel (Commerzbank, 
Deutsche Bank, Barclays, Santander, Royal Bank of Scotland and 
Credit Suisse). We observe that the Euribor-OIS basis explosion in Au- 
gust 2007 exactly matches the CDS explosion, corresponding to the 
generalized increase of the default risk seen in the interbank market. 

An effect of the credit crunch has been the great increase of col- 
lateral agreements (Credit Support Annex (CSA) agreements) in an 
attempt to reduce the counterparty risk of over-the-counter (OTC) 
derivatives. Nowadays most of the counterparties in the interbank mar- 
ket have mutual collateral agreements. In 2010, more than 70% of all 
OTC derivatives transactions were collateralized.? 

The main feature of the CSA is a margination mechanism similar 
to those adopted by central clearing houses for standard instruments 
exchange (e.g. futures). Shortly, at every margination date, the two 


2 International swaps and Derivatives Association, ISDA (2010). 
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Fig. 21.4 The 5 months Euribir-OIS spread and credit default spread for some main 
banks in Euorope during the financial crisis 
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counterparties check the value of the portfolio of mutual OTC trans- 
actions and regulate the margin, adding to or subtracting from the 
collateral account the corresponding mark to market variation with 
respect to the preceding margination date. 

We can also look at CSA as a hedging mechanism, where the 
collateral amount hedges the creditor against the event of default 
of the debtor. The most diffused CSA provides a daily margination 
mechanism and an overnight collateral rate. 

An important consequence of the diffusion of collateral agreements 
among the interbank counterparties is that we can consider the prices 
of derivatives quoted in the interbank market as counterparty risk-free 
OTC transactions. A second important consequence is that, by no ar- 
bitrage, the CSA margination rate and the discounting rate of future 
cash flows must match, hence the name “CSA discounting”. Since the 
OIS curve is what is usually used, the alternative name is “OIS dis- 
counting”. Such a discounting curve is also the best available proxy 
for a risk-free yield curve. 


21.1.2.1 Discount Rate — The Risk-Free Interest Rate, Then 
and Now 


Before the crisis, the risk-free rate was defined in either two ways: 


1. The rate at which the government borrows. This assumes that 
governments do not default and that their bond yields are not 
contaminated by liquidity or tax premiums. 


2. The (Libor) rate at which the big international (Libor rated) banks 
borrow at short maturities (e.g. 3 months). This assumes that 
the credit spread over a short horizon of a highly rated bank is 
practically zero. 


Now, many actors in the markets use the OIS/Eonia as the risk-free 
interest rate. This is obtained by compounding the overnight interest 
rate at which Libor rated banks borrow. One way to justify this new 
definition is to argue that zero credit risk at short horizons is valid for 1 
day but not for longer periods. Another justification is that OIS/Eonia is 
the rate that is paid on cash collateral and is therefore the correct dis- 
counting rate for collateralized forward contracts and swaps. The latter 
argument does not require that Libor rated banks have zero credit risk 
at even overnight horizons. 
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21.1.2.2 Reasons to Change the Idea of the Risk-Free Rates 


The argument that highly rated entities have zero credit risk over short 
time horizons requires perfect observability of the balance sheet (as- 
set values and debt). However, the crisis in 2008 showed that bank 
balance sheets are terribly opaque. Banks valued illiquid assets not by 
marking to market but by marking to model (see model risk) or some- 
times marking to their own belief. Similarly, the true liabilities of the 
bank were hidden using off balance sheets. This meant that the true 
distance to default could be much lower than the estimated distance 
to default based on observable parameters. 

The unreliability of accounting information creates a “jump to de- 
fault” risk and creates non-negligible credit spreads over short time 
horizons. So, even 1-month Libor can no longer be regarded as risk 
free. Whether overnight Libor can be regarded as risk free is an open 
question. 

We also have to remember, even if a bank is Libor rated today (i.e. it 
can borrow at Libor today), this does not guarantee that it can borrow 
at Libor in the next quarter because it may no longer be Libor rated 
then. The Libor rate for the next quarter will be the rate at which a 
bank can borrow if it is Libor rated on that date. This makes a big 
difference between 6-months Libor and the 3-months Libor rate. 

This implies that an interest rate swap whose floating leg is 3-months 
Libor is not the same as a swap whose floating leg is 6-months Libor. 
The floating leg payments on the first swap are expected to be lower 
and therefore the fixed leg should also be lower. A tenor swap in 
which both legs are floating - say 3-months Libor on one leg and 6- 
months Libor on the other leg - should include a tenor spread? on the 
3-months leg to ensure that the swap is fair at inception. We are assum- 
ing here that the interest rate swaps are free of credit (counterparty) 
risk as discussed later when we turn to collateralization. 

Similar explanations can be given for the cross-currency swap (CCS) 
spread. In a basis CCS, both legs are floating but in different currencies. 
For example, US dollar Libor on a dollar notional amount may be ex- 
changed for Japanese yen Libor on an equivalent yen notional with an 
exchange of principals at the end. If Libor is regarded as risk free, then 


3 This tenor spread is usually called basis spread, but I think tenor spread is a better name. In 
the following I will call this spread basis spread 


21 A New Framework 537 


the two legs are floating rate bonds that must be worth par and the 
swap should trade flat. In reality however, for several years, there has 
been a premium on the yen leg of this swap. Credit quality differences 
could be one explanation for this, though liquidity issues might also 
play an important role. 


21.1.3 A Multi-Curve Framework 


To set up this framework, we denote with My, x = {d, fi, ..., fa} a 
multiple distinct interest rate sub-market, characterized by the same 
currency and by distinct money market accounts Bx, such as 


t 
B,(t) = exp J ry(t’)dt' } , 
0 


where r(t) are the associated short rates. We also have multiple yield 
curves c in the form of a continuous term structure of discount 
factors, 


Cy = {T > px(to, T), T > to}, 


where fo is the reference date of the curves (e.g. settlement date, or 
today) and p,(t, T) the price at time t > fo of the M,-zero-coupon 
bond for maturity T, such that p,(7, T) = 1. In each sub-market My we 
postulate the usual no-arbitrage relation, 


Px(t, T2) = px(t, Tı)px(t, Ti, 79), t S Ti < To, 


where p(t, Tı, T2) denotes the M, forward discount factor from time 
Tı to time T2, prevailing at time ¢. The financial meaning is that, in 
each market M,, given a cash flow of one unit of currency, at time T>, 
its corresponding value at time t < To must be unique. This must be 
true, both if we discount in one single step from T, to t, using the 
discount factor p(t, T2), and if we discount in two steps, first from 7> 
to Tı, using the forward discount p,(t, Tı, T2) and then from T to t, 
using p(t, T1). 

We also define continuously compounded zero-coupon rates 
Zx(to, T) and simply compounded instantaneous forward rates fx(to, T) 
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such that 


Px(to, T) = exp {—zx(to, T) . Tc(to, T)} E exp ~ fi u)du ry 


In px(to, T) = —2;(t0, T) . Te(to, T) =— [ fs u)du, 


where te(T1, T2) = t(71, T2, dcc) and dce, the day count convention for 
the zero rate. From the relationships mentioned earlier it is immediate 
to observe that 


e zx(to, T) is the average of fx(to, u) over [to, T]; 

e if rates are non-negative, p(toọo, T) is a monotone non-increasing 
function of T such that O < p(to, T) < 1VT > tọ; the instantan- 
eous forward curve Cy is the most severe indicator of yield curve 
smoothness, since anything else is obtained through its integration, 
therefore being smoother by construction. 


Using the rate formulas we define two other curves associated with 
C,, a zero curve and an instantaneous forward rate curve 


CZ = {x(to, T), T 2 to} 
Cl = {x(to, T), T > to} 


where zy and fy are given from the previous equation as 


1 
to, T) = -———~ - Inpx(to, T 
Zx(to, T) LoT) npx(to, T) 


a) 
fix(to, u) = -zz Inpxto. Dli=r = ixllo, T) + telto, Da “cal, Dh. 


In the following we will denote with Cy the generic curve and we 
will specify the particular typology (discount, zero or forward curve) 
if necessary. 

Denoting with F(t; Tı, T2) the discretely compounded forward 
rate corresponding to the M, forward discount factor p,(t, Ti, T2), 
resetting at time Tı and covering the time interval [T1, T2], we have 


px(t,T>) _ l 


Px(t, Ti, T2) = = —— 
” P(t, Tı) 1+ F(t; T1, T2) - tx(T1, T2) 
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where 1,(71, T2) is the year fraction between times Tı and T2 with 
day-count dc,. We then obtain the familiar no-arbitrage expression 


1 | 1 1 _ Px(t, T1) — px(t, T2) 


F,(t; TıT2) = = . 
Tx(T], T2) Px(t, Ti, T2) Tx(T], T2) : Px(t, Tə) 


This can be also derived as the fair value condition at time t of the 
forward rate agreement (FRA) contract with pay-off at maturity T2 
given by 


FRA,(T2;T, T2, K, N) =N - (T1, T2) (Lx(11, T2)- K] 


L (Ti; T2) = ’ 
i Tx(T1, T2) - px(T1, T2) 


where N is the nominal amount, L,(7T,, T2) the Tı-spot Libor rate for 
maturity T) and K the (simple compounded) strike rate (sharing the 
same day-count convention for simplicity). Introducing expectations 
we have Vt < Ti < To: 


T 
FRA,(T9; T1, T2, K, N) = pet, T2) - Ege? [FRA(T2; T1, T2, K, N)], 
T: 
= N - palt, To) tT, Ta) [ER ILT, Ta) Kf, 


where the expectation is taken in the M, — T2-forward measure corres- 
ponding to the numeraire px(t, T2), at time t with respect to measure 
Q and filtration F;, encoding the market information available up to 
time ¢, and we have assumed the standard martingale property of the 
forward rates 


T: T: 
F(t; T1, T2) = EL” [Fy(11; T1, T] = EL” ILT, T2)] 


to hold in each interest rate market My. The previous assumptions im- 

ply that each sub-market My» is internally consistent and has the same 

properties as the “classical” interest rate market had before the crisis. 
The value of a FRA at time t can therefore be written as 


x(t, T1) — px(t, T2) 
i = wT T2) -K | - pxl(t, T2), 
Dx(t, T2) 


=N: [px(t,T1)- (1 + t(T1, T2)) - K - px(t, T2)] . 


FRA,(¢;71,T2,K,N)=N- | 
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Regarding swap rates, given two increasing dates vectors T = 
{To, .-., In}, S = {So, ..., Sm}, Tn = Sm > To = So È to, and an 
interest rate swap with a floating leg paying at times S;, j = 1,...,m, 
the Euribor rate with tenor [S;_1; Sj] fixed at time S;_;, plus a fixed leg 
paying a fixed rate at times 7;, i = 1,...,n, the corresponding simple 
compounded fair swap rate on curve Cy with day count convention 
dcs is given by 


m 

> plt, S)tr(S)-1, S)F x(t, S;-1, S)) 

a l t, Tı E C t, T, 
sarg px(t, To) — px(t, Tn) 


A(t, T) A(t, T) , 


where 


n 
Ax(t,T) = F px(t, Tes TTo 
i=l 


is the forward annuity on curve C, and we have defined ts(Ti-1, Ti) = 
t(Ti1, Tj, dcs). Notice that on the right-hand side of the previous equa- 
tion for S,, we have used the definition of the forward rate and the 
telescopic property of the summation. Actually the telescopic prop- 
erty would hold exactly only if the forward rates end dates equal the 
next forward rate start dates, with no period’s gaps or overlaps. 

This is not true in general, because start and end dates are adjusted 
with their business day convention, and the resulting periods do not 
concatenate exactly. Typically, such date mismatch does not exceed 
one business day (which sometimes can be three calendar days). In 
practice, on the one hand the error is small, of the order of 0.1 basis 
points; on the other hand nothing prevents us from using the exact 
dates and accrual periods. 


21.1.3.1 The Single-Curve Framework 


So how did the market practice for pricing and hedging interest 
rate derivatives change through the credit crunch crisis? Using the 
notation described earlier we start by considering a general single- 
currency interest rate derivative with m future coupons with pay-offs 
T = {T, ..., Mm}, with m; = mi(F,), generating m expected cash 
flows c = {c1, ..., Cm} on the future dates T = {7T), ..., Tm}, with 
ta Ti <e < TIm 
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The pre-crisis standard market practice was based on a single-curve 
procedure, well known to the financial world, that can be summarized 
as follows: 


1. Select one finite set of the most convenient (e.g. liquid) vanilla 
interest rate instruments traded in real time in the market with in- 
creasing maturities. For instance, a very common choice in the EUR 
market was a combination of short-term EUR deposit, medium-term 
futures on Euribor3M and medium-long-term swaps on Euribor6M. 


2. Build one yield curve, Cq using the selected instruments plus 
a set of bootstrapping rules (e.g. pillars, priorities, interpolation 
method, etc.) 


3. Compute the relevant forward rates using the same yield curve 
Cq as 


Patt, T;-1) — Patt, Ti) 
Ta(Ti-1, Ti) < palt, T 
where t < Tia < Tj, i€ {1, ..., m} 


Falt, Ti-1, Ti) = 


4. Compute cash flows c; as expectations at time t of the correspond- 
ing coupon pay-offs n;(F4) with respect to the 7;-forward measure 
associated to the numeraire pa(t, T;) from the same yield curve Cg, 


Tj 
c= c(t; Tun) = EY” Ea: 


5. Compute the relevant discount factors pg(t, Ti) from the same yield 
curve C4. 


6. Compute the derivative’s price at time t as the sum of the discoun- 
ted cash flows, 


m m 


Ti 
mi Tord = > patt,Ti)- e Teny =) pat, Ti) By ’[xi(Fa)l. 
i=l i=l 


7. Compute the delta sensitivity with respect to the yield curve Cg and 
hedge the resulting delta risk using the suggested amounts (hedge 
ratios) of the same set of vanillas. 
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21.1.3.2 The Multi-Curve Framework 


Unfortunately, the pre-crisis approach outlined earlier is no longer 
consistent, at least in its simple formulation, with the present market 
conditions. 


e First, it does not take into account the market information carried 
by basis swap spreads, now much larger than in the past and no 
longer negligible. 

e Second, it does not take into account that the interest rate market 
is segmented into sub-areas corresponding to instruments with dis- 
tinct underlying rate tenors, characterized, in principle, by different 
dynamics (e.g. short rate processes). Thus, pricing and hedging an 
interest rate derivative on a single yield curve mixing different un- 
derlying rate tenors can lead to “dirty” results, incorporating the 
different dynamics, and eventually the inconsistencies, of distinct 
market areas, making prices and hedge ratios less stable and more 
difficult to interpret. On the other side, the more the vanillas and 
the derivative share the same homogeneous underlying rate, the 
better should be the relative pricing and the hedging. 


e Third, by no arbitrage, discounting must be unique: two identical 
future cash flows of whatever origin must display the same present 
value (PV); hence we need a unique discounting curve. 


In principle, a consistent credit and liquidity theory would be required 
to account for the interest rate market segmentation. This would also 
explain the reason why the asymmetries cited earlier do not neces- 
sarily lead to arbitrage opportunities, once counterparty and liquidity 
risks are taken into account. Unfortunately such a framework is not 
easy to construct. In practice, interest rate derivatives with a given un- 
derlying rate tenor should be priced and hedged using vanilla interest 
rate market instruments with the same underlying rate tenor. 

The post-crisis market practice may be summarized in the following 
working procedure: 


1. Build one discounting curve C4 using the preferred selec- 
tion of vanilla interest rate market instruments and bootstrapping 
procedure; 

2. Build multiple distinct forwarding curves Cfi, ..., Cm us- 
ing the preferred selections of distinct sets of vanilla interest 
rate market instruments, each homogeneous in the underlying 
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Xibor rate tenor (typically with 1M, 3M, 6M and 12M tenors) and 
bootstrapping procedures. 


3. Compute the relevant forward rates with tenor f using the corres- 
ponding yield curve as 
pr(t, Ti-1) — pe(t, Ti) 
wl. Ti) - prt, T 
where t < T1 < T, ie{1,...,m}; 


Fy(t; Ti, Ti) = 


4. Compute cash flows c; as expectations at time t of the corres- 
ponding coupon pay-offs x;(Ff) with respect to the discounting 
T;-forward measure associated to the numeraire pg(t, Tj), as 


T; 
ci = c(t; Ti, Ti) = EY i [xF]; 
5. Compute the relevant discount factors pa(t, T;) from the discount- 


ing yield curve Cy; 


6. Compute the derivative’s price at time t as the sum of the discoun- 
ted cash flows, 


m m 
Ti 
(tT) = J peT - elt; Ti, i) = J palt, Ti) E [rE]; 
i=l i=1 
7. Compute the delta sensitivity with respect to the market pillars of 


each yield curve Cg, Cfi, . . ., Cm and hedge the resulting delta risk 
using the suggested amounts of the corresponding set of vanillas. 


The FRAs are now priced under the T forward measure associated to 
the numeraire p,(t, T2) as 


T: 
PRAM Ti, T2, K) = palt, T2) + Ta(T1, Ta) (ER ILT, T2)]- Kf , 
= px(t, T2) - t(T1, T2) [Fx(t; T1, T2)- K]. 


21.1.3.3 Pricing in Single- and Multi-Curve Framework 


Now, we will study and compare a 5.5Y maturity EUR floating swap 
leg on Euribor1M (not directly quoted in the market) in the two 
frameworks. 

In the single curve framework this is commonly priced us- 
ing discount factors and forward rates calculated on the same 
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depo-futures-swap curve cited earlier. The corresponding delta risk 
is hedged using the suggested amounts (hedge ratios) of 5Y and 6Y 
Euribor6M swaps. Notice that the expectation in step 3 is taken with 
respect to the pricing measure Z associated to the numeraire 
Pat, Ti) of the discounting curve. Any other equivalent measure 
associated to different numeraire may be used as well. 

In the multiple curve framework the forward rates are calculated 
on the Cy forwarding curve, bootstrapped using Euribor1M vanillas 
only, plus discount factors calculated on the discounting curve Ca. 
The delta sensitivity is computed by shocking one by one the market 
pillars of both Cım and C4 curves and the resulting delta risk is hedged 
using the suggested amounts (hedge ratios) of SY and 6Y Euribor1M 
swaps plus the suggested amounts of 5Y and 6Y instruments from the 
discounting curve C4. 

In the single curve framework approach, a unique yield curve is 
built and used to price and hedge any interest rate derivative on a given 
currency. This is equivalent to assuming that there exists a unique fun- 
damental underlying short rate process able to model and explain the 
whole term structure of interest rates of all tenors. It is also a relative 
pricing approach, because both the price and the hedge of a derivative 
are calculated relatively to a set of vanillas quoted in the markets. We 
notice also that it is not strictly guaranteed to be arbitrage-free, because 
discount factors and forward rates obtained from a given yield curve 
through interpolation are, in general, not necessarily consistent with 
those obtained by a no-arbitrage model; in practice bid-ask spreads and 
transaction costs hide any arbitrage possibilities. 

The multiple-curve framework is consistent with the present mar- 
ket situation, but it is also more demanding. First, the discounting 
curve clearly plays a special and fundamental role and must be built 
with particular care. This “pre-crisis” obvious step has become, in the 
present market situation, a very subtle and controversial point. In fact, 
while the forwarding curves construction is driven by the underlying 
rate homogeneity principle, for which there is (now) a general market 
consensus, there is no longer, at the moment, any general consensus 
for the discounting curve construction. 

At least two different practices can be encountered in the market: 


1. the old “pre-crisis” approach (e.g. the depo, futures/FRA and swap 
curve cited earlier) that can be justified with the principle of 
maximum liquidity, and 
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2. the OIS curve, based on the overnight rate (Eonia for EUR), con- 
sidered as the best proxy to a risk-free rate available on the market 
because of its 1-day tenor, justified with collateralized (riskless) 
counterparties. 


Second, building multiple curves requires multiple quotations: many 
more bootstrapping instruments must be considered (deposits, fu- 
tures, swaps, basis swaps, FRAs, etc., on different underlying rate 
tenors), which are available in the market with different degrees of 
liquidity and can display transitory inconsistencies. 

Third, non-trivial interpolation algorithms are crucial for producing 
smooth forward curves. 

Fourth, multiple bootstrapping instruments imply multiple sensitiv- 
ities, so hedging becomes more complicated. 

Last but not least, pricing libraries, platforms, reports, etc., must 
be extended, configured, tested and released to manage multiple and 
separated yield curves for forwarding and discounting, not a trivial task 
for quants, risk managers, developers and IT people. 

The static multiple-curve pricing and hedging methodology de- 
scribed earlier can be extended, in principle, by adopting multiple 
distinct models for the evolution of the underlying interest rates with 
tenors fi, ..., fn to calculate the future dynamics of the yield curves 
Cri, .-., Cj and the expected cash flows. The volatility/correlation 
dependencies carried by such models imply, in principle, bootstrap- 
ping multiple distinct variance/covariance matrices and hedging the 
corresponding sensitivities using volatility- and correlation-dependent 
vanilla market instruments. 


21.1.4 Bootstrapping with Multiple Curves 
21.1.4.1 Settings 


A yield curve is a complex object that results from many different fea- 
tures that concur to shape the curve. We have different types of yield 
curves, for example, the discount factor curve CP, the zero-coupon 
yield curve C‘, and the instantaneous forward rate curve C. 
Since the discount factor curve is observed to be monotonically 
decreasing, the zero rates are chosen to be continuous, as in 

f 


Px(to, T) = exp {—Zx(to, T) - Te(to, T)} = exp 4 - i fix(to, u)du 
0 
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The associated year fraction must be monotonically increasing with 
increasing time intervals and additive, such that 


tc(T1, T2) + tc(T2, T3) = tc(T, T3). 


The day count convention satisfying the aforementioned conditions 
that will be used is the common actual/365(fixed), such that 


tc(Ti, T2) := t[T T2; actual/365(fixed)] = (T2 — T1)/365. 


The forward rates are chosen to be simply compounded as with an 
associated year fraction (Euribor rates are quoted as actual/360 so that 


tF(Ti, T2) := t[Ti T2; actual/360(fixed)| = (T2 — T,)/360. 


The reference date, tọ can be, today, spot (two business days after 
today according to the chosen calendar) or, in principle, any business 
day after today. Once the yield curve at spot date is available, the cor- 
responding yield curve at today can be obtained using the discount 
between these two dates implied by O/N and T/N deposits. 

We choose a time grid of the yield curve as a predetermined vector 
of dates, defined by the set of maturities associated with the selec- 
ted bootstrapping instruments. The first point in the time grid is the 
reference date fo. 

Finally we have the bootstrapping instruments, quoted in the 
market, chosen as input for the bootstrapping procedure. We will use 
an algorithm that ensures exact re-pricing of the choosen input boot- 
strapping instruments. We also use an interpolation algorithm for 
calculating the yield curve outside the time grid points. Notice that 
interpolation is also used during the bootstrapping procedure. In prin- 
ciple, we can interpolate on discounts, zero rates or log discounts. We 
build curves for all needed currencies for their specific calendars 
used to determine holidays and business days. In some cases we also 
specify the bid, mid or ask price chosen for the market instruments, if 
quoted. 


21.1.4.2 Market Instruments 


In the current market situation, similar instruments may display very 
different price levels, liquidity, and may also give erratic forward rates. 
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Therefore, the first step for multiple yield curve construction is a very 
careful selection of the corresponding sets of bootstrapping instru- 
ments while they roughly cover different maturities and overlap in 
significant areas. For this reason we select those with more liquid ones 
with a tighter bid/ask spread. 

We start by examining these instruments in detail. In order to fix the 
data set once for all, we use the quotes on liquid instruments observed 
in the market. 

We begin with the interest rate deposits (depos) which are over- 
the-counter zero-coupon contracts that start at a reference date to 
(today or spot), and pay the interest accrued until maturity with a 
given rate fixed at fo. Let ROP °(to, T;) be the quoted rate associ- 
ated to the i:th deposit with maturity 7; and underlying rate tenor 
x = tọ months. The implied discount factor at time T; is given by the 
following relation: 


1 
ee a arr 
1+Ry (to, Ti): tr(to, Ti) 
The previous expression can be used to bootstrap the yield curve C, 
at point 7;. 

We continue with FRAs which are forward starting deposit contacts. 
For instance the 3x9 FRA is a 6 months deposit starting 3 months for- 
ward. In some markets FRAs are quoted between IMM days. In EUR, 
FRAs do concatenate exactly; for example, the 6x9 FRA starts when 
the preceding 3x6 FRA ends. The underlying forward rate fixes two 
working days before the forward start date. 

Market FRAs provide direct empirical evidence that a single curve 
cannot be used to estimate forward rates with different tenors. This 
can be seen if we observe the levels in the market. For instance, if 
the 1x4 FRA3M between March 18 and June 18, (TF:1x4 = 0.25556), is 
F me = 1.696% and the 4x7 FRA3M between June 18 and September18, 
(TF:4x7 = 025556), is F ie = 1.580%, we can compound these two rates 
to obtain the implied 1x7 FRA6M between March 18 to September 18, 
(TF: 1x7 = 0.50556), as 


Px(to, Ti) = to < Tj. 


k k 
po = (1 + Fi 4 TF;1x4) i (1 i F1 TF;4x1) =N = 1.641% 


while the market quote for the 1x7 FRAGM might be F m = 1.831%, 
that is, 19 basis point higher. The difference is a liquidity risk premium 
in the market. 
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Market FRAs can be used together with deposits to construction 
of the short-term structure of the yield curve Cy. If Fy(t; Tj-1, Tj) is 
the i:th Euribor forward rate resetting at time T;-ı with tenor x = 7; — 
T; months associated to the i:th FRA with maturity 7;, the implied 
discount factor at time 7; is obtained by 


Px(to, Ti-1) 
1+ Fy(to, Tii, t) © te(Ti-, Ti)’ 


Px(to, Ti) = to < Tia < Ti. 

Note that the closer the forward starting date of each FRA 7j_; gets to 
the current date fo the closer each FRA rate gets to the matching spot 
deposit rate 


lim F (to, EEP T) = RIP? (tọ, T;). 
Ti-1—> to 

Interest rate futures are the exchange-traded counterparts to the 
over-the-counter FRAs. While FRAs have the advantage of being more 
customizable, futures are highly standardized contracts which can be 
bought and sold at some exchanges. The most common contracts are 
traded at the Intenational Money Market in Chicago (so-called IMMFu- 
tures). They refer to Euribor3M or USD Libor3M. Some contracts are 
also traded in London at LIFFE. These standardized contracts expire 
the third Wednesday, every March, June, September and December 
(the IMM dates). The closing rates for these contracts will be fixed 
by the exchange on the third Wednesday of the maturity month, the 
last trading day being the preceding Monday (because of the 2 days of 
settlement). 

Notice that such a date grid is not always regular: if S; is the maturity 
date of the 7’th futures, then S; and T;, such that t(S;, Ti) = 3M, are the 
underlying FRA3M start and end dates, respectively, and, in general, 
T; # Siz. On some exchanges, futures are quoted in terms of prices 
instead of rates, for example, eurodollar futures. Then, the relation 
between rate and price is 


PM'(ty, Si, Ti) = 100 —RE(to, Si, T). 


Since exchange-traded futures have a daily marking-to-market mechan- 
ism they do not have exactly the same pay-off as FRAs. An investor 
who is long a futures contract will have a loss when the futures price 
increases (and the futures rate decreases) but he will finance such loss 
at a lower rate. On the other hand, when the futures price decreases 
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the daily profits will be reinvested at a higher rate. This means that the 
volatility of the forward rates and their correlation to the spot rates 
have to be accounted for; hence a convexity adjustment is needed to 
convert the rate RE “ implied in the futures price to its corresponding 
forward rate Fx, 


F (to, Si, Ti) = RE (to, Si, T) — Cyto, Si, Ti). 


In other words, the trivial unit discount factor implied by daily mar- 
gination according to the rules of the exchange introduces a pricing 
measure mismatch with respect to the corresponding FRA case that 
generates a volatility-correlation-dependent convexity adjustment. The 
calculation of the convexity adjustment thus requires a model for the 
evolution of the underlying interest rates. While advanced approaches 
are available in literature, a standard practitioner’s recipe is based ona 
simple short rate 1-factor Hull & White model. 

EUR futures on Euribor3M uses in their names, the letters “H”, “M”, 
“U” and “Z”, stand for March, June, September and December expiries, 
respectively. A future FUT3MH6 means a March 2016 expiry. 

Futures on an x-tenor Euribor can be used as bootstrapping instru- 
ments for the construction of short-medium term structure section of 
the yield curve. Be aware of the fact that futures contracts have ex- 
piration dates gradually shrinking to zero and generate rolling pillars 
that periodically jump and overlap the depo and FRA pillars. Hence 
some priority rule must be used in order to decide which instruments 
should be excluded from the bootstrapping procedure. 

Given the i’th futures market quote P (to, Si, Ti) with underlying 
FRA maturity 7;, the implied discount factor at T; is given by 


Px(to, Ti-1) 


Pxlto, T) = — SS 
eee 1+ {RFt(tg, Si, Ti) — Coto, Si, TD} - tr(Si, T) 


The aforementioned expression can be used to bootstrap the yield 
curve Cy at point T; once point S; is known. 

Interest rate swaps are OTC contracts in which two counter- 
parties agree to exchange fixed against floating rate cash flows. The 
EUR market quotes standard plain vanilla swaps starting at spot date 
with annual fixed leg vs. floating leg indexed to x-months Euribor rate 
paid with x-months frequency. Such swaps can be regarded as port- 
folios of FRA contracts (the first one being actually a deposit). The 
day count convention for the quoted (fair) swap rates is 30/360 (bond 
basis). 
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Swaps can be selected as bootstrapping instruments for the con- 
struction of the medium-long term structure section of the yield 
curve. 

By setting To = So = t = to and Tn = Sm = T; = S; in 


m 


D plt, S) TrCSj-1, 8) Ft, S;-1,8)) 


is 4 t, T T y t, T, 
SET _ Px(t, To) - px(t, Tn) 


Ax(t, T) Ax(t, T) 


3 


we obtain 


j 
X px(to, Sk) tF(Sk-1, Sk)Fx(to, Sk-1, Sk) 


k=l 
S t, T; = ’ 
x ? Ax(to, Tj) 
jl 
= | So prlto, Se)t(Sk-1, Se)Fx(to, Set, Sk) + Px(to, Sr-1) — Pu(to, Ti) 
k=l 
1 


x > 
Ax(to, Ti-1) + px(to, Ti) ts(Ti-1, Ti) 


where the last discount factor p,(to,7;) has been separated in the 
second line and ts5(7), T2) = t[T1, T2, 30/360(bond basis)|. A,x(t, T) 
is the annuity factor. This can be inverted to find p,(to, Ti) as 


jI 
Px(to, Ti) = bs Px(to, Sk)TH(Sk-1, Sk)F (to, Sk-1, Sk) 
k=l 


1 
+ px(to, Sk-1) — Sx(to, Ti-1)Ax(to, r] x 


1+ Sx(to, T))ts(Ti-1, Ti) 


This last formula can be used to bootstrap the yield curve at point T; = 
S; once the curve points at {7),..., Ti } and {S1, . . . , Sj-1 } are known. 
Since the fixed leg frequency is annual and the floating leg frequency is 
given by the underlying Euribor rate tenor, we have that {7,...,7;} C 
{S1,...,5; = Tj} for any given fixed leg date T;. Hence some points 
between p,(fo, Ti-1) and p,(to, Ti) may be unknown and one must 
resort to interpolation and, in general, to a numerical solution. 


21 A New Framework 551 


Interest rate (single-currency) basis swaps are floating vs. floating 
swaps admitting underlying rates with different tenors. The EUR mar- 
ket quotes standard plain vanilla basis swaps as portfolios of two swaps 
with the same fixed legs and floating legs paying Euribor xM and yM, 
for example, 3M vs. 6M, 1M vs. 6M, 6M vs. 12M, etc. Basis swaps are 
a fundamental element for long-term multi-curve bootstrapping, be- 
cause they allow one to imply levels for non-quoted swaps on Euribor 
1M, 3M and 12M, which can be selected as bootstrapping instruments 
for the corresponding yield curves construction. If A,6y(to, Tj) is the 
quoted basis spread for a basis swap receiving Euribor xM and paying 
Euribor6M plus spread for maturity T;, we simply have 


Sx(to, Ti) = Sem(to, Ti) + Axem (to, Ti). 


Note that the bootstrapping of yield curves requires extrapolation of 
basis swap quotations. 


21.1.4.3 Interpolation 


The choosen interpolation method determines how reasonable the 
yield curve will be. For instance, linear interpolation of discount 
factors is an obvious but extremely poor choice. Linear interpolation 
of zero rates or log discounts are popular choices leading to stable 
and fast bootstrapping procedures, but unfortunately they produce 
horrible forward curves, with a sag saw or piecewise-constant shape. 

In Fig. 21.5, we show examples of bad (but very popular!) inter- 
polation scheme, linear interpolation. The lower curve is the Swedish 
zero swap curve in April 2016 based on deposits (O/N, T/N, 1W, 1M, 
2M and 3M), IMM FRAs (with maturities between June 2016 and June 
2018) and swaps GY-LOY, 12Y, 15Y, 20Y and 30Y). The upper curve 
shows the forward curve. 

While the zero curve displays a smooth behaviour, the forward 
curve is non-smooth with oscillations that can exceed several basis 
points. Such discontinuities in the forward curves correspond to angle 
points (knees) in the zero curves, generated by linear interpolation 
that forces them to suddenly turn around a market point. 

It is recommended to only use the most liquid swaps, with ma- 
turities 3-10, 12, 15, 20, 25 and 30 years in the bootstrapping. 
The remaining less liquid quotations for 11, 13, 14, 16-19, 21-24, 
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Fig. 21.5 A bootstrap of SEK swap curve with linear interpolation. This shows the 
very bad shape of the forward curve 


26-29 years maturity should only be included in the linear interpol- 
ation schemes in order to reduce the amplitude of the forward curve 
oscillations. 

The choice of cubic interpolations is a very delicate issue. Simple 
splines suffer of well-documented problems such as spurious inflec- 
tion points, excessive convexity and lack of locality after input price 
perturbations. Some researchers found the classic Hyman monotonic 
cubic filter applied to spline interpolation of log discounts to be the 
easiest and perhaps the best approach. Its monotonicity ensures non- 
negative forward curves and actually removes most of the unpleasant 
waviness. Notice that the Hyman filter can be applied to any cubic 
interpolants. This helps to address the non-locality of spline using 
alternative more local cubic interpolations. 


21.1.4.4 No-Arbitrage and Forward Basis 


Now, we wish to understand the consequences of the assumptions 
given earlier in terms of no arbitrage. First, we notice that in the 


4 James M. Hyman. Accurate monotonicity preserving cubic interpolation. SIAM Journal on 
Scientific and Statistical Computing, 4(4):645-654, 1983. 
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multiple-curve framework the classic single-curve no-arbitrage rela- 
tions are broken. For instance, 


Patt, T2) = pa(t, T1) - pf(t, Ti, T2) fT, <7) 


1 
(t, Ti, 72) = : 
Pf 1+ Fp(t; Ti, T2) - (T1, T2) 


No arbitrage between distinct yield curves Cq and Cy can be immedi- 
ately recovered by taking into account the forward basis, the forward 
counterparty of the quoted market basis, as 


1 


O_O 
f 1+ Fa(t; T1, T2) - BA; Ti, T2) - ta(T1, T2) 


or through the equivalent simple transformation rule for forward rates 
Filt; Ti, T2) (11, T2) = Falt; Ti, T2) ta(T1, T2)BAsa(t; Ti, To). 


From this equation we can express the forward basis as a ratio 
between forward rates or, equivalently, in terms of discount factors 
from C4 and Cy curves as 


Filt; Ti, T2) (T1, T2) _ palt, T2) - prt, T1) — ppt, T2) 


BA f(t; Ti, Tz) = : = . 
Falt, Ti, T2) - ta(Tı, T2) — p(t, T2) - paft, Ti) — palt, T2) 


Obviously the following alternative additive definition is completely 
equivalent 
1 
1 + [Fa(t; T1, T2) + BA' falt; Ti, T2)| - ta(T1, T2) 
F(t; Ti, T2) « 71, T2) — Falt; T1, To) - ta 1, T2) 
Ta(Tı, T2) 

a 1 K Tı) palt, =| 

ta(T1, T2) Lpg(t,T2) palt, T2) 
= F(t, T1, T2) [BA a(t; T1, T2)— 1] 


p(t, Ti, Tz) = 


BA' a(t, T1, T2) = 


which is more useful for comparisons with the market basis 
spreads. Notice that if Ca = Cy we recover the single-curve case 
BAya(t, Ti, Tz) = 1, BA A(t, Tı, Tz) = 0. 
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The forward basis in the previous equations is a straightforward con- 
sequence of the aforementioned assumptions, essentially the existence 
of two yield curves and no arbitrage. Its advantage is that it allows for 
a direct computation of the forward basis between forward rates for 
any time interval [7;, T2], which is the relevant quantity for pricing 
and hedging interest rate derivatives. In practice its value depends on 
the market basis spread between the quotations of the two sets of 
vanilla instruments used in the bootstrapping of the two curves C4 
and Cy. 

The approach can be inverted to bootstrap a new yield curve from 
a given yield curve plus a given forward basis, using the following 
recursive relations: 


Pa Die” Baii Pd ate Pd 
i= i1 = Jai 
' Pf. i1 — Pfi + pfi- BAfa,i Pf i-1— pfi- BA’ fai + Tai i 
Pd,i Pd,i 
Pfi Pf,i-1 = Pf,i-1, 


~ Pait (Pais — Pai) BAfa,i -Pijit Pori + BA fai + tai 


where tx(Ti-1, Ti) = Tx, Px(t, Ti) = px i and BAfg(t, Ti1, Ti) = BAfa,i. 
Given the yield curve C, up to step px,i-1 plus the forward basis for the 
step i— 1 — i, the earlier equations can be used to obtain the next 
step Px,i- 

We now discuss a numerical example of the forward basis in a 
realistic market situation where we consider the four underlying 
interest rates J = {Lhm, Bm, 16m, lzm}, where I = Euribor index, 
and we bootstrap from market data five distinct yield curves C = 
{Ca, Cim, C3u, Cou, Ci2m}, using the first one for discounting and 
the others for forwarding. 

We build the discounting curve Cg following a “pre-crisis” tra- 
ditional recipe from the most liquid deposit, IMM futures/FRA on 
Euribor3M and swaps on Euribor6M. The other four forwarding curves 
are built from convenient selections of deposits, FRAs, futures, swaps 
and basis swaps with homogeneous underlying rate tenors; a smooth 
and robust algorithm (monotonic cubic spline on log discounts) is 
used for interpolations. Different choices (e.g. an Eonia discount- 
ing curve) as well as other technicalities of the bootstrapping are 
described by Ferdinando M. Ametrano and Marco Bianchett (see 
references). 
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The corresponding multiplicative forward basis curves can be 
calculated as 
F(t; Ti, T2): (T1, T2) _ palt, T2) - ppt, Ti) — ppt, T2) 


BAga(t; Ti, Tz) = = 
Falt; Ti, T2) - ta(Tı, T2) — pe(t, T2) - palt, T1) — palt, T2) 


and the additive forward basis are given by 


F(t; Ti, T2) - (11, T2) — Fa(t; T1, T2) + ta(T1, T2) 
Ta(Tı, T2) ' 


Eee: ee Tı) palt, ro 
Ta(Tı, T2) | pft, T2) palt, T2) 


= Falt, T1, T2) [BA y(t; T1, Tz) - 1]. 


BA' a(t, Ti, T2) = 


21.1.5 Modern Pricing 


According to Bianchetti and Morini (2010), the new market situation 
has induced a sort of “segmentation” of the interest rate market into 
sub-areas, mainly corresponding to instruments with 1, 3, 6 and 12 
months underlying rate tenors. These are characterized, in principle, 
by different internal dynamics, liquidity and credit risk premia, reflect- 
ing the different forwarding horizon views and interests of the market 
participants (“on average” i.e. views are weighted by how much Cap- 
ital each investor is willing and able to invest according to his/her 
opinion). 

In response to the crisis, the classical pricing framework, based 
on a single yield curve used to calculate forward rates and discount 
factors, has been abandoned, and a new modern pricing approach has 
been created by practitioners. This new methodology takes into ac- 
count the market segmentation as an empirical fact and incorporates 
the new interest rate dynamics into a multiple curve framework as 
follows. 


e Discounting curves: these are the yield curves used to discount 
futures cash flows. These curves must be constructed and selected 
so that they reflect the funding cost of the bank in combination 
with the actual nature of the specific contract that generates the 
cash flows. In particular: 
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o an OJS-based curve is used to discount cash flows generated 
by a contract under CSA with daily margination and overnight 
collateral rate; 


o a funding curve is used in case of contracts without CSA; 


o incase of non-standard CSA (e.g. different margination frequency, 
rate, threshold, etc.), an appropriate funding curve should in 
principle be selected, but we will not discuss this topic here. 


e We stress that the funding curve for non-CSA contracts is specific 
to each counterparty that will have its specific funding curve. This 
modern discounting methodology is called CSA-discounting. 


e Forwarding curves: these are the yield curves used to compute 
forward rates. As discussed before, the curve must be construc- 
ted and selected according to the tenor and typology of the rate 
underlying the actual contract to be priced. For instance, a swap 
floating leg indexed to Euribor6M requires a Euribor6M forwarding 
curve constructed from quoted instruments with Euribor6M as the 
underlying rate. 


During the pricing process it is important to generate all cash flows 
from the curve based on instruments with the same tenor and then 
discount with the matching discount curve. It is also important to use 
an exact fit bootstrap method and a good interpolation method. 


21.1.6 Pricing Under Collateralization 


The financial crisis in 2008 was a catalyst for significant changes in 
the market. Financial practitioners witnessed a tremendous increase 
in basis swap spreads, implying a divergence from implied rates and 
traded rates in interest rate markets. When collateral agreements in- 
creased in use and when counterparties began discounting at the 
overnight rates dictated by the credit support annex, the world had 
forever changed. 

As a result, many financial institutions are currently in the process 
of migrating to new market standards. But questions remain as to the 
potential impact on existing portfolios and how to effectively manage 
instruments with longer-dated maturities when spreads in Libor vs. 
OIS rates diverge. 

Collateral discounting and the impact of standardization in the mar- 
ket are adding a whole new level of complexity to derivative pricing 
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and risk management. Market participants are seeking a deeper under- 
standing when it comes to the potential consequences of moving to 
collateral discounting. 

With such collateral agreements, also called CSA agreements, we 
have to make changes in the valuation formulas. The swap market has 
already moved to the dual-curve approach, with the London Clear- 
ing House (LCH) using OIS discounting for clearing swaps, and the 
International swaps and Derivatives Association (ISDA) standardiza- 
tion on the imminent horizon. Other markets, including swaptions, 
caps/floors, exotics and equities, are still evolving. Now, receivers of 
fixed rates gain under OIS discounting, while payers lose when com- 
pared to the old ways. Taking into account recent studies of the swap 
market moving towards the multi-curve approach, we come to the 
conclusion that swaps can be significantly mispriced under the single 
curve framework. 

In the market, one can observe that spreads and OIS rate risks are 
close for par swaps, but differ significantly for out-of-the-money (OTM) 
swaps (vs. ATM swaps). Under the single curve approach, one neglects 
the risk that actually exists, while under the dual-curve approach one 
can estimate these risks. 

When we price under a collateral agreement we make two simplify- 
ing assumptions: 


1. We consider full collateralization (with zero thresholds) by cash. 


2. The collateral is adjusted continuously with zero minimum transfer 
amount (MTA). 


Most CSA contracts include a threshold and an MTA to avoid posting 
small amounts of cash each day. The CSA contracts can be one sided or 
bilateral. About 16% of the agreements are unilateral (one sided) while 
84% bilateral. 


21.1.6.1 Problems in the Old-Style Implementation 


We start by considering a plain vanilla tenor basis swap,’ typic- 
ally 3-months floating against 6-months floating rate as illustrated in 
Fig. 21.6. 


> Tt is also common that payment of short-tenor leg is compounded and paid at the same time 
with the other leg. 
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Libor (short tenor) 
+ spread 


Libor (long tenor) 


Fig. 21.6 A 3-month floating rate (the upper cash flows) against a 6-month float- 
ing rate (the lower cash flows). The arrow above the upper “wave” represents the 
spread over the floating rate 


In the old-style implementation, the spread between the rates in 
Fig. 21.6 was typically zero (or very near zero). However, since 2008 
the spread is quite significant and also volatile as seen in Fig. 21.7, 
where tenor swap spreads for maturities 1, 3, 5, 7, 10 and 20 years are 
shown. This spread represents the difference in risk; the long tenor 
has a higher risk than the short tenor. 


50 
45 — USD BASIS SWAP 3v6 1 YR 
——USD BASIS SWAP 3v6 3 YR 
40 ——USD BASIS SWAP 3v6 5 YR 
35 — USD BASIS SWAP 3v6 7 YR 
i — USD BASIS SWAP 3v6 10YR 
30 ——USD BASIS SWAP 3v6 20 YR 
25 F 
7 The upper curve is the 1 YR 
20 and lowest the 20 YR 
15 
10 
5 
0 = 


2007-01-01 2007-07-01 2008-01-01 2008-07-01 2009-01-01 2009-07-01 2009-01-01 


Fig. 21.7 Historical data for USD 3-month vs. 6-month TS spread. The curves are 
given in the same order as the legends® 


6 Source Bloomberg. 
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USD Notional 
JPY Notional 


JPY Libor — 3 month + spread 


USD Libor — 3 month 
JPY Notional 


Fig. 21.8 A 3-month floating rate in JPY (with a constant spread) against a 3- 
month floating rate in USD. The arrow above the upper “wave” represents the 
JPY spread over USD 


USD Notional 


ý 


Similar problems are found if we consider cross-currency swaps 
(CCS or CIRS) as shown in Fig. 21.8. 

In the old-style implementation the spread in a CCS was zero. How- 
ever, since 2007 the spread is quite significant and volatile. Here we 
have seen a drastic change in recent years. This is shown in Fig. 21.9 
where we show the cross-currency USD/JPY spreads for maturities 1, 
3,5, 7 and 10 years. 

Before 2008, most banks did their funding on the interbank mar- 
kets; that is, the trades were made without collateral. Then we had the 
situation as in Fig. 21.10. 

According to the old view, the purchase of an OTC derivative was 
funded with an unsecured external loan. 

Here counterparty R (Red) buys a derivative of B (Blue) where the 
value of the derivative is given by some optional payment. To fund the 
trade, R takes a loan from another party or internally in his own bank.’ 
The interest A pays on this loan is (Supposed to be) given by Libor. We 
then have unsecured funding. A Libor rate is §, an unsecured offer rate 
in the interbank (deposit) market and Libor discounting is appropriate 
for such unsecured trades between financial firms with Libor credit 


7 If the trader is a person who funds the trade with his/her savings from his/her own money- 
market account, he/she will typically earn less interest on this amount than the running rate on 
his/her own money-market account. 
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The upper curve is the 10 YR 
and lowest the 1 YR 


2007-01-01 2007-07-01 2008-01-01 2008-07-01 2009-01-01 2009-07-01 2009-01-01 


Fig. 21.9 Historical data for USD/JPY cross-currency spread. The curves are given 
in the reverse order as the legends® 


Option Payment 


LIBOR 
Funding 


Cash 
Cash = PV 


Fig. 21.10 Funding via the nterbank market 


quality. In addition, Libor discounting makes the present value of the 
loan equal to zero. 

After the credit crisis in 2008, banks started requesting collateral. 
This modifies the pricing of OTC derivatives. The current view is to 
require collateral, so the funding is secured, and the picture looks like 
Fig. 21.11. 

In the new view, we finance the trade by “a loan” from the 
counterparty via collateral from counterparty B. 

Here, the outright cash flow, that is, the collateral is equal to the 
PV of the trade so no external funding is needed. And when the PV of 
the trade changes, R pays back or receives more collateral from B. This 
collateral is Gdeally) paid/received once every day. Also, the party who 


8 Source Bloomberg. 
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Option Payment 


Funding 


Collatral Rate 


Cash = PV 
Fig. 21.11 Funding via collateral 


holds the collateral must pay the other party interest. The size of this 
interest is specified in the collateral agreement. Since the collateral is 
posted on a daily basis, the relevant default risk is an overnight risk. 
Therefore, the collateral rate is usually the over-night (O/N) rate, so we 
use OIS to bootstrap the discount curve. When funding is provided by 
the collateral agreement Libor discounting is inappropriate. 


21.1.6.2 Collateral Agreements 


In Table 21.1 we provide some details for a given collateral agreement. 

In many CSA agreements you also have the opportunity to post (gov- 
ernment) bonds. When posting bonds there normally is a haircut. This 
haircut is a percentage that is subtracted from the market value of 
the asset that is being used as collateral. The size of the haircut re- 
flects the perceived risk associated with holding the asset. The higher 
the haircut, the safer the loan as regarded by the lender. For example, 


Table 21.1 A simplified collateral agreement 


Base currency USD 

Eligible currency USD, EUR, GBP 
Independent amount 5M 

Haircuts [Schedule] 

Threshold 50M 

Minimum transfer amount 500,000 

Rounding Nearest 100,000 USD 
Valuation agent Party A 

Valuation date Daily, NewYorkBusinessDay 
Notification time 2PM, NewYorkBusinessDay 
Interest rate OIS, EONIA, SONIA 


Daycount Act/360 
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United States Treasury bills, which are seen as fairly safe, might have a 
haircut of only 10%. For most other bonds the collateral is higher. 

In most CSA agreements you also have to consider the MTA and the 
threshold amount. The MTA is the smallest amount of currency that 
is allowed for transfer as collateral. For large banks, the MTA is usually 
in the USD 100,000 range, but can be lower. The threshold amount is 
the amount of unsecured credit risk that two counterparties are willing 
to accept before any demand for additional collateral demand will be 
made. The counterparties typically agree to a threshold amount prior 
to committing to the deal, but this is a source of on-going friction 
between OTC counterparties and their brokers. 

All these choices in the CSA agreements complicate the application 
of the theoretical priniciples. However, we will omit this here since 
it is a rather complex subject. But we need to remember this when 
dealing with the full valuation in a practical situation. For simplicity, 
we will pursue the analysis of CSAs with MTA and threshold amount 
set to zero and in addition assume that the posting frequency is 
instantaneous. Instantaneous posting enables us to approximate the 
collateral with an integral instead of a sum. Furthermore, we only use 
cash as collateral. 

Also note that, except for the MTA and thresholds, CSA typically 
does not involve hedging 100% of the credit exposure. As illustrated in 
Fig. 21.12, a 6-year swap (paying fixed at 2.5% on $1,000,000 notional) 


— Credit exposure ==- Swap value 


Fig. 21.12 A 6-year swap paying fixed rate at 2.5% on 1,000,000 notional. The 
collateral amount is the difference between the credit exposure and the swap 
value 
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cannot be 100% funded with collateral. The reason is that the value of 
the trade changes faster than the collateral frequency, and MTA and 
threshold considerations must also be taken into account, in addition 
to cash flow events. We must also consider the movements in the value 
of the collateral itself. 

Fig. 21.12 shows the total exposure of a swap over the lifetime of 
the trade, and a hypothetical collateral amount. Since imperfections 
exist, the total exposure of the trade is not perfectly hedged. The mis- 
match between the current exposure and the amount in the collateral 
account means funding is not purely OIS. This is the reason for funding 
value adjustments (FVA), which we will discuss later. 


21.1.6.3 Overnight Index Swaps 


For an OIS the floating rate is a daily compounded O/N rate and the 
market quotes; the fixed rates are called OIS rates” (see Fig. 21.13). 

Figure 21.13 shows the Libor vs. OIS spread in USD and JPY over a 
few years. According to the old view, an inappropriate kind of dis- 
counting was used for secured trades which mispriced future cash 
flows. This has as a significant impact on multi-currency trades where 
the change is given by 


Change ~ Notional x Duration x (Difference in discount rate) 


This is also inconsistent with CCS. The implied Foreign Exchange (FX) 
forwards are off market, leading to mispricing of foreign Libors. Long- 
dated FX products are most affected. We also get wrong forward Libors 
and overestimation of forward Libors with short tenors. 

Fig. 21.14 shows the 3-month Libor vs. OIS spread in USD and JPY 
over a few years. 


OIS rate 


Compounded O/N 


Fig. 21.13 A typical overnight index swap 


? Usually, there is only one payment for tenors (maturities) shorter than a year. 
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Fig. 21.14 A 3-month Libor rate vs. the overnight index swap spread in USD 
and JPY 


The bootstrapping of OIS curves is made by the same formula that 
we use when we bootstrap interest rate swaps 
D(t, To) -RGS Dpi AnDUt Tn) 


PE T+ROIS. A, 


Here we get the discount factors from the quoted OIS rates ROS with 
maturity Ty and day fraction A,„. The continuously compounded zero- 
coupon rate is then calculated by 


In (DM, Ty) 


dy 
365 


Z9" = -100 


21.1.7 Pricing with Collateral Agreements 


With no collateral (or collateral in domestic rate rf), the price of a 
contingent claim paying II(T) at maturity T is given by the Feynmann- 
Kaè representation 


T 
BA) 
diy — ro d md — FQ . y4 
11? (t) = E2! | exp J r“(u)du ¢ - OTF, | =E É XD I 7|, 


t 
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Here the expectation is taken with respect to the domestic martingale 
(risk-neutral) probability measure Q1 and the domestic money-market 
account 


t 
B“(t) = exp I r{(u)du 
0 


dB4(t) = r4(t)B4(t)dt 
B4(0) = 1 
SO 


T 


exp - f udu 


t 


_ BO 
“BY 


If there is a collateral agreement where we are supposed to get or pay 
cash collateral in a foreign currency f, then we have to add an extra 
term in the pricing formula for the aforementioned contingent claim. 
Say that we are in the money and get collateral from our counterparty. 
In this case we are free to invest this collateral in the market. However, 
we also have to pay interest to our counterparty since he/she still owns 
the collateral. This collateral rate is specified in the CSA agreement 
between the counterparties. If we denote the instantaneous return 
(or cost when it is negative) by holding the collateral in the foreign 
currency f at time t by y(t), we have 


YFA =r O-O. 


Here 7f (t) denotes the “risk-free” interest rate, assumed to be equal 
to the funding or repo rate for uncollateralized assets and cf (t) the 
collateral rate in the foreign currency f. In the case of cash collateral, 
the collateral rate c(t) is usually given by the overnight rate, that is, the 
OIS rate of the corresponding currency. When using treasury bonds 
as collateral, the collateral rate is usually the repo rate. For corporate 
bonds, we can use Libor plus a spread. 

The collateral rate is pre-specified in the collateral agreement. There- 
fore, we let r(t) accumulate in a money-market (bank) account and c(t) 
in a collateral account. When we get collateral, we invest this money 
in the market. 

The spot measure is taken to be that measure under which uncollat- 
eralized assets grow at r(t), and collateralized assets grow at c(t). Both 
uncollateralized p(t, T) and collateralized D(t, T) zero-coupon bonds 
pay 1 unit in the domestic currency at time T. 
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If we denote the PV of the derivative at time t by T14(t) Gn terms of 
the domestic currency d), the collateral amount posted from the coun- 
terparty in the foreign currency f is given by W(t) = Of (t), 
where fx% (t) is the foreign exchange rate at time t,representing the 
price of the unit amount of currency f in terms of currency d. These 
considerations lead to the following calculations for the collateralized 
derivative price: 


f 
mosen g + fet . EY jz (5 aie 
BÍ 


T 


We start by calculating the expectation 


T . 
f f djp at d 
= E24 ja, B, . Bs . B; [fx i y (4 i. 5) ds|F; 
af ? 

J By Bfe By fe 


where we have used B(s) = BU sf? (s)V; in order to change the 
measure from Qp to Q4. This can be simplified into 


f d d df d 
, rp II f BS II 
B Txs A Bi X; fxs 


0 
T 
1 Bd 
= —_ faa £. yf. fds |, 
pt" | ae ys- Tids 
0 
i T sS 
sT f - f iau -y - Mds]. 
Xt 


Using this formula we have 
T T 
11? = E" | exp - fru mip f exp - f iau -yf - Mds 
t t 


t 
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which is equivalent to 
t 


TI? = exp J r4du 
0 


T T 
x £2 | exp [die nt fo - | ridu yf das | 


mg mi , mni , 
= BY. | E% a f oli - f Zi d 
T S 0 S 


Now we see that 
t 


T 
ns T? r? r2 
poi +f Ja =e f T -vlas= me 
t 0 Ss 


since the expectation is a martingale under the domestic money- 
market account. Here we have also defined M(t). Remark that 
Ee [M(T)] = M(t). Next, use Ito’s lemma on 

$ 


1 1 
M = — -Tf + yt . T14ds. 


Bi BE 
0 
The result is 
aM aM aM 
dM, = —‘dt + — dB? + t ante 
ðt abd om4(t) 
m J m 1 m m 1 
= — . ydt i lars Sant =(Fr -Ti ras ant 
t t f t t t t 
Bi Bi) Bet ae pe Bi 


t t 


= exp - f ridu -ri . Mat + exp - f ridu all? 
0 0 
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or 
t 
exp J ridu $ dM; = (y; =r) fdr + arif 
0 


that is, 
t 
arig = (ot - 1!) . Idt + exp [au dM;. 
0 


We can now solve the previously mentioned Stochastic Differential 
Equation (SDE): 


dII = « - IIdt + dB 
T(t) = 2 
where we use 
aff d 
a= (0-0) 


and 


t 


dB = exp J rdu $ dM(t). 


0 
Set X = e ®™TI and use Ito 
ox ox 
dX = a tt za =œ -X -dt+a -X -dt+e®™dB = e™dB. 


If we integrate this we get 


A T 
X(T) —X(t) = [ets => eT) —e*' M(t) = |w 
t 


t 


and by taking expectation value we get 
T(t) = e" eA TT 


Finally we have the following theorem. 
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Theorem 21.1. Suppose that T14(T) is a derivative’s pay-off at time 
T in terms of the domestic currency d and that the foreign currency 
f is used as the collateral for the contract. Then, the value of the 
derivative at time t, 114(t) is given by 


T T 
MYA = E24 | exp } - J r"(s)ds $ - exp / yw (s)ds $ OKT) |, 


t t 
T 


= D4(t, T)E;" | exp J CORO) ds  T1“(T) 


t 


Here we also have defined the collateralized zero-coupon bond of 
currency d as 


T 


PGT) =E% exp {— J c4(s)ds 


t 


i oT , 


and the collateralized forward measure Tz, where the collateralized 
zero-coupon bond is used as the numeraire. 

In the case where the deal and collateral currencies are different, (d) 
and (f) respectively, we define the foreign collateralized zero-coupon 
bond D(d, f) by 


T T 
D (t, T) = EM exp 4 — | c4(s)ds -exp 4— J y (ods 


f t 


In particular, if c and yO = 4A - c4(t)) - A - cf) are 
independent, we have 


T 
ptt (t, 7) = D(t, T) - exp {— J yif (s)ds > , 


t 
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where 


S 


l 3 , 
y(t, s) = = In Ee exp 4 — ] y (sds 
s 


t 
We also have some corollaries to the Theorem 21.1. 


Corollary 21.1 When the foreign “risk-free” rate is the foreign col- 
lateral rate, that is, when rf (t) = d (t) and the collateral is posted in 
foreign currency, the PV of the derivative at time t becomes 


T 
M(t) = EP | exp 4- J r(s)ds } - TCT) | = p(t, DE (TY), 


f 


where p(t, T) is an uncollateralized zero-coupon bond and El 1 the 
expectation under the domestic forward measure with information 
given up to time t. 


Corollary 21.2 When the domestic “risk-free” rate is the domestic 
collateral rate, that is, when ri (t) = A(t) and the collateral is posted 
in domestic currency, again we have 


T 
T(t) = EÈ | exp } - J r“(s)ds $ - TI(T) | = p(t, TEs“ (TI(T)]. 


t 


Corollary 21.3 Ifthe foreign and the domestic economies are inter- 
changed so that the domestic risk-free rate is equal to the domestic 
collateral rate, that is, r(t) = c4(t), and the collateral is posted in 
domestic currency, then the previous equation is transformed into 


WO = pane! [ma], 


This result clearly shows the fact that the effective funding cost is 
given by the collateral rate, regardless of the risk-free rate of the 
corresponding currency. 
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It is also possible to construct a maturity 7 dependent measure 
associated with the collateralized zero-coupon bonds 


T 
D(t, T) = E24 | exp 4 - J cds 


t 
that is similar in some ways to forward measures. Define or (with 
expectation ET) by Q' = Z(T) - Q, where 
T 
exp }— f cHs)ds 
0 


a= DO, T) 


Then 


T 
Ez! ex l- f esas xn] 
0 


T 
Ee es l- f cous 
0 


T 
Ee |e l- f nel xn] 


DE, T) 


ETIX(T)] = 


If the spread y4(t) is deterministic, then Q’becomes the standard 
T-forward measure Q7 because 


0 1 


J ~ BUT) pXO0, TY 


T 
exp l- f [re (s) — y(s)] al 


Z(T) = 


T 
EL! |e |-/ [r4(s) — y%(s)| ds 


0 


which is the Radon-Nikodym derivative for QO" In particular, QT =Q" 
when yA) = 0 and the collateral rate is equal to the overnight rate, 
that is, c4(t) = r“(t). 
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From the definition of D(t, T), foranyO<s<t<T 


f T 
EQ exp 4— J c{(s)ds D(t, T) = EQd Ez exp 4 — | c4{(s)ds 
0 0 
T S 
a d _ d 
= E24 | exp {= | c“(s)ds > | = exp į- J c“(s)ds } D(s, T) 
0 0 


giving a result that will prove to be useful, for example, in modelling 
c(t) and D(t, T) as SDEs. 


Corollary 21.4 The value of the collateralized zero-coupon bond 
discounted by the collateral rate 


t 


exp 4 — J c{(s)ds $ Dit, T) 
0 


is a O¢-martingale, confirming thet the drift under On of D(t, T) 
re nd 
is c(t). 


In the literature OT is often referred to as the T-forward measure in- 
duced by D(t, T) as numeraire because it makes collateralized trades 
QO’ -martingales; that is, changing measures from of to oF allows 
Theorem 21.1 to be restated as the followng corollary. 


Corollary 21.5 When payment and pricing currencies are different 


T 
E? | exp -| o9- rola - TI(T) 


0 
T(t) - exp l-i [y4(s) -y (8)] ie 
0 


DET) 


and when payment and pricing currencies are the same 


T(t) 
D(t,T) 


E?” [I(T)] = 
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21.1.7.1 Pricing with Multiple Currency Collateralization 


With full collateralization in multiple currencies, the funding spread 
between currencies i and k is given by y = yi—yk = (ri —c!)—-(r* — c*). 
The pricing formula can then be written as (remember: y (t) = r(t) — 


c(t) 


T 
T(t) = E& | exp }- I max (Mw - viw) du} - 04T) |, 
jec 
t 


T 
= D4(t,T) - exp {— J max (yw) du \ . ET [nn]. 
0 


Here we use a blended cheapest-to-deliver (CTD) curve through the 
life of the trade constructed for each unique CSA agreement. If we 
have an agreement with six possible collateral currencies (USD, EUR, 
GBP, JPY, CHF and CAD), we need to bootstrap 29 different interest 
rate curves, as shown in Fig. 21.15. 

Also, note that we have the following spread relations: 


ye) = ye) Vt>0 
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pe 
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Fig. 21.15 The complicated bootstrap process if 6 collateral currencies are used 
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21.1.7.2 What Currency Gives the CTD? 


The CTD currency is given by the one with the highest interest rate. 
The reason is that the standard contracts in the market always stip- 
ulate that it is the party who posts the collateral that can decide on 
the currency. By choosing the highest paying currency for the collat- 
eral he/she will get the highest rate of return. This contractual feature 
is closely related to the fact that the party who posts the collateral 
can at any time decide to get the collateral back and then post an- 
other collateral in another currency. The receiver of the collateral, on 
the other hand, has to pay interest in the currency chosen by his/her 
counterparty. 

In some agreements, the counterparties can also post bonds. When 
bonds are posted, a haircut is made depending on the credit quality of 
the bonds. 

The party holding the collateral can do what he/she likes with the 
cash or the bonds, like selling it in the market. But note that he/she 
must return exactly the same collateral when the other party wants it 
back and it can be difficult to buy back the same bond when market 
liquidity is low. 

When you have to post collateral yourself, you might not be able 
to deliver the CTD currency. Then you might have to deliver the next 
CTD currency or even another one. 

If you could decide to return the interest rate in any other currency 
than the one your counterparty chooses, then for you the currency 
with the lowest rate would be CTD. 

In Fig. 21.16, we illustrate the CTD curve for two different curren- 
cies, GBP (SONIA) and EUR (EONIA). 


21.1.7.3 Bootstrap Technique 


Before we end this section, we will describe how to bootstrap in some 
different currencies. The exact bootstrap procedure depends on what 
liquid instruments are available in each market. 

In general, curve stripping is based on market instruments such as 


e OIS 
e swaps (floating Xibor vs. fixed) 


e Basis swaps also known as tenor basis swaps (e.g. Xibor 3M vs. 
Xibor 6M) 
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Fig. 21.16 A CTD curve for two currencies, GBP (SONIA) and EUR (EONIA) 


e Cross-currency basis swaps (CCBS) (e.g. USD Libor 3M vs. GBP 
Libor 3M) 


The building blocks of these instruments are 

e Fixed cash flows: Fixed * YF * Notional 

e Libor payments: Libor * YF * Notional 

To price these we only need the elementary bits 

e Discount factors: DF = PV(1 unit of currency) 

e Forwards: FWD = PV(Libor)/DF 

Then, the PVs are given by 

e PV (Fixed cash flow) = Fixed * YF * Notional * DF 

e PVC€loating cash flow) = YF * Notional * FWD * DF, 


where YF is the year fraction. 
Once we know the discount factors for all maturities and the for- 
ward rates for all maturities and tenors that is, the dscount curve 
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t > DF(t) and the forward curves t — FWD*(t) for all tenors 5 we 
are able to price all linear instruments. 

In practice, the discount factors and the forward rates are stripped 
from market instruments for a set of maturities and tenors. For other 
maturities and tenors the values are obtained by interpolation. Here 
we have some practical issues: 

How is this interpolation performed? 

How are the curves represented? In terms of discount factors, 
forwards directly, etc.? 

Liquid OIS markets exist for the G5 currencies (USD, EUR, GBP, 
JPY and CHF) and AUD and CAD among others. If there is no OIS 
market or the market is not liquid enough we cannot find an OIS 
curve. Therefore we cannot strip the projection curves in the usual 
manner. One possible idea is then to turn to a cross-currency market 
which is liquid enough and try to simultaneously strip the pro- 
jection curve and the implied discounting curve from local swaps 
and CCBS. 

In the single-currency case, we first do the stripping of the OIS 
curve, typically done using OIS. OIS is a fixed/float interest rate swap 
with the floating leg based on the published overnight rate index. 


O/N rate + OIS swaps —> OIS curve used for discounting 


Next, we do the stripping of the projection curves (e.g. 1M, 3M, 6M, 
1Y curves) given the OIS curve. Here we use instruments indexed on 
Xibor: 


Cash deposits + FRA/futures + swapsprojection curve 


In the cross-currency case we first assume that the domestic and for- 
eign curves for all needed tenors have been already stripped. Then we 
strip the implied foreign basis curve 


FX forwards + CCBS>Foreign discount curve 


For the 3-month tenor, we now have Table 21.2. 

In the most liquid markets we have the following available curves 
(Table 21.3). 

For different currencies, the trading conventions and instrument 
dependencies are slightly different. 
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Table 21.2 The 3-month tenor in the bootstrap process 


Domestic floating leg Foreign floating leg 
3MDOM index 3MFOR index + spread 
Projection Curve DOM3M swap Curve Projection Curve FOR3M swap curve 
Discount curve DOM OIS curve Discount curve Implied DOM3M/FOR3M 
basis curve 


Table 21.3 Available curves for the most liquid markets 


Currency Overnight rate Standard curve Forward Basis curves 
curves 
USD Fed funds 3M USD Libor Muni swaps 1M vs. 3M 
effective rate 3M vs. 6M 
3M vs. 12M 
3M Prime/Libor 
Basis swap 


Muni vs 3M Libor 
T-bill vs 3M Libor 


EUR EONIA 6M Euribor 1M Euribor 3M vs. 6M 
3M Euribor 6M vs. 12M 
12M Euribor 

JPY MUTAN 6M JPY Libor 1M JPY Libour 1M vs. 3M 
3M JPY Libour 3M vs. 6M 

GBP SONIA 6M GBP Libor 1M GBP Libour 3Mvs. 1M 


3M GBP Libour 12M vs. 6M 
12M Euribor 12M GBP Libor 


CHF TOIS 6M CHF Libor 3M CHF Libour 12M vs. 6M 
1M CHF Libour 
CAD Bnak of Canada 6M CAD-BA 6M vs. 3M&3M 
Overnight Repo vs. 1M 
Rate 
(CORRA) 


21.1.8 Market Instruments 


We now start to present some formulas that are used for the curve 
generation. By a time schedule, we mean times t < Tg < T; <... < 
Ty and the corresponding year fractions { A^, PG where A,, is the year 


fraction from T,_; to Ta. We also denote by L,(T;_7) the Libor rate with 
tenor x that starts at T„—7 (the rate is usually fixed 2 days before T,_7). 


21.1.8.1 Overnight Index Swap 


If the collateral and the pay currency are the same, we have the fol- 
lowing definition of the forward overnight rate: For a given currency 
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i, collateral rate c; and times Tz and T2, the time t forward overnight 
rate is defined by 


O(t, Ti, T2) = 


1 e E | 
AT), T2) (DCG, T2) l 


An OIS in a currency i with collateral rate c; is a contract where you 
exchange a daily compounded floating overnight rate for a fixed rate 
at pre-specified points in time. The fixed rate OJSy is chosen so that 
the PV of the swap, according to market discounting conventions, 
becomes zero today 


Sm 


N M 
OlSy Y AnD(t, Tn) = Y E; | ex | = l doas 
(0) 


n=1 n=1 


Jin 
: (TI (1 + OW i m Uj-1,m, Uim)) . dim E ')}. 


jel 


where {7,} and {Sm} are the time schedules for the fixed leg and 
the floating leg respectively, {Uj} is the time schedule for the daily 
compounded overnight rate, U*;_7m is the fixing date for the rate in 
the period (Uj_7m, Ujm] and An, ôjm are the year fractions for the 
periods (Tn-1, Tn] and (Uj_1,m; Ujml. Here, Uo = Sm-1, UJm,m = 
Sm, To = So and Ty = Sy. By using the forward overnight rate and 
the approximation 


ok NN 
OF m Uj-iym Ujm) mo O(Uj-1,m: Uj-iym Ui); 
we get 
Sin Jim 


p” exp -| c'(s)ds i I] (1 + OW i m Uj-1,m, Ujm) 8 Sim) =] 
t j=l 


S, 
m Jn 
; 1 
Qi i 
x E=" | exp - | eas . rT ( ) 1 
‘ = DU j-14.m Uim) 
t J= 
Sm-1 Sm 


=E® exp {— J cl(s)ds aE exp {— | cl(s)ds 


t t 
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In the last step, we were splitting up the integral and used the tower 
property of conditional expectation: if H C G then E[E[X|G]|H] 
= E[X|H] = E[E[X|H]|G]. 

Finally, we end up with the following approximation (where we 
ignore that the fixing is made in two trading days before the start of 
the time interval). 


N 
(OIS) — OlSy È AnD, Tn) = DO, To) — DO, Ty) 
n=1 
We can also get the previous equation from a simplification of a 
collateralized OIS 


N Th 
OISy Ý AnE® | exp 4 - J c(s)ds 
n=l 0 
N Th Tn 
DD exp 4 — l c(s)ds exp 4 — J c(s)ds è — 1 
n=l 0 Tn-1 


by using the collateralized zero-coupon bond. The collateralized zero- 
coupon bond price can then be bootstrapped as 


DU, To) = OS Y 7 AnD Th) 
1+ OISn g AN ` 


D(t, Ty) = 


If the collateral and the pay currency are not the same, we use that 
fair value of a payer OIS swap in currency i with collateral in currency 
j, collateral rate cj and quote OIS 


M Sm 
PV= Y bn + D(t, Sm) + exp } — / y¥(s)ds $ - O(t, Sm, Sm) 


m=1 t 


N T 
~ OISy > An - D(t, Ty - exp } = J yll(s)ds 


n=1 t 
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21.1.8.2 Forward Rate Agreements (FRA) 


Given times T; and T> the T; x T2 FRA traded in the market is a contract 
paying out to the buyer at time T; the amount 


A(T), T2) - (Lx(T1)- K) 
1- A(T), T2)-L(T1) ? 


where K is the pre-specified fixed rate of the FRA, x is the tenor starting 
at T; and ending in T2, and A(77, T2) is the year fraction for the tenor 
interval (T7, T2]. Under certain model assumptions and reasonable 
market conditions it can be shown that 


€ 


FRA) Kw Ep ? LEAT 


where the expectation is taken with respect to the forward measure at 
Tə discounted with the current (time 4 price of a zero-coupon bond 
with expiry T2 using the collateral rate in currency i (domestic). 


21.1.8.3 Interest Rate Swaps 


An IRS in currency i with collateral in currency j with collateral rate c; 
and quote IRS is given by 


N Tp. 
IRSy X} An D(t, Tn) - exp l- f sous] 
t 


n=1 


(IRS) 


M se Sm e 
= > bmD(t, Tm) i E; m [Ly (Sm-1)] exp l- f oas 
t 


m=1 


and a collateralized tenor swap (TS) by 


N . Tn |. 
D AnD(t, Tn) (E™ [LTn-1, Tn, t5)] + TSN} + exp l- (i voal 
A 
(TS) 
M ó Sm ne 
= D ômD(t, Sm) - ESm [Lx(Sm-1, Sm, TL)] - exp l- J vou] 
t 


m=1 
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Market quotes of collateralized OIS, IRS and TS and proper spline 
method allow us to determine 


{DO,T)}, 1E (L(Tn1, Tm, T)] + TSy} 


for all relevant T, Tm and tenor T. 


21.1.8.4 Cross-Currency Swaps 


When dealing with multiple currencies, we also need to consider CCS 
and FX forwards. The cross-currency formula for currencies i, j, with 
collateral in currency k, and collateral rate c and quote s is given by 


Ty 
N : ci 
E Sabet. Ta) -exp j= f Ods [E La Ts] 


n=l d 
To 
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21.1.8.5 FX Forwards 


A collateralized FX forward rate at time ¢ for the currency pair (i,j) 
with collateral in currency k with collateral rate cg and maturity T is 
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defined as the solution ft? (t, T) of the following equation: 


T T 


0= fP, T)E® exp į — I ri(s)ds } - exp | yek(s)ds 


t t 


T T 
-FEDES exp - | ras < exp | oas > 
t t 


where an amount of currency i is exchanged for one unit of currency 
j, assuming a collateralization in currency k. Then we have 


[oo | Fone 
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If the spread y is stochastic, the currency triangle, such as USD/JPY x 
EUR/USD = EUR/JPY, holds only for the same collateral currency. 
When y is deterministic, this becomes 


FMC, T) = fp 
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exp I y(t, s)ds 
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which is independent of the choice of collateral currency. In a boot- 
strap all the previous except y'/ can be observed in the market. This 
can only be used for short maturities due to the lack of liquidity in the 
forward market for longer maturities. In the previous equation 


T 
7) B 
yit, T) = -zr in E" exp - | oas 
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21.1.9 Curve Calibration 


In this section, we describe our procedure for generating the curves 
needed. We fix t = 0 as today and we will write Eo['] = EL]. 
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Definition 21.1 By a collateral pair, we mean G, cj), where i is a 
currency and c; a collateral rate in currency i. 


Definition 21.2 Given a currency i and a collateral pair (j, cj), we 
call the mapping 


T 


Tr D(0,T) - exp [ "60s 
0 


a discount curve and denote it by D a0 T) 


Definition 21.3 Given a currency i and a set of collateral pairs 
[ (fj, i) } , we call the mapping 


j=] 
T 
Tr Da(0, T) - exp fe (y8(s)) ds 
j 
0 


a CTD curve and denote it by D j (0, T). 


Definition 21.4 Given a tenor x and a currency i we call the map- 


ping T > ET) [Lx (S; T)] a forward curve, where S, T are the start 
and maturity date, respectively. 


21.1.9.1 Single-Currency Collateral 


Given a currency i from the set of available currencies, a set of ten- 
ors (the number depending on i) and a collateral pair, our task is to 
generate the corresponding discount and forward curves. Due to li- 
quidity problems, we have to make some more assumptions regarding 
the quotes that we observe in the markets. Moreover, in some curren- 
cies the complete lack of OIS quotes forces us to make some sort of 
approximations. In this section we describe the currency-independent 
assumptions and we will come back to certain currency-dependent 
issues later. 


e ACCS quote observed in the market is interpreted to be of constant 
notional type. Mark-to-market (MtM) CIRS are not considered in the 
curve generation. 

e The CCS quote in Equation (CCS) is independent of the collateral 
pair (j,c j). 
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The last assumption makes it possible for us to compute for example 
EUR discounting under SEK collateral where the collateral rate is 
the Swedish repo rate (such a cross-currency quote is definitely not 
available in the markets). 


21.1.9.2 Stripping in EUR 


In EUR, the available instruments are OIS, IRS, FRA, CIRS and FX for- 
ward and the collateral pair is EUR, EONIA). The OIS and IRS quotes 
are assumed to be under (EUR, EONIA). 

We start to bootstrap the (EUR, EONIA) discounting curve using 
Equation (OIS) given earlier and then the forward rate curves for the 
tenors {1M, 3M, 6M} using Equations (FRA) and (IRS) 

These are the consistency conditions needed to get the market 
quotes of various swaps. We have denoted the market observed OIS 
rate, IRS rate and TS spread respectively as O/Sy, IRSy and TSy, 
where the subscripts represent the lengths of swaps. {T;};>0 are the 
reset/payment times of each instrument. We distinguish the day-count 
fraction of the fixed and floating legs by A and ô, respectively. These 
are not necessarily the same for different instruments. L(Tm-1; Tm, T) 
is the Libor with tenor t whose reset and payment times are Tm- 
and Tm, respectively. In Equation ARS), we have distinguished between 
two different tenors, ts and tz (> Ts), although we have used the same 
payment frequencies in the fixed and floating legs of the IRS. 

Ros is defined as 


-In (D(t, T)) 


Rors(t) = Tot 


For the forward Libor, the zero-rate curve R; is determined reclusively 
through the relation 
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21.1.9.3 Stripping in USD 


In the United States, 30-day fed funds futures and 3-months OIS futures 
are commonly used, although there are only 36 standard 30-day FF 
futures contracts and eight standard 3M OIS futures contracts, based 
on www.cmegroup.com. Therefore, one can only bootstrap the OIS 
curve up to 2 or 3 years. 

In order to capture longer-term OIS discounting, one could then 
bootstrap the short end of OIS curve from fed funds OIS (and/or fed 
funds futures) and then bootstrap the long end through fed funds basis 
swap (FFBS) (typically combined with IRS to get Libor information). In 
the United States, the instruments are typically FFBS ranging from ly 
to 30y, which are averaged index basis swaps. This has become the 
common practice in the USD market. However, the actual implement- 
ation methodology could vary in several ways. We describe these in 
Method 1, Method 2 and Method 3 in the following sections. 


Method 1: Approximation Approach 


By ignoring discrepancy business day count adjustment and com- 
pounding crude adjustment (see Bloomberg (2012), Extending USD 
OIS curves using Fed Funds Basis swap quotes), we obtain 


OIS(t) approx. a 7 i) 


OIS(t)aaj © 4 - (1 r 


where 


ro- TBS. a 
4 


IRS(t 
ro=4-((1+ uaes an 4), 


where IRS(t) is the market quote of swap rate. 

FFBS(D is the market spread quote of FFBS. 

One can observe from market quotes that the implied OIS rate has 
approximately deterministic spread to IRS and such an OIS has embed- 
ded market information from FFBS. Moreover, the OIS is reasonably 
close to market OIS for long tenors, so using this adjusted OIS for 
longer (say, 30y) tenors is justified and computationally efficient. 

Thus this approximation method makes the following assumptions 
that practitioners must recognize. 
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Ignore conventions like business day count, calendar, roll conven- 
tion, basis, spot lag, schedule mismatch, etc. 

The compounding approximation assumes “flat curve with rate 
equal to the difference between Libor and Fed Funds Basis while 
ignoring weekends and holidays”. 

The error between adjusted OIS and OIS market quotes is a 
combination of approximation errors and liquidity. 


Thanks to the simplifying assumptions this method is very fast. 


Method 2: Brute Force Approach 


The brute force approach jointly solves both FFBS and IRS to par. We 
know analytics for both FFBS and the IRS, as shown in Table 21.4. 


Table 21.4 The fed funds basis swap and IRS 


Fed funds basis swap 


Pay Receive 

Libor leg Fed fund leg 

-3m Libor + weighted average Fed fund + basis spread 
IRS 

Receive Pay 

Libor leg Fixed leg 

+3m Libor — fixed swap rate 


Note: 


This is the most accurate approach because it solves for discount 
factors for both OIS discounting curve and Libor 3m forward curve 
jointly. 

Schedules among legs between FFBS and IRS may not align, which 
burdens the solver and is very sensitive to choice of interpolation 
method. 

Computationally expensive (especially the weighted average on 
daily forward fed funds effective rate feature). 


Method 3: Synthetic Approach 


The synthetic approach is to bootstrap the OIS curve by re-pricing 
FFBS to par given an IRS. The idea is represented as in Table 21.5. 


Through the synthetic construction in the previous graph, we can 


have a single instrument (fixed vs. floating (weighted average FF + 
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Table 21.5 Re-pricing fed fund basis swaps to par with IRS 


Synthetic fed fund swap 


Receive Pay 
Fed fund leg Fixed leg 
+ weighted average fed fund + basis spread - fixed swap rate 


basis spread)) per tenor, which would fit into most standard curve 
stripping frameworks as a regular bootstrapping procedure. 


Note: 


e This is faster than Method 2. 
e This is more accurate than Method 1. 
e Schedule alignment is still an issue. 


e Tenors have to be matched so as to create a synthetic FF average 
swap. 


21.1.10 The Bootstrap 


We now assume we have OIS, IRS, FRA, CIRS and FX forward and the 
collateral pair is (USD, FEDLO1) where FEDLO1 is the USD fed fund 
rate. The OIS and IRS quotes are assumed to be under (USD, FEDLO1). 
We start to bootstrap the (USD, FEDLO1) discounting curve as 
shown previously and then the forward rate for tenors {1M; 3M}. The 
6M forward rate curve can be built using the 6M-3M tenor basis swaps 
to create a synthetic 6M swap curve. 
Remarks: In the previous calculations for EUR and USD, we have 
assumed that all the instruments are collateralized by the cash of do- 
mestic currency, which is the same as the payment currency. You may 
worry about the possibility that the market quotes contain significant 
contributions from market participants who use a foreign currency as 
collateral. In fact, some of the major financial firms prefer USD cash 
collateral regardless of the payment currency of the contracts. This 
gives rise to additional factors in discounting as in 


T T 
nie) = E24 es l- f rod - exp i f rod ma) , 


T 
= D(t, T)E/4 [es l (y4(s) -y (8)) al ma) . 
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Changes in IRS/TS quotes are very small and impossible to distinguish 
from the bid/offer spreads in normal circumstances, because the cor- 
rection appears both in the fixed and floating legs which keeps the 
market quotes almost unchanged. However, the PVs of off-the-market 
swaps can be significantly affected when the collateral currency is 
different. 


21.1.10.1 Stripping in SEK 


In SEK, the available instruments are also OIS (STINA swaps, which are 
not real OIS, but T/N), IRS, FRA, CIRS and FX forwards. The collateral 
pairs are (SEK, STIB1D) and (SEK, SWRRATE). Here STIB1D is the T/N 
rate (STINA) and SWRRATE the Swedish repo rate. The OIS quotes are 
assumed to be under (SEK, STIB1D) and the IRS quotes are assumed 
to be under (EUR, EONIA). 

The assumption about the IRS quote makes the bootstrap procedure 
a little bit different from earlier. We begin to bootstrap (SEK, ST IB1D) 
as usual for OIS. Then we need to add a cross-currency formula so 
we simultaneously can bootstrap the discounting curve for SEK with 
collateral pair (EUR, EONIA) and the SEK 3M forward curve. 

The (SEK, SWRRATE) is generated as follows: 


1. Bootstrap a curve from available SEK RIBA (Riksbanks futures) in- 
struments and compute the daily instantaneous forward rates up to 
the maturity of the last RIBA instrument. This will be the short end 
of the resulting curve. 


2. Compute the spread between the last instantaneous forward rate 
in the first step and the corresponding rate generated from (SEK, 
STIB1D). 


3. Extrapolate the spread and convert the resulting instantaneous 
forwards to a discount curve. 


The reason we also have to bootstrap the Swedish repo rate is that it 
is used as collateral rate in most CSA agreements. 


21.1.10.2 Different Problems with Bootstrapping 


The Choices of Instruments 


The first problem is related to the availability and choice of liquid in- 
struments. Let us assume that we have an OIS curve (obtained from the 
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previous method) and we need to find a forward curve (e.g. USD Libor 
3m curve). In the single-curve world, we typically bootstrap from com- 
binations of cash (1w up to 1y), futures or FRAs (typically most liquid 
up to 3y or 5y) and swaps (ly up to 50y). However, in the dual-curve 
world, each Libor has its own risk, which means we cannot use spot 
Libor cash rates like 1w, 2w, 3w, 1m, 2m, 4m, 5m, 6m, etc., to strip the 
3m Libor curve. Therefore, one possible choice could be to use FRAs 
for short term and swaps for long term. Note that the use of FRAs 
is subject to a few problems. In the dual-curve world, the Libor be- 
comes risky, which means that the old approach would use the wrong 
discounting curve. 

The problem here is that trading parties can only put daily collateral 
until the start time of the FRA period. Therefore, the period between 
the start time and the first maturity date of the FRA is only for theor- 
etical Libor tenor, and there won't be any collateral transactions. This 
simple approach would assume that Libor forward is risky when it is 
settled, though any such settlement amount would still be discoun- 
ted at the risk-free rate (e.g. continuously full collateralization with 
zero MTF). For futures, it is even trickier in view of the convexity 
adjustment. 


The Libor Rates 


In the single-currency world, the standard curve construction would 
be to make a discount curve and then an implied forward curve. This 
implies that the Libor forward depends on the choice of discounting. 
However, intuitively Libor is a floating index that should not depend 
on the choice of a discount curve. Different players may have different 
funding curves, and CSA may also require discounting other than OIS 
discounting which really refers to cash collateral within that single- 
currency market. 

Mathematically, the curve construction depends on the discount- 
ing method in our typical risk-neutral environment. This is because 
the probability measure changes when the discounting method is 
changed. Prior to the crisis, the “standard” discount curve was the 
“same” as the Libor forward curve in USD. Now, the “standard” dis- 
counting method has shifted into OIS discounting. OIS discounting 
and Libor discounting would produce nearly the same price for a 3m 
Libor forward. 
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Furthermore, Libor fixings too have shifted to OIS discounting, 
although dealers/brokers may not report their quotes consistently. 
As CSA regulation tends to standardize collateral agreements and as 
the LCHuses OIS discounting for clearing swaps, the swap quotes 
and Libor fixings would be more reliable than during the crisis 
period, when Libor was criticized due to various reasons including 
collateral/funding discounting and liquidity. 


Collateral 


Another concern is collateral currency. This is actually a fairly com- 
mon problem in the real world. Suppose a EUR-based bank is trading 
collateralized vanilla US IRS with a US bank. Assume further that most 
of the EUR-bank’s business is in the EUR and that the EUR-based bank 
owns a lot of EUR treasury bonds and cash in EUR. Therefore, it would 
be very natural for the EUR bank to put collateral in a EUR cash or EUR 
treasury bonds, rather than put collateral in USD even if the trade is a 
USD single currency. In this situation, we are faced with the dilemma 
of how to discount the value of the trade price and the risks. This is 
the “cheapest to deliver” problem. 


Cross-Currency swaps 


There are two popular types of CCS. 


e Float-float (commonly used for major currency pairs like USD/EUR, 
USD/JPY, EUR/JPY) 


e Fix-float (commonly used for minor currency pairs like USD/TWD). 


We will focus mostly on float-float CCS (CCBS). Using USD vs. JPY as 
a simple example to illustrate arbitrage-free relationships in interest 
rate and FX markets (“interest rate parity”), let us suppose a JPY in- 
vestor has a future cash flow of 100 million in USD ($100 MM) at future 
date T. She/he could either discount it using USD discounting back to 
today t = 0 and convert it into JPY using the spot FX rate (FX(O)), or 
she/he could convert the future cash flow at T through FX rate (FX(7)) 
and then discount back to today using JPY discounting. If there were 
no-arbitrage opportunities, these two methods would yield the same 
amount. Such parity relations can be visualized in Fig. 21.17. 
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100MM USD FX(T) 
DF(USD) DF(JPY) 
—_—_—_—_—_——>> 
FX(0) 


Fig. 21.17 A parity relation on cross-currency 


Domestic Yield Curve 
“Ss FX Forward 
Foreign Yield Curve 


Fig. 21.18 With two known the third can be solved 


Domestic Yield Curve 


Foreign Basis Curve 


FX Forward 


Fig. 21.19 Bootstrap of an implied foreign yield curve 


Therefore, in theory, we should see a perfect triangle relationship 
betweeen the domestic yield curve, the foreign yield curve and the FX 
forward. As we illustrate in Fig. 21.18, one can solve for one out of 
three given the other two. 

However, both interest rates (domestic and foreign) and FX forwards 
are independent actively traded markets. Therefore, the triangle won’t 
be “perfect” even in normal market situations due to differences in 
liquidity among those three markets. 

If one needs to value a cross-currency trade under the domestic 
measure, then a typical way would be to bootstrap the “implied” for- 
eign yield curve (the foreign basis curve) from a set of FX forwards 
given a domestic yield curve as in Fig. 21.19. 
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Note that such a foreign basis curve typically won’t be same as the 
foreign local yield curve (e.g. bootstrapped from cash, FRA/future, 
swap). This reflects the fact that the foreign investor’s (domestic 
currency’s) funding interest rate (discounting) at the local (foreign cur- 
rency) market typically will be different from that of a local investor. 
Such a basis curve would satisfy 


e Re-pricing each node of FxFwd back to par. 


So far, everything is still consistent. Such a relationship implies that 
the cross-currency basis is zero (which is what “perfect” means here). 
However, if we look at CCBS quotes, they are not zero! This im- 
plies that the CCBS actually breaks the previous interest rate parity 
due to many reasons, supply and demand factors, including liquid- 
ity premium, currency strength, currency country’s credit profile 
differentials, etc. 

Prior to the crisis, such bases were very small, and many practition- 
ers simply ignored them . However, after the crisis these bases became 
much larger (50-100 bps, compared to 1-5 bps pre-crisis). Therefore, 
such a basis can no longer be ignored in derivatives pricing and risk 
management. As with FX forward, one can also bootstrap an “implied” 
foreign basis curve from a set of CCBS given both domestic yield curve 
and foreign yield curve (which makes Libor forward consistent with 
local Libor forward, see Fig. 21.20). 

Such a foreign basis curve should satisfy 


e re-pricing each node of CCBS back to par; 
e matching local Libor forward. 


Domestic Yield Curve 
Foreign Yield Curve 


Cross Currency Basis Swap 


Fig. 21.20 Bootstrap an “implied” foreign basis curve from a set of cross-currency 
basis swaps 


Foreign Basis Curve 
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In short, we solve for the discount curve while keeping the prevailing 
index forward unchanged. Therefore, the Libor definition is changed 
slightly due to different discounting methods. From a practical point 
of view, this problem can often be ignored due to the tiny effect on 
forward change which means one can still assume that the basis swap’s 
Libor forward in foreign currency is the same as Libor forward in the 
domestic market. As in the single-currency world, even if we change 
from single curve Libor to a very different discount curve (e.g. the OIS 
curve) when pricing a vanilla IRS, the Libor forwards in the IRS would 
be almost the same (maximum about 1-3 bps for 30y). 

Furthermore, FX forwards may only last up to 5 years, depending 
on the currencies, while cross-currencies basis swaps would last up to 
30 years. Therefore, from a liquidity point of view, one may strip the 
foreign basis curve from a combination of FX forward (for short term) 
and CCBS (for long term) (See Fig. 21.21). 

OIS curve 


We now turn our attention from the traditional problem in the cross- 
currency world to the problems arising in a multi-curve environment. 

Recall that within the single-currency framework, the dual-curve lo- 
gic is to bootstrap the OIS curve, then solve for the index forward 
curve while keeping the OIS curve unchanged. In the cross-currency 
world, the logic is to solve for the implied foreign discounting curve 
while keeping the foreign Libor forward unchanged. Thus, in a CCBS 
there are four curves involved: 


1. Domestic discount curve (e.g. OIS curve). 
2. Domestic forward curve (e.g. 3m Libor curve). 


Domestic Yield Curve 


Foreign Yield Curve 
FX Forward 
Cross Currency Basis Swap 


Fig. 21.21 A foreign basis curve stripped from a combination of four sources 


vq Foreign Basis Curve 
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3. Foreign discount curve. 
4. Foreign forward curve (e.g. 3m Libor). 


Still the goal here is to solve for a “cross-currency implied” foreign basis 
discount curve (or say a foreign OIS basis curve) where discounting 
and forward projections are decoupled. 

The foreign OIS basis curve can be bootstrapped: 


1. From FX forward and the domestic OIS curve 
2. Using domestic and foreign OIS curves and CCY OIS basis swaps 
3. Using CCY Libor basis swaps 


In point 1 we assume that both domestic and foreign FX forward mar- 
kets move to OIS discounting. Point 3 is more complex due to the 
market conventions. The common practice would be the following 
steps (using USD 3m Libor vs. JPY 3m Libor as an example): 


1. Construct the domestic OIS discount curve. 
2. Construct the domestic index forward curve (e.g. USD 3m Libor). 


3. Construct the foreign OIS discount curve (e.g. JPY OIS curve from 
Tonar). 


4. Construct the foreign index forward curve (e.g. JPY 6m Libor). 


5. Construct the foreign index forward curve (e.g. JPY 3m Libor from 
Libor basis swap). 


6. Solve for implied foreign basis curve (or, say, foreign OIS basis 
curve) from CCBS given in 1, 2 and 5. 


Cheapest to Deliver 


CTD is driven by the collateral agreement and CSA standardization. 
In CSA, the two counterparties may have rights to choose collateral 
on the fly among a few predefined currencies. This will create a huge 
headache for modelling, hedging and risk management. 

Most dealers agree that the discount rate should - in theory - be 
based on the CTD collateral. Market practice is altogether different, 
with even the major dealers taking a variety of approaches to pricing 
trades based on multi-currency CSAs. 
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“Theoretically, it is not difficult to put together a model - it would 
be an extension of a stochastic basis model where you have more than 
one basis,” says Vladimir Piterbarg, global head of quantitative research 
at Barclays Capital in London. “The huge question is whether you are 
able to execute the hedging strategy required.” 

Such a disorder in CTD modelling and hedging would have much 
bigger model risks. CSA standardization and simplification become 
critical while the market is moving towards a consistently multi-curve 
approach. 


21.1.10.3 Collateral Choice 


To compute the integral in the mapping 
T 
T +> Da(0, T) - exp J max (yi) ds}, 
j 
0 


we assume for each i and f; that y(t) is a piecewise constant function 
of t. This implies that the integral can be written as 


T K Tk 
J max (y w) ds = a max J yh (s)ds 
j j 
0 k=1 Tk 
where 0 = Tọ < Ty < ... < Tg = T is the approximation 


scheme where all the yili(t) are piecewise constant. Moreover, from 
the definition of the discount curve we can see that 


Tk 
| yi (sds = lIn (D.:(0, Tx)) 
Tk 


-In (D4 (0, 74) = In (Da (0, Te-1)) + In (D4 (0, Ti) 


and hence the computation is now straight forward given the relevant 
discount curves. 
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21.1.10.4 Stripping in HUF as an Example of Illiquid 
Currencies 


For example, say we are looking for curves in HUF (Hungarian For- 
int) rates. Then we can use local swaps, that is, HUF3M vs. fixed and 
CCS HUF3M vs. EUR3M. At the same time, we have to consider the 
collateral assumptions behind this. 

We then use vanilla swap HUF3M vs. fixed, quarterly HUF3M (3M 
BUBOR) annually fixed and CCBS EUR3M vs. HUF3M where the EUR 
floating leg is quarterly EUR3M (EURIBOR3M) and HUF floating leg, 
quarterly HUF3M + spread (Tables 21.6 and 21.7). 

When we do simultaneously stripping of the discount curves and 
the projection curves we use the following stripping equation for the 
1Y point: 


Q-5-D4=6,-F,-D,+62-Fo-D2+63-F3-D34+64-F4-D4 
6): (F1 +s) - Di + 62+ (Fo + s) - D2 + 53+ (F3 + s) - D3 + ô4 - (F4 + s) - D4 


_ EURLeg 
— XO 
where 
D; = Discount factors 
F; = HUF3M forwards 
6; = Year fractions 


(O) = Spot EUR/HUF exchange rate 
Q = Quoted 1Y par swap rate 
S = Quoted 1Y EUR3M/HUF3M basis spread 


We also assume that the EUR curves are already stripped (e.g. from 
EONIA swaps and vanilla EUR3M swaps). So the unknowns in the 


Table 21.6 Vanilla swap HUF3M vs. fixed 


Discount curve Projecting curve 
Fixed leg HUF5< curve N/A 
Floating leg HUF5 curve HUF3M curve 


Table 21.7 Cross-currency basis swap EUR3M vs. HUF3M 


Discount curve Projecting curve 


EUR leg EONIA curve EUR3M curve 
HUF leg HUF5< curve HUF3M curve 
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previous formula are only D4 and D4. The intermediate D, and F, Gf 
unknown) are computed via interpolation. This can also be handled 
by a general solver. 

In a practical situation, things might need to be done differently. The 
payment dates of the local vanilla swaps and those of the CCBS might 
be misaligned (due to differing day count conventions), or simply the 
quoted maturities for one set of instruments might be different from 
the quoted maturities for the other set of instruments. Thus perform- 
ing a bootstrap might not be the best solution. Instead, we could use a 
global solver for all quoted instruments simultaneously. This is slower 
but produces more stable results. We could still perform intermediate 
passes using the quotes up to some fixed maturities in order to find 
good initial guesses for the later passes. 

Simultaneous stripping produces two curves, a discount curve 
HUF®® and a projection curve HUF3M. By §construction, using these 
two curves as the discount curve and the projection curve, respect- 
ively, we will price at par both the vanilla swaps HUF3M vs. fixed and 
the CCBS HUF3M vs. EUR3M. 

Now, we might ask how this curve stripping does fit into a general 
model for derivatives pricing. So far we have only considered “linear” 
instruments and defined formally discount factors and forwards. Can 
these be used to price something else but swaps? Is this backed by a 
theory where the curves get back their usual meaning? 

Consider an economy with two currencies: a domestic (Dom) and 
foreign one (For). Assume that collateral can be posted in any of the 
two currencies. The choice of the collateral currency holds for the 
whole lifetime of the derivative G.e. assuming there is no option to 
switch collateral), so the domestic collateral earns foreign collateral 
earnings cf. A pricing theory can be constructed rigorously with the 
help of the following replication argument. 1° 

Denote the price of a collateralized domestic derivative by V. Then, 
in the domestic collateral 


T 
V(t) = E; | exp - f cuas VD|F; 


t 


10 See Piterbarg (2010). 
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In the foreign currency we have 


T 
V(t) = E; | exp -J ca(s) + h(s)ds } - V(T)|F; 


t 


Similarly, a collateralized foreign derivative VÍ is given by 


T 
VO = E exp -| [cp(s) —h(s)] ds} - VDF, 


t 


and 


T 
Vin) = Ef exp - | oas VI(T)F, 


t 


The fact that the spread when computing from the foreign point of 
view is —h follows from the domestic-foreign “parity” condition. If we 
fix the collateral currency and then compute the price of a contin- 
gent claim through foreign or through domestic yields we must get 
the same result in order to exclude arbitrage (see Fig. 21.22). 

This implies that the drift of the FX rate X (in the domestic 
measure E) should be rg, = ca- cp +h. 


Time T 


Domestic Foreign 


Fig. 21.22 Foreign or domestic yields we must give the same result to exclude 
arbitrage 
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Table 21.8 Pricing in classical theory and collateral 


Domesticrate Foreign rate FX rate drift 
Classical theory lg rf 'd-rf 
Domestic collateral Ca Cig = C¢-—h rag = Cg- Cs +h 
Foreign collateral Cop = Ca +h Cy lop = Cg- Cf +h 


Table 21.9 Vanilla swap HUF6M vs. fixed 


Discount curve 


Fixed leg HUF®5¢ curve 
Floating leg HUF®< curve 


Projecting curve 


N/A 
HUF6M curve 


Table 21.10 Tenor basis swap HUF6M vs. HUF3M 


Discount curve 


Fixed leg HUFS< curve 


Projecting curve 


HUF3M curve 
HUF6M curve 


Floating leg HUF@®< curve 


Table 21.11 Cross-currency basis swap EUR3M vs. HUF3M 


Discounting curve Projecting curve 
EUR leg EONIA curve EUR3M curve 
HUF leg HUF“5¢ curve HUF6M curve 


Once the collateral currency has been chosen, pricing under a CSA 
is in some way the same as pricing in the classical theory, as long as 
the appropriate curves are used. 

Hence we have a pricing theory that is consistent and extends the 
formal swap pricing theory based on stripping where the stripping 
produces the initial term structures of the rates, that is, today’s values 
of the curves used for discounting and forwarding. As seen before, 
the choice of the collateral is reflected in the curves that are used for 
discounting. 

A problem will occur if the market does not directly quote 3M 
swaps. If we have quotes for 3M vs. 6M tenor basis swaps then we 
can simultaneously strip three curves (Tables 21.9, 21.10 and 21.11). 


e Local swaps: HUFOM vs. fixed 
e Local TS: HUFOM vs. HUF3M 
e CCS: HUF3M vs. EUR3M 
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In the aftermath of the financial crisis in 2007 and 2008, the market 
has turned towards OIS discounting as the new standard. The G5 cur- 
rencies and a few others have liquid OIS markets which provide the 
quotes from which the OIS curves in those currencies can be stripped. 
But for the other currencies the OIS markets are more often than 
not inexistent or illiquid. This renders it impossible to strip out any 
OIS curve. There is no magical solution, but one can contemplate 
using available cross-currency quotes to infer a number of curves. 
This requires the simultaneous stripping of single-currency and cross- 
currency instruments. The discounting method is intimately tied to the 
choice of the collateral; hence there is a trade-off: not having a curve 
at all vs. using curves based on a different collateral assumptions. 


21.1.10.5 The Future — Standard CSA (SCSA) 


The problem with the aforementioned method is the embedded op- 
tionality in CSA discounting to post collateral in many currencies 
and the choice of instrument to post. This leads to the following 
problems: 


e no price transparency 
e difficult to do unwinding and novation of trades 
e difficult to hedge 


Many market actors believe in using the Standard Credit Support An- 
nex (SCSA), that is, a single-currency CSA. Here one will probably use 
the following: 


e 17 currency silos 


e Emerging currencies will use the multi-currency USD silo. For these 
currencies, we have no domestic OIS market. Therefore, we will 
use a simultaneous calibration of USD-collateralized domestic IRS 
and CIRS. 


This would eliminate the currency switch options and we could use 
standardization on OIS in order to get better alignment with Central 
Clearing Partners. The institutions can make the move from CSA to 
SCSA but not vice versa. The switch to SCSA will not be mandatory. 
A greater collateralization will reduce the counterparty risk but also 
increase the funding costs. 
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21.1.11 General Pricing in the New Environment with 
Funding Value Adjustments 


We will now describe general pricing in the new environment, with 
collateral and funding. Here the FVA can be considered as the differ- 
ence between the PV of the trades between the “real-world” and the 
theoretical CSA: FVA) = PV (real-word CSA) - PV (theoretical CSA). 
This is the cost above the risk-free price to fund the trades in the pres- 
ence of a real-world CSA. We can also consider the FVA as the cost to 
fund the trades above that of the risk-free price 


FVA(t) = PV(including funding costs) — PV(risk-neutral). 


There is still, in 2014, an ongoing debate on how to calculate and 
report the FVA and how to pass this cost to the counterparty. An- 
other unresolved question is whether the FVA should be included in 
MtM prices or just be included in the unrealized profit/loss (P&L). In 
addition, it is not clear what the regulators will decide. 

Market practitioners recognize that collateral has been successfully 
introduced in order to mitigate CVA. However, since collateral affects 
the funding of the trade, it also affects profitability. There is no argu- 
ment that the FVA charge is real, and passed onto traders by funding 
desks. 

In the classical theory we have postulated the existence of a single 
rate r(t) where all tradable assets grow at this rate under a risk-neutral 
measure. The portfolio value v(t) satisfied the standard Black-Scholes 
partial definition equation (PDE) (or term-structure equation) 


Lit)v(t) = rv), 


where LC) is the evolution operator of the model drivers. All payments 
are discounted with the single rate r(t). The modern market on the 
other hand has multiple rates, for example: 


rc the collateral rate (which is almost risk free) 
rr the interest rate for asset secured borrowing (the repo rate) 
rr the interest rate for unsecured funding 


For example, a fully collateralized payment is discounted with rc. 
Now, we will study what happens if the collateralization is only partial 
and how this theory is constructed. The evolution of the aforemen- 
tioned rates is modelled by correlated stochastic processes and the 
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portfolio may consist of general instruments, both vanillas and exot- 
ics, with known future payouts as function of the rates. Furthermore, 
the collateral is a known function of the portfolio value. 

The FVA is defined as the difference between the modern price 
and the base one. The base price is often related to a fully collater- 
alized portfolio. This is the only difference between the modern and 
the base models; the payments/indexes coincide. Only modern price 
is important; the base can be chosen from pragmatically numerical 
reasons. 

Piterbarg!! calculated a modern portfolio value by replication. This 
replication gives a modified pricing PDE (with respect to the classical 
theory) and is a unique way to determine the price. However, at this 
stage, the default risk (of the bank or the counterparty) is not taken 
into account. 

Let V(t) be the portfolio price and C(t) the collateral. The collat- 
eral is a known function of the portfolio (e.g. C(t) = (V(t))*). Then by 
replication we have 


LØVE) = rcC@) + rr(VE) - CH) = rr VE) + CO - rr), 


where LŒ) is the evolution operator corresponding to the rate pro- 
cesses. We also assume that the equity grows with the repo rate rp(t) 
minus dividends. In the right-hand side we divide the portfolio value 
in two parts V = C+ (V - C) where the part under collateral, 
C, is discounted with the collateral rate rc and the residual part, not 
covered by collateral, V — C, is discounted with the funding rate rp. 
One can generalize the theory to different rates for positive/negative 
parts of the collateral and funding (see Pallavicini et. al.). This would 
reflect a distinction between borrowing and lending. 


11 Vladimir Piterbarg (2010), “Funding beyond discounting: collateral agreements and derivat- 
ives pricing”, RISK, Feb. 
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The solution to the PDE between payment/exercise dates is ob- 
tained via the Feynman-Kaé theorem 


T 


Vit) = EÈ | exp t — J rp(s)ds } - VD|F; 


t 
T T 


+E? [oe - [ress (rru) —rc(u)) C(u)dulF; 


t t 
or equivalently 


T 
V(t) = EÈ | exp - | rewas VD|F; 


t 
T T 


+E? ] exp 4 — l re(s)ds ¢ (rcu) — rr(u)) Vu) - C(u)) dul F, 


t t 


The previously mentioned PDE is non-linear (except when collateral is 
a linear function of the price V). We also have some special cases: 
For C = 0 we get a solution for a non-collateralized deal 


T 


V(t) = E£ | exp } — I rp(s)ds ¢ - V(T)|F; 


t 
For C = V we get a solution for the fully collateralized situation 


T 
V(t) = EL exp - f rcas -V(T)|F;, 


t 


Notice here that a fully collateralized security is discounted with the 
collateralized savings account, while the uncollateralized security is 
discounted with the pure funding account. Note that both condi- 
tional expectations are taken with respect to the same measure. Also, 
some conditions must be imposed on the coefficients in the evolution 
operator L(t) in order to avoid explosive solutions. 
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Of course, one can change the pricing measure using, for example, 
the Radon-Nikodym derivative 
M(t) = D(t,T)/Bc(), 
where D(t, T) is a collateralized zero-coupon bond 
T 
D(t, T) = EÈ | exp -J re(s)ds } |F; 
t 


The collateralized deal propagation leads to a standard formula 


T 
Vc(t) = E2 exp - f rewas -Vc(T)|F; 


t 


T 
1 
= M(t). ETC exp - f rewas -VC(T)- un 
t 
= _Btc Vc(T) 
ears Fa m | 


= D(, T) - E": |[VeDIFi] 
However, for the pure funding security, such a change of measure gives 


T 
Vr(t) = EL exp - f roas -Ve(T)|F; 


t 
T 


1 
= M(t)- ETc exp -J rr(s)ds ¢ - VF(T) - mn 


t 


and will not lead to a standard numeraire-deflated form. 


21.1.11.1 Portfolio FVA 


One way to calculate the portfolio FVA can be summarized as follows: 
First, compute future values (exposures) for each instrument in the 
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portfolio using the single-curve model and then aggregate of the in- 
struments at the portfolio (netting set) level and compute the FVA with 
the following approximate formula: 


T t 


FVA(th=E J (reg(t, V(t- r(t)) exp -f rept (s, V(s))ds ¢ - V(t)dt 
0 0 


Here rez(t, V(t) — r(t) is the effective funding spread over the OIS rate 
and V(t) the future exposure (MtM) of the portfolio at time t. The last 
integral represents an effective funding discount factor. The effective 
rate is given by 


reg (t, VO) - Vt) = rcC() + rr(V(t) - CO). 
This gives us the price, including the funding costs as 


T 
Vip) = EL exp -| ref (Ss, V(s)) ds ¢ - VTF; 


t 


The important point to note in the previous formulas is that V(t) is the 
uncollateralized exposure, and not the total exposure of the deriv- 
ative. The average is taken over all possible future paths where both 
the derivative and the collateral change due to market movements. 

Intuitively you can think of the FVA formula as averaging the amount 
of the derivative trade that cannot be funded by the collateral. Also, in 
order to ensure that you will be able to meet your future cash flows, 
you must have access to funding at your external or market funding 
rate, which will typically be higher than the OIS rate prescribed in 
the CSA. 

We now define the effective funding rate as 


ref D = ec) - re) + - Get) - rrO), 


where gc is the fraction of traded value in the collateral account and 
1 - g,the fraction of traded value with credit exposure. With 100% 
collateral øc = 1 and reg the collateral (OIS) rate. With 100% funding 
(c= 0 and reg the funding rate. 
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The effective rate is a path-dependent quantity, due to the collateral 
changing depending on the prevailing rate environment - or if a secur- 
ity is used as collateral - due to the market fluctuations of the collateral 
itself. 

Over the lifetime of the trade, you can calculate the “effective fund- 
ing rate” on each path, which is a weighted average of the collateral 
rate (OIS) and the firm’s market funding rate, weighted by the amount 
inside and outside the collateral account respectively. Again, the in- 
tuition is that the collateral account cannot be 100% relied upon to 
ensure that you could meet all future cash flow obligations, due to 
the imperfect nature of the collateral arrangement with CTD options, 
MTM, thresholds, etc. The amount needed above the amount present 
in the collateral account will have to be funded in the market. This 
effective rate gives the average funding rate taking into account both 
sources of funding. 


21.1.11.2 The Law of One Price 


If a corporate (price-taker) gets bids from a number of banks, he/she 
will certainly get different quotes. These quotes may differ up to 100 
bps or thereabouts. Therefore FVA is a real charge to traders reflect- 
ing their diverse funding costs. Traders are passed this charge from 
their treasury/funding desk. 

Traders will attempt to pass this charge onto the purchaser as an 
upfront fee as a spread over the floating rate. However, this will 
be difficult in competitive markets. The FVA will certainly affect the 
profitability of the trade and all traders must know this charge. 

In the interbank market, where the price is determined by the law 
of supply and demand, the prices on average should not include any 
charge for FVA. 

In 2013, four banks (RBS, Lloyds, Goldman and Barclays) reported 
funding valuation in their financial statements. 


22 


CVA and DVA 


22.1 Credit Value Adjustments and Funding 


For years, a practice in the financial industry has been to mark de- 
rivatives portfolios to market without considering counterparty risk. 
All cash flows were discounted using the LIBOR or another “risk-free” 
curve. However, the true portfolio value must incorporate the possib- 
ility of losses due to counterparty default. This observation has gained 
wider recognition following the high-profile defaults of 2008. The 
credit value adjustment (CVA) is by definition the difference between 
the risk-free portfolio and the true portfolio value which should take 
into account the possibility of counterparty defaults. In other words, 
CVA represents the monetized value of the CCR. 


22.1.1 Definitions of CVA and DVA 


When reporting the fair value of any derivative position, we also 
need to consider counterparty credit risk (CCR). This is done by an 
adjustment to the value, known as CVA. 

A pure definition can be written as 


CVA = Discounted expected exposure x Default probability 
x Loss given default. 


For symmetry reason, we also need to consider the bilateral nature 
of CCR. This means that an institution would calculate a CVA under 
the assumption that they, as well as their counterparty, may default. A 
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defaulting institution “gains” on any outstanding liabilities that cannot 
be paid in full. This component is often referred to as debt value 
adjustment (DVA). 

The justification for using DVA is that a bank could buy back its debt 
cheaply to realize DVA gains, but no firm has actually done this. 


22.1.2 Standard Approach 


To study CVA and DVA we consider the simplest deal we can think of, 
a loan where the premium paid for an amount K at time T is equal to 
the risk-free price minus CVA. This is 


P=e"'K-CVAL, 
where 


CVA, = Efe"? K - lpqpery] =e" K-Olt(B) < T] = eK: i z go"), 


Here, we denote the lender with L. t(B) is time to default for the 
borrower (B), and x (B) the credit default swap (CDS) spread for 
the borrower. Here we used the definition of the default probability 


Ont) > D= E [irg] = aA 
> 
If we have a certain recovery rate R, the previous formula should be 
1- e7 BT 
Qp(t(B) < DE [tæn] = — p 
For the borrower we have 
P =—e”TK + DVAg. 


The present values of all cash flows are given by 


V =e"! K —CVA,—P; 
Vg = -e "TK + DVAp + P. 
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To get an agreement between the borrower and the lender we need 
Vr = Vg. We then have 

2P = 2e"' K — CVA, — DVAg. 
With DVA; = CVAg we get 
P=e”TK et È _ gren] = K . e B)T, 

This is the agreed price between the borrower and the lender. But 
something is missing here. We need to know about the liquidity. 
The lender needs to finance the amount until maturity at a funding 
spread S(L) but the borrower can reduce his funding cost with P. 
The borrower should therefore see a funding benefit, and the lender 
should see that the fair value of the claim reduced by the funding cost. 


Therefore, the effect of this funding cost seems to be missing in the 
earlier formula. 


22.1.3 Approach Including Liquidity 


One method is to introduce DVA as a liquidity cost by adjusting 
the discounting term and introduce the possibility of defaulting on 
the payoff. This means that we need to replace the term e”TK with 
errr: líz(B)>T} and get 


VL=E ieee I(n@=r) | =e peek Ty 1B)>7)] -P 


= e Tr D+ LT .K. e TT -P= eta (Ltn (B)+y (LT .K-P. 
(22.1) 


Here y (L) is the deterministic default intensity for the lender, L 
s(X) = W(X) + y(X); X = {B, L}. 
Similarly, for the borrower B we have 
Vg = -E| 0T. K. emr) +P 


2P a K. I(n@=r)| +P 
-+7 (B)+Y(B))T | g. o ABT y p = e 2r BHyBT . KK 4 p 
(22.2) 


= 
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When comparing this result with the previous section, it is conveni- 
ent to confine ourselves to the simplest situation where the lender is 
default-free with no liquidity spread, while the borrower is defaultable 
with the minimum liquidity spread allowed, the CDS spread. In this 
case we have (s(L) = 0, s(B) = z (B) > 0) and we get 


Vi = etm (BT K E P 


Vg = e VAT BT g + P. 


Here we observe two bizarre aspects. First, even in a situation where 
we have assumed no liquidity spread the two counterparties cannot 
agree on the simplest transaction with default risk. A day-one profit 
should be accounted for by borrowers in all transactions with CVA. 
This contradicts market reality. 

Secondly, the explicit inclusion of the DVA term results in a duplic- 
ation of the funding benefit for the party that assumes the liability. 
Against all evidence the formula implies that the funding benefit is re- 
munerated twice. If this were correct then a consistent accounting 
of liabilities at fair value would require pricing zero-coupon bonds 
by multiplying twice their risk-free present value by their survival 
probabilities. 


22.1.4 How to Make It Right 


To solve this in a right way, we do not calculate the liquidity by the 
adjusted discounting approach as in Equations (22.1) and (22.2). In- 
stead, we generate the liquidity costs and the benefits by modelling 
explicitly the funding strategy. Here we take into account how the 
companies capitalize and discount money with the risk-free rate r, and 
then add or subtract the actual credit and funding costs that arise in 
the deal. 

This allows us to introduce explicitly both credit and liquidity and to 
investigate more precisely, where credit/liquidity gains and losses are 
financially generated. We take into account that the aforementioned 
deal has two legs. 

If we consider the lender, one leg is the deal leg, with net present 
value 


E[-P+e""Tl]. 
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Here II is the payoff at T, including a potential default indicator. The 
other leg is the funding leg with the net present value 


E[+P-e"'F], 


where F is the funding payback at T, including a potential de- 
fault indicator. When there is no default risk or liquidity cost in- 
volved, this funding leg can be overlooked because it has a value of 
E [+P age "P| = Q. In the general case the total net present value is 


Vr =E|-P+e "T+ P-e F] =E[e"(H-F)]. 


Thus, the premium at time 0 cancels out with its funding and we are 
left with the discounting of a total payoff including the deal’s payoff 
and the liquidity payback. An analogous relationship applies for the 
borrower, as will be described later. 

When we continue, we work under the hypothesis that all liquidity 
management happens in the cash market. Then, the funding is made 
by issuing bonds and excess funds are used to reduce or to avoid in- 
creasing the stock of bonds. This is the most natural assumption since 
it is similar to the assumption that banks make in their internal liquid- 
ity management, namely, what the treasury desk assumes in charging 
or rewarding trading desks. 


22.1.4.1 Risky Funding with DVA for the Borrower 


The borrower has a liquidity advantage from receiving the premium P 
at time zero, as it allows him/her to reduce the funding requirement 
by an equivalent amount. The amount P generates a negative cash flow 
at T, when funding must be paid back. This is equal to 


P. eT e(BT i lrB)>T}. 


This future outflow equals P, capitalized at the funding cost, times 
a default indicator. We need to include a default indicator in case of 
default and zero recovery. During default, the borrower does not pay 
back the borrowed funding and there is no outflow. Thus reducing the 
funding by P corresponds to receiving at T a positive amount equal to 


P- eTe®T 1 uwr) = {s(B) = 2(B) + y(B)} 


=P. eTa PTD. 1 sr). (22.3) 
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Thus, the total payoff at Tis 


Peg eet gay. lirB>T} -K> lirB>T} 


Taking discounted expectation, we get 


Vg =e” T p.e" BT eY BI _ oT, g.e BI = p. eY BT _K. e0 BT 


Compared with Equation (22.2), (P — K - e+? ®)+7/(®))T) we have no 
unrealistic double-accounting of default probability. Also notice that 


Vp = 0 > PpaK- eT eT N ey BIT, (22.4) 


where Pz is the breakeven premium for the borrower, in the sense 
that the borrower will find this deal convenient as long as Vg > 0 => 
P > Pg. Compared with Equation (22.2) i.e. the standard DVA with 
liquidity where we observe the double counting 


Vg = 0 > Pg = K- ee Bl ey Br 
As before, assuming 


Pp = K - e B)T 


we may conclude that, in this case, the computation from the standard 
CVA is correct, because it is taking into account the probability of 
default in the valuation of the funding benefit, which removes any 
liquidity advantage for the borrower. 

Equation (22.4) shows what happens when, in addition, there is a 
pure liquidity basis component in the funding cost. On the other 
hand, charging liquidity costs with an adjusted funding spread cannot 
be naturally extended to the case where we want to observe explicitly 
the possibility of default events in our derivatives. 

In writing the payoff for the borrower we have not explicitly con- 
sidered the case in which the deal is interrupted by the default of the 
lender, since we can replace the deal with a new counterparty. This 
keeps Vg independent of the default time of the lender, consistently 
with the reality of bond and deposit markets. 


22 CVA and DVA 613 
22.1.4.2 Risky Funding with CVA for the Lender 


If the lender pays P at time 0, he incurs a liquidity cost. In fact, he 
needs to finance (borrow) P until T. At T, the lender will pay back 
the borrowed money with interest, but only if he has not defaulted. 
Otherwise, he gives back nothing, so the outflow for the lender is 


Pid! ease P ere OF 1 ay ny 


while he receives in the deal K - 1{r(B)>r}. The total payoff at T is 
therefore 


Piglet ey DT . lirD>T} + K - lirB>T} 


Taking discounted expectation we get 


Vi =-P. e TDT (LT oy DT 1 Ter KK 


{t(L)>T} + 


=—-P.eYOT 4 + eB RK, 


{t(L)>T} 
The condition that makes the deal convenient for the lender is 


Vr >= 0s P= PL 


PL=K- et eT BT ozy (DT =K. ertr By DT 


where Pz is the break-even premium. 

It is interesting to note that when the lender computes the value of 
the deal and takes into account all future cash flows as they are seen 
from the counterparties, the valuation does not include a charge to 
the borrower for the component x (L). This term, the cost of funding 
would be associated with his own risk of default. This term is cancelled 
by the fact that funding is not given back in case of default. 

In terms of relative valuation of a deal, this fact about the lender 
is exactly symmetric to the fact that for the borrower, the inclusion 
of the DVA eliminates the liquidity advantage associated with 7 (B). In 
terms of managing cash flows, instead, there is an important differ- 
ence between the parties, which is discussed next. For reaching an 
agreement in the market, we need 


Vz > 0,Vg > 0 
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which implies 
Pr >P>PR S&S 
Ket "BI vOl > ps K. eT e BI yer 


=> 
y (B) = y(L). 


This solves the problem, and shows that, if we only want to guaran- 
tee a positive expected return from the deal, the liquidity cost that 
needs to be charged to the counterparty of an uncollateralized deriv- 
ative transaction is just the liquidity basis, rather than the bond spread 
or the CDS spread. 

This is in line with what actually happened during the liquidity crisis 
in 2007-2009, when the bond-CDS basis exploded. Next we also show 
how the picture changes when we look at the possible realized cash 
flows (as opposed to the expected cash flows). 


22.1.4.3 Positive Recovery 


Now, we study what happens if we relax the assumption of zero 
recovery. The discounted payoff for the borrower is now 


et (P oe e” V ey BT -K) < lftB)>T} 


khpe (P eTe OTOT K) deinen 

=> 

gat (P etl g” BIT oy (B)T -K) . (L - Ltr@)<r}) + Rg ` lr@<7)}) > 

=> 

(P gr pyr -e"'K) -(1-(1-Ra) - 1{2(B)>T})) ; 
where the recovery is a fraction, Rg of the present value of the claims 
at the time of default of the borrower, consistent with standard de- 
rivative documentation. Notice that the borrower acts as a borrower 
both in the deal and in the funding leg, since we represented the latter 


as a reduction of the existing funding of the borrower. By taking the 
expectation at time 0 we obtain 


Ve = (1-(1-Rz)Sp(T))- (P . e” BT oY BIT _ eK) 
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where Sg(T) is the survival probability of B. Using 7 (B) = A(B)(1 — Rp), 
we can apply a first order approximation 


|e 7@T ~ (1 —Rz)- (1 - ey) 
Here A(B) is the deterministic default intensity. Then 


Vg x e TBI (P ; eT OT VOT eTe) = Pp. eV BT _ K. ta BT. 


Rather surprisingly, this is the same formula we found when we were 
studying the risky funding with DVA for the borrower! 

Similar arguments apply to the value of the claim for the lender, 
which acts as a lender in the deal and as a borrower in the funding leg. 
For the lender we have 


V; = -P . eT. Lans? ett (BT K 
is recovered as a first-order approximation of 


Vi =-(1-(1— Rp) SUT)) < P -PT eV OT 4 (1 -1 — Rp)Sp(T)) - EK. 


22.1.4.4 Can DVA Become a Funding Benefit? 


One of the most controversial aspects of DVA concerns the con- 
sequences for the accounting of liabilities on the balance sheet. In 
fact, DVA enables the borrower to condition future liabilities on sur- 
vival and create a benefit on default. However, liabilities are already 
reduced by risk of default in the case of bonds when banks use the 
Jair value option according to international accounting standard, and 
when banks mark the bond liabilities at historical cost. 

So, what is the meaning of DVA? Can we really observe a benefit in 
case of our own default? 

In order to answer this question we need to study what happens if 
the borrower pretends to be default-free, thereby ignoring DVA. 

The borrower can perform valuation for accounting purposes us- 
ing an accounting credit spread 2(B) that may be different from the 
market spread and an accounting liquidity basis y(B) possibly differ- 
ent from the market one, albeit with the constraint that their sum s(B) 
must match the market funding spread. In particular, when the party 
pretends to be default free, we have 2(B) = 0 and y(B) = s(B), and 
there are no more indicators for our own default in the payoffs. 
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Assume that the borrower pretends, for accounting purposes, to 
have zero default risk. The premium P paid by the lender gives the 
borrower a reduction of the funding payback at T corresponding to a 
cash flow P- ee" at T, where there is no default indicator because 
the borrower is treating itself as default-free. 

This cash flow must be compared with the payout of the deal at T, 
which is - K, again without indicator, i.e. without DVA. Thus the total 
payoff at T is 


pigt Oe —K, 
By discounting to time 0 we obtain an accounting value Vg such that 
Vg = P i eS PT -K . ert 


which yields an accounting break-even premium Pg for the borrower 
equal to the break-even in Equation (22.4), 


Pg=K-.- eT eT T oy B)T =K. etr (By (BIT 


where now x (B) and y(B) are those provided in the market. So in this 
case too the borrower B sees a funding benefit that actually takes into 
account its own market risk of default 7 (B), plus an additional liquidity 
basis y (B), thereby matching the premium computed by the lender 
that includes the CVA/DVA term. But now this term is accounted for 
as a funding benefit and not as a benefit coming from the reduction of 
future expected liabilities, thanks to the risk of default. 

This shows how the DVA term can be implemented. When a bank 
enters a deal in a borrower position, it is making funding for an amount 
as large as the premium. If this premium is used to reduce existing 
funding which is equally or more expensive, which in our setting 
means buying bonds or avoiding some issuance that would be neces- 
sary otherwise, this provides a real financial benefit that is enjoyed in 
the case of survival by a reduction of the payments at maturity. A bank 
can buy back its own bonds, which is like ‘selling protection on itself’ 
fully funded. When a sale of protection is funded, there is no counter- 
party risk and therefore no limit to whom can sell protection, which is 
different from the case of an unfunded CDS. In fact buying their own 
bonds is a standard and important activity of banks. The reduction is 
given by the difference in P - e’7e" K. 
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If the quantity of outstanding bonds is sufficiently high to allow the 
implementation of such a strategy, we have shown how the DVA term 
can be seen not as a default benefit, but rather a natural component 
of fair value whenever fair value mark-to-market takes into account 
counterparty risk and funding costs. 


22.1.4.5 The Accounting View for the Lender 


The previous results show that the borrower’s valuation does not 
change if he considers himself default free by using an accounting 
credit spread 7(B) = 0 and treating all the funding cost s(B) he sees 
in the market as a pure liquidity spread y(B) = s(B). Do we have a 
similar property also for the lender? Not at all. 

If the lender computes the break-even premium using an accounting 
credit spread z(L) and an accounting liquidity spread y(L) = s(L) - 
x (L) different from those provided by the market, he gets a different 
breakeven premium, because 


Py = Ke BH OT, 


Thus, the breakeven premium and the agreement that will be reached 
in the market depend crucially on y(L). In Fig. 22.1, for a sample 
deal, we show how Pzr varies when, holding s(L) fixed, we vary 
K(L) = y(L)/s(L), which we call the liquidity ratio of the lender. This 


Lender 
Liquidity ratio 


Borrower Liquidity ratio 


Fig. 22.1 Break-even premium for L, P, as a function of the liquidity cost 
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is not the only difference between the situation for the borrower and 
the lender. Notice that the borrower’s net payout at maturity T is given 
by 

PFO aT) =K liT] 
and is non-negative in all states of the world if provided we keep 
P > Pz, although the latter condition was designed only in order to 
guarantee that the expected payout is non-negative. For the lender 
instead the payout at maturity is given by 

=P. eO ODT. 1r) +K- lirt} 
The condition Vz > 0 does not imply the non-negativity of the earlier 
expression. In particular, we can have a negative carry even if we 
assume that both counterparties will survive until maturity. 

Figure 22.1 shows break-even premium for the lender Pz as a func- 
tion of the liquidity cost ratios «(L) and k(B) when s(L) = 005, 
s(B) = 01, T = 20, K = 100, r = 002. The xyplane crosses the z-axis 
at the break-even premium for the borrower Pg. A deal is possible 
only in the blue region. 

If we want to guarantee a non-negative carry at least when nobody 
defaults we need z(L) < z(B). Otherwise, the lender is exposed to 
liquidity shortages and a negative carry even if the deal is convenient 
for him. Liquidity shortages when no one defaults can be excluded by 
imposing for each deal z(L) < z(B), or, with a solution working for 
whatever deal with whatever counterparty, by working as if the lender 
were default-free. Only if the lender pretends for accounting purposes 
to be default-free will the condition for the convenience of the deal 
based on expected cash flows be 


P<K. e THTT — K. gtr B)+y (L+ (LT 


This clearly implies that 


=P. ettr L +y DT s lO>T} +K. lir(B)>T}- 


should be non-negative. On the other hand, the lender’s assumption 
to be default-free makes a market agreement more difficult, since 


K. ert (B)+y (BT <P<K. eta B)+y DLT 
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implies 
y(B) = y(L)+x(L) 


rather than y(B) > y(L). Under this assumption, uncollateralized pay- 
offs should be discounted at the full funding cost also in our simple 
setting. Let us consider a bank X that pretends to be default-free and 
thus works under the assumption «(B) = «(X) = 1 when the bank X 
is a net borrower and «(L) = «(X) = 1 when X is in a lender position. 
When the bank is in the borrower position, we have 


Pg = Px = Keg VO", 


When it is in a lender position with respect to a counterparty the 
breakeven premium will be given by 


Pr, = K . er ts)T = Pp = Py. 


and the discounting at the funding rate r + s(X) is recovered for both 
positive and negative exposures. 


22.1.5 Final Conclusions 


The previous discussion showed how a consistent framework for the 
joint pricing of liquidity costs and counterparty risk can be formulated. 
This was accomplished by explicitly modelling the funding com- 
ponents of a simplified derivative where both counterparties might 
default. We saw how bilateral counterparty risk adjustments (CVA and 
DVA) could be combined with liquidity/funding costs without any 
unrealistic double counting effects. 

We also found that DVA has a meaningful representation in terms of 
funding benefit for the borrower, so that a bank can take into account 
DVA and find an agreement with lenders computing CVA even when it 
neglects its own probability of default. On the other hand, the lender’s 
cost of funding includes a component that is associated with his own 
risk of default, but this component cancels out with his default prob- 
ability, so that only his liquidity spread (or equivalently his bond-CDS 
basis) contributes as a net funding cost to the value of the transaction. 

We also discussed how the situations of the borrower and the lender 
were different; in particular, the lender could have negative carry upon 
no default even if the value of the deal was positive for him. 
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Thus, while the debate appears to be focused on the impact of ac- 
counting choices on the valuation of liabilities, the previous discussion 
illustrated that it is rather on the valuation of assets that such choices 
make a difference. 


23 


Market Models 


23.1 The LIBOR Market Model 


One of the general disadvantages of short rate and HJM models is that 
they focus on unobservable instantaneous interest rates. The so-called 
market models, that was developed in the late 90’s! tries to overcome 
this problem by instead modelling observable market rates such as 
LIBOR and swap rates. These models can be calibrated to the market 
and have gained a widespread acceptance from practitioners. 

The first market models were developed in the HJM framework 
where the dynamics of instantaneous forward rates are used to determ- 
ine the dynamics of zero-coupon bonds. The dynamics of zero coupon 
bond prices were then used to determine the dynamics of LIBOR. Mar- 
ket models are therefore not inconsistent with HJM models discussed 
in Chapter 16. 


23.1.1 Introduction 


The term structure models studied in the previous chapters have 
involved assumptions about the evolution in one or more continu- 
ously compounded interest rates, either the short rate r(t) or, as in 
the Heath-Jarrow-Morton (HJM) framework, the instantaneous forward 
rates f(t, T). One drawback of these models is that they are expressed 


1 See Miltersen, Sandmann and Sondermann (1997), Brace, Gatarek and Musiela (1997), 
Jamshidian (1997) and Musiela and Rutkowski (1997). 
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in terms of interest rates that are not directly observed in the mar- 
ket. Another disadvantage in HJM is that all model parameters must 
be recalibrated at each point in time; there is no mechanism for se- 
quential updating. Also it is difficult to calibrate the model to actively 
traded prices in the market. However, many securities traded in money 
markets (e.g. caps, floors, swaps and swaptions) depend on discretely 
compounded interest rates such as spot LIBOR rates L(t, t + 5), forward 
LIBOR rates L(t, T, T + 5), spot swap rates lswap(t, ô) and forward swap 
rates Lswap(t, T, ô). For the pricing of these securities it seems more 
appropriate to apply models that are based on assumptions about the 
LIBOR rates directly or spot and forward swap rates. 

We use the term market models for models based on assumptions 
about discretely compounded interest rates. Market models take the 
currently observed term structure of interest rates as a given and 
are therefore to be classified as relative pricing or pure no-arbitrage 
models. Consequently, they offer no insights into the determination 
of the current interest rates. LIBOR market models (LMM) are based 
on assumptions about the evolution of forward LIBOR rates. Similarly, 
swap market models are based on assumptions about the evolution 
of forward swap rates. By construction, market models are not suit- 
able for the pricing of futures and options on government bonds and 
similar contracts that do not depend on money market interest rates. 

In the recent literature various market models have been developed, 
but most attention has been given to the so-called lognormal LMM. 
In such models the volatilities of a relevant selection of the for- 
ward LIBOR rates are assumed to be proportional to the level of 
the forward rate so that the distribution of the future forward LIBOR 
rates is lognormal. Lognormally distributed continuously compounded 
interest rates have unpleasant consequences, but Sandmann and Son- 
dermann (1997) showed that models with lognormally distributed, 
discretely compounded rates are not subject to the same problems. 
Later, we will demonstrate that a lognormal assumption on the dis- 
tribution of forward LIBOR rates implies that pricing formulas for 
caps and floors identical to Black’s pricing formulas can be derived. 
Hence, the lognormal market models provide some support for the 
widespread use of Black’s formula for fixed income securities. 

We have to be aware that lognormal models can’t handle negative 
rates. So we here suppose we have a market situation with strictly 
positive interest rates. 
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23.1.2 General LIBOR Market Models 


In this section we will introduce a general LMM, also referred to as 
the BGM/J model (Brace, Gatarek, Musiela and Jamshidian), describe 
some of the model’s basic properties, and discuss how derivative 
securities can be priced within the framework of the model. 


23.1.2.1 Model Description 


As was described in Section 4.1.14, a cap is a contract that protects 
a floating rate borrower against paying an interest rate higher than 
some given rate K, the so-called cap rate. We let T1, ..., Tn denote the 
payment dates and assume that 7; — 7j_; = ô for all i. In addition we 
define To = Tı — ô. At each time T;(i = 1,...,”) the cap gives a payoff 
of 


Ci(T;) = Nê max{L(T;, T;—-5)—K, 0} = Nô max{L(T;—6, T;—6, T;)—K, 0}, 


where N is the face value of the cap. A cap can be considered as a 
portfolio of caplets, namely one caplet for each payment date with 
payoffs described by the previous formula. 

The definition of the forward martingale measure in Chapter 17 
implies that the value of the aformentioned payoff can be found as 
the product of the expected payoff computed under the 7;-forward 
martingale measure and p(t, T;) the current discount factor for time T; 
payments, that is, 


Ci) = Nép(t, T)E2 [max{L(T;- 8, T;-8, T) -K, 0}]; t < T;-6. 


The price of a cap can therefore be determined as the sum of the value 
of the caplets 


n g'i 
C(t) =N8)_ plt, TEP [max{LT;-ô, Ti- ô, T)-K, 0}]; t< To. 
i=1 


For t > To the first-coming payment of the cap is known so that its 
present value is obtained by multiplication by the risk-less discount 
factor, while the remaining payoffs are valued as the previous one. 
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The price of the corresponding floor is 


n 
Ti 
F() = Nb) plt, TEP [max{K-LT;- ô, Ti- ô, Ti), 0}]; t< To. 
i=1 


In order to compute the cap price, we need to know of the distri- 
bution of L(Ti — ô, T; — ô, Ti) under the T;-forward martingale measure 
Q" for each i = 1,...,n. For this purpose it is natural to model the 
evolution of L(t, T; — ô, T;) under Q” . The following argument shows 
that under the Q" probability measure the drift rate of L(t, T; — ô, T;) is 
zero, that is, L(t, T;—ô, Ti) isa Q" martingale. The simple compounded 
forward rate at time t spanning the future period [T1, T2], L(t, T1, T2) is 
defined by 


pit, Tr) _ 1 


We rewrite this as 


1 t, T;-—6 
LG, t-A T= e a i 
ô \ p(t, Ti) 


where ô = T - Tı. The following diagram illustrates a set of forward 
rates spanning the set of dates T; 


Discount Bond as Numeraire 


Under the T;-forward martingale measure Q" the ratio between the 
price of any asset and the numeraire, that is, the zero-coupon bond 
price p(t, T;) is a martingale. In particular, the ratio p(t, Ti — ô)/p(t, Ti) 
is a Q” martingale so its expected change over any time interval is 
equal to zero under the Q” measure. From the previous formula it 
follows that the expected change (over any time interval) in the peri- 
odically compounded forward rate L(t, T;ô, Ti) also is zero under Q" . 
We summarize the result in the following theorem 
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Theorem 23.1. The forward rate L(t, T; — 6, Tj) is a Q" martingale. 


Consequently, a LMM is fully specified by the number of factors (i.e. 
the number of standard Brownian motions) that influence the forward 
rates and the forward rate volatility functions. For simplicity, we focus 
on the one-factor models 


dL(t, T;—ô, Ti) = B (t, T;— ô, Ti, L(t, Tj, Dlr >) dz(t, Ti), i= 1 ree A, 


where z(t, Ti) is a one-dimensional standard Brownian motion under 
the 7)-forward martingale measure Q. The fourth argument in the 
volatility function 6 indicates that the volatility at time t can depend on 
the current values of all the modelled forward rates. In the lognormal 
LMMs we will study later, one assumes that volatility of each forward 
rate is proportional to the current level of the same forward rate 


B (t, Ti- ô, Ti, L(t, Tj, 5)\r>1) = yt, Ti- 8, T)LG, Ti - 4, Ti) 


for some deterministic function y. However, for now we continue to 
discuss the more general specification. We see from the general cap 
pricing formula that the cap price also depends on the current dis- 
count factors p(t, T1), p(t, T2),...,p(t, Tn). These discount factors can 
be determined by p(t, To), and the current values of the modelled for- 
ward rates (i.e. L(t, To, T1), L(t, T1, T2)),..., L(t, Ty_-1, T,),. Similar to the 
HJM model, the LMMs take the currently observable values of these 
rates as given. 


23.1.2.2 The Dynamics of All Forward Rates Under the 
Same Probability Measure 


The basic specification of the LMM involves n different forward mar- 
tingale measures. In order to better understand the model and to 
simplify the computation of some derivative prices we will describe 
the evolution of the relevant forward rates under a common probabil- 
ity measure. As discussed below, Monte Carlo simulation is often used 
to compute prices of certain derivatives in LMMs. It is much simpler to 
simulate the evolution of the forward rates under a common probabil- 
ity measure than to simulate the evolution of each forward rate under 
a different martingale measure associated with the respective forward 
rate. One possibility is to choose one of the n different forward mar- 
tingale measures used in the assumption of the model. Note that the 


626 J.R.M. Roman 


T;-forward martingale measure only makes sense up to time 7;. There- 
fore, it is appropriate to use the forward martingale measure associated 
with the last payment date (i.e. the 7,,-forward martingale measure 
QT”), since this measure applies to the entire relevant time period. 
In this context Q7” is sometimes referred to as the terminal meas- 
ure. Another obvious candidate for the common probability measure 
is the spot martingale measure. Let us look at these two alternatives 
in more detail. 


23.1.2.3 The Terminal Probability Measure 


We wish to describe the evolution of all modelled forward rates un- 
der a common probability measure - here the 7,,-forward martingale 
measure. For that purpose we shall apply the following theorem 
that outlines how to shift between the different forward martingale 


measures of the LMM. 
Theorem 23.2. Assume that the evolution in the LIBOR forward 
rates L(t, Ti- ô, Ti) fori =1,...,n, where T; = Ti- + ô, is given by 


dL(t,T; -8,T;) = P (t, Ti— 5, Ti, L(t, Tj, Ò)r;>1) det, T), i=1...,n. 
Then the processes z(Ti — 5) and z(T;) are related as follows: 


14+ d6L¢, Ti— ô, Ti) 


dt. 


dz(t, Ti) = dz(t, Ti — ô) + 
Using this repeatedly, we get that 


wL 56 (t, Tj, Tii, L(t, Tj, ÒlT;>1) 


dz(t, Tn) = dz(t, Ti) + 2 1+ ôL(t, Tj, Tj) 7 


Consequently, for each i = 1,...,n, we can write the dynamics of 
L(t, T; — ô, T;) under the Q7"-measure as 


= 6B (t, T;, Tj+1, L(t, Tj, 5)|7,>1) 


dz(t, Tn) - 
ere 3 1+ SL, T; Tai) 


dt |, 
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E y 5B (t, Ti- ô, T;, L(t, Tk, 5)|7,>1) B (t, T}, Tj+1, L(t, Tk, 5)|7,>1) 


= dt 


j=i 
+ B(t, Ti—ô, Ti, L(t, Tr, ©lT >t) dz(t, Ty). 


Note that the drift may involve some or all of the other mod- 
elled forward rates. Therefore, the vector of all the forward rates 
(L(t, To, T1), ..., L(t, Ta-1, Th)) will follow an n-dimensional diffusion 
process so that an LMM can be represented as an n-factor diffusion 
model. Security prices are hence solutions to a partial differential 
equation (PDE), but in typical applications the dimension n (.e. the 
number of forward rates) is so big that neither explicit nor numer- 
ical solution of the PDE is feasible. For example, in order to price 
caps, floors, and swaptions that depend on 3-month interest rates and 
have maturities of up to 10 years, one must model 40 forward rates so 
that the model is a 40-factor diffusion model! However, Andersen and 
Andreasen (2000) introduce a trick that may reduce the computational 
complexity considerably. 

Next, let us consider an asset with a single payoff at some point 
in time T € [7 ,7,]. The payoff N(T) may in general depend on the 
value of all the modelled forward rates at and before time T. Let V(t) 
denote the value of this asset at time ¢ (measured in monetary units, 
e.g. dollars). From the definition of the 7,,-forward martingale measure 
QT it follows that 

F| . 


In particular, if T is one of the time points of the tenor structure, say 
T = Tk, we get 
r| | 


N(T) 


V(t) = p(t, Tr EL” ee ae 
(t) = p(t, Tn) | T) 


N(Tx) 
p(Tk, Tn) 


V(t) = plt, Tr) E2" | 


From 


1 t, T;=ô 
L(t, T;—ô, Ti) = E au) 1). 
ô \ p(t, Ti) 
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we have that 


1  p(Tk, Tk) PT, Tka) Pk, Tna) 
P(Tks Tn) — Pes Th+1) P(Tks Tra2) °° p(Tks Tn) 
= [L + dL(T,, Tk, Tis) + ôL(Tk, Teri, Tk+2)] --. [1 + S(T, Tn-1, Tn)] 
n-1 
= | [E +6L%, Tj, Tal 
j=k 


so that the price can be rewritten as 


n-1 


VQ) = p(t, TES” | NT) [ [L + 8LT Tj, Tix) Fi 
jk 


The right-hand side may be approximated using Monte Carlo simula- 
tions in which the evolution of the forward rates under Q7” is used, as 
outlined earlier. If the security matures at time T,, the price expression 
is simpler 


V(t) = plt, TEL” INT pF. 


In that case it suffices to simulate the evolution of the forward rates 
that determine the payoff of the security. 


The Spot LIBOR Martingale Measure 


The spot martingale measure Q, which we defined before, is associated 
with the use of a bank account earning the continuously compounded 
short rate as the numeraire. However, the LMM does not at all involve 
the short rate so the traditional spot martingale measure does not make 
sense in this context. The LIBOR market counterpart is a roll over 
strategy in the shortest zero-coupon bonds. To be more precise, the 
strategy is initiated at time Tọ by an investment of one dollar in the 
zero-coupon bond maturing at time 7), which allows for the purchase 
of 1/p(To, T1) units of the bond. At time Tı the payoff of 1/p(To, Tı) 
dollars is invested in the zero-coupon bond maturing at time T>, etc. 
Let us define 


I(t) = minți € {1,2,...,n} :T; > t} 


so that Ty denotes the next payment date after time t. In particular, 
I(T;) = i so that Tyr) = T;. At any time t > To the strategy consists of 
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holding 
E l l 
P(To, T) pTi, T2) plio, Tio) 


units of the zero-coupon bond maturing at time Tr. The value of this 
position is 


M(t) 


(t)-1 


A*(t) = p(t, Tr) MO = pt Tro) | | 
j=0 


1 
p(T;, Tj+1) 
I(t)-1 


= ptt, Tio) | | (1+ 8L(7;, Tj, Tj), 
j=0 


where the last equality follows from 


ie =8 T= (? ah 1). 


Since A*(f) is positive, it is a valid numeraire. The corresponding mar- 
tingale measure is called the spot LIBOR martingale measure and 
is denoted by Q* . 

Let us look at a security with a single payment at a time T € [To, Ty]. 
The payoff N(T) may depend on the values of all the modelled forward 
rates at and before time T. Let us by V(t) denote the dollar value of 
this asset at time ¢. From the definition of the spot LIBOR martingale 
measure Q* it follows that 


VO _ po" E fi 


A*(t) _ A*(T)|" | 
and hence 
TA 
-F2 
Vit) =E Fame 


From the calculation 


I(t)-1 
[I [1+ 6L(7;, 7;, T1) 
A*(t) _ p(t, Ty) j0 ae 
ANT): p(T, tian 
I [1 + 6L(7j, Tj, Tj+1)] 
J= 
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I(T)-1 
[| O+ 8T, Ti, Tor 
Jal) 


_ ptt, Tio) 
p(T, Tin) 


we get that the price can be rewritten as 


I(T)-1 


[|] [+ 8L; Ti, TaD 
JIO 


N(T) 


V(t) = plt, Tq )EZ | ————~ 
"i p(T, Tin) 


Fi 


In particular, if T is one of the dates in the tenor structure, say T = Tx, 
we get 


I(T)-1 
V(t) = pt, TE” | NT) || + 8L0j, Tj, TdT! 
JIO 


F, 


since I(Tx) = k and p(Tk, Tiero) = p(Tk, Tk) = 1. 

In order to compute (typically by simulation) the expected value 
on the right-hand side, we need to know the evolution of the forward 
rates L(t, Tj, Tj+1) under the spot LIBOR martingale measure O* . It can 
be shown that the process z* defined by 


dz*(t) =d" H- [o-a] 


is a standard Brownian motion under the probability measure Q*. As 
usual, o7 (t) denotes the volatility of the zero-coupon bond maturing 
at time T. Repeated use of the previous theorem yields 


i-1 
ôB (t, T;, T1, L(t, Tk, ô 
oO) -oA = ‘D 88 (t, Ti, Tint, LG Te Dlr) 


so that 


i-l 
ôB (t, Ti, Tai, L(t, Tk, OIT, 
dz*(t) = dat, T)- > B (t Tj, Tit, LO, Te, Òr) PA 


j=KÀ 1 + ôL(t, Tj, Tj+1) 


Substituting this relation into 


dL(t, T; - 8, T) = B (t, Ti— ô, Ti, L(t, Tj, 5i7>1) dat, T), i= 1...,n. 
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we can rewrite the dynamics of the forward rates under the spot 
LIBOR martingale measure as 


dL(t, Tj -— 8, T) = P (t, Ti— ô, Ti, L(t, Tr, &lr >) dz(t, Ti) 


= B (t, Ti— ô, Ti; L(t, Tk, 8)|r,>1) 
i-l 
OB (t, Ti, Tia, L(t, Ty, VT, 
x dz*(t) > B ( ptt ( k r>) 


dt |, 


HIO 


3 5B (t, T;— ô, Tj, Lit, Tk, Dlr >) B (t, T;, Tj+1, L(t, Tk, 5)|r,>1) 


dt 


JIO 
+£ (t, Ti—ô, Ti, L(t, Tr, 5)|7,>1) az*(. 


Note that the drift in the forward rates under the spot LIBOR martin- 
gale measure follows from the specification of the volatility function 6 
and the current forward rates. The relation between the drift and the 
volatility is the market model counterpart to the drift restriction of the 
HJM models. 


23.1.2.4 Consistent Pricing 


As indicated earlier, the model can be used for the pricing of all se- 
curities that only have payment dates in the set {7}, T2,..., Tn}, and 
where the size of the payment only depends on the modelled forward 
rates and no other random variables. This is true for caps and floors 
on 6-period interest rates of different maturities where the price can 
be computed as before. The model can also be used for the pricing of 
swaptions that expire on one of the dates To, 7),..., Tn-1, and where 
the underlying swap has payment dates in the set {T;,..., Tn} and is 
based on the 6-period interest rate. For European swaptions the price 
can be written as 

\(T)-1 

V(t) = pt, TOE | NT) [| (+ 8L, Tj, TDF 

JIO 
For Bermuda swaptions that can be exercised at a subset of the swap 
payment dates {T1,..., Tn}, one must maximize the right-hand side 
over all feasible exercise strategies. See Andersen (2000) for details 
and a description of a relatively simple Monte Carlo-based method for 
the approximation of Bermuda swaption prices. 


632 J.R.M. Roman 


The LMM is built on assumptions about the forward rates over the 
time intervals [To, T1], [T1, T2], . . -, [Tn-1, Ta]. However, these forward 
rates determine the forward rates for periods that are obtained by con- 
necting succeeding intervals. For example, the forward rate over the 
period [To, 72] is uniquely determined by the forward rates for the 
periods [Tọ, Tı] and [T1, T2] since 


p(t, To) 1) 8 (£ To) p(t, T1) 1) 
p(t, T2) T2- To \p(t, Ti) p(t, T2) ' 


= sill + 6L(t, To, TILL + 6L0, Ti, T2)]- 1), 


1 
L(t, To, T2) = 
(t, To, T2) zrl 


where 6 = Tı -To = T2 - T; as usual. Therefore, the distributions of the 
forward rates L(t, To, T1) and L(t, T1, T2) implied by the LMM determ- 
ine the distribution of the forward rate L(t, To, T2). A LMM based on 
3-month interest rates can hence also be used for the pricing of con- 
tracts that depend on 6-month interest rates, as long as the payment 
dates for these contracts are in the set {7o, T1, ..., Tn}. More generally, 
in the construction of a model, one is only allowed to make exogenous 
assumptions about the evolution of forward rates for non-overlapping 
periods. 


23.1.3 The Lognormal LIBOR Market Model 
23.1.3.1 Black’s Model 


The standard model for valuing OTC interest rate options, caps, floors 
and European swaptions is the Black model. The Black model is used 
by traders in the market to price these derivatives, and as will be 
seen later on, the analytical Black formulas will play a key role when 
calibrating the LMM. 

The basic assumptions under the Black model are the following: 


e The underlying forward rate or swap rate is a lognormally distrib- 
uted stochastic variable. 


e The volatility of the underlying is constant. 
e Prices are arbitrage free. 


e There is continuous trading in all instruments. 
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In Black’s world we denote the forward/futures price with expiry T 
on an underlying with expiry T* as ®(T, T*). The price is lognormally 
distributed with standard deviation o yT — t. It is further assumed that 


on expiry, the expected futures price is equal to the current futures 
price 


ELIOT, T*)|F;] = D, T*). 
For a European call option in Black’s model we have 
Ci =e" [@(t, T*) -N (di [t, O(t, T*)]) -K -N (a [t, OC, T*)])}, 
where 


q, - MOOG TYK) - (07/2)(T-t) _ 


2 di —ovT -t. 


ONT -t 


23.1.3.2 Bond Options 
The unique no-arbitrage value at time t of a forward contract with de- 


livery at time T of a zero-coupon bond maturing at time S at delivery 
price K is given by 


VG, T, $) = pt, S)-K - pt, T). 
The unique no-arbitrage forward price on the zero-coupon bond is 


p(t, S) 


F(t, T, S) = . 
“ j p(t, T) 


Next, we consider a forward contract on a coupon bond where we 
assumed to yield payments at Ti < T2 < ... < Tn in time where 
T < T,. We denote the coupon payments as c;,i = 1,2,...,n. At time t 
the value of the bond is therefore given by 


PO = $ cip(t, Ti). 


Ti>t 
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Let V?"(t, T) denote the time ż value of this forward contract. Then we 
have a no-arbitrage value if the forward given by 


VP", T) = Dept, T)-K- pt, T)=PQ- $, ciplt, T) -K - pt, T). 


Tj>t t<T;<T 


The no-arbitrage forward price is given by 


> r>rcip(t, Ti) _fO= Vrer<replt, Ti) 
= eral 1): 


T;>T 


F?”(t, T) = 


Consider between time ¢ and delivery time T, the two portfolios. 


1. A forward contract, K zero-coupon bonds maturing at T and for 
each T; with t < T; < T, ci zero-coupon bonds maturing at T; 


2. The underlying coupon bond. 
These portfolios have exactly the same payments. At time T, the first 


portfolio equals P(T) — K + K = P(T), which is identical to the value of 
the second portfolio. Therefore the absence of arbitrage implies 


VPG, T)+K -p T)+ Ý cipt, Ti) = PO. 
t<T;<T 


The expected payoff of the forward contract is then given by 


E? [max(p(T) — K, 0) | Fi] = F?” (t, T) -N (di [t, F?"t, T]) 
-K -N (dz [t, F?"(t, T)]) 


where 


In(F?"(t, T/K) — (0 2/2)(T -t 
gam (t, T) E )( leg eal Poa. 
(on —t 


If we multiply the expected payoff with the relevant discount factor 
(e.g. the zero-coupon bond price p(t, T)), we get Black’s formula for 
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a European call option on a bond 


CPG, T, K) = p(T) pa T) -N (d1 [t, F?” (t, T)) | 


=K - N (dz [t, F?” (t, T))) 


=|P©- X cipt, Ti) |N (di [t F"E, T]) 
t<T;<T 
-K - p(t, TN (dz |t, F", T)]). 


Similarly, for a put option we have 


P®”(t, T, K) = K - p(t, T)N (-dz |t, F?"(t, T)]) 


-| P©- Yo cipt, Ti) |N (~a: [t, FP"). 


t<T;<T 


23.1.3.3 Caps and Floors 
For a caplet, with a payoff given by 

7, = Nå max{L(T;, T; - 8) - K, 0} 
we obtain the Black’s price as 


LOT- DN (E Ut, L(t, T;-8, T)I) 


C (t) = Nôp(t, Ti) i -K-N (diit, L(t, Ti— ô, Til) 


where t < T; < 6 and 


ML, T;- 8, TD/K)- (0?2)\(T;-8-®) 
d} = L =d iV T; —6 -t. 
2 a e 


We have assumed that the forward rates F(t, T; — ô, T;) in a risk-free 
world follow the process 


dL(t, T; - ô, T;) = o; L(t, Ti— ô, T;)dV(t). 
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The price of the cap and the floor is given by 


CA = NBD pt, T) 


L T;— 8, TON (di [t, LG, T;— 5, T) 
i=l 


F(t) = N68) pt, T) 


i=l 


K - N (-di [t, L(t, T; - 8, T;)]) 
-L(t, T; — 8, Ti) - N (-di [t, L(t, 7; - 8, TDI) | 


23.1.3.4 LMM Model Description 


The traditional derivation of Black’s formula is based on some inappro- 
priate assumptions. 

First, the assumed lognormality of bond prices and interest rates 
is doubtful. For several reasons the price of a bond cannot follow 
a geometric Brownian motion throughout its life. We know that the 
price converges to the terminal payment of the bond as the maturity 
date approaches. Furthermore, the bond price is limited from above 
by the sum of the future bond payments under the appropriate as- 
sumption that all forward rates are non-negative. When the bond price 
approaches its upper limit or the maturity date approaches, the volatil- 
ity of the bond price has to go to zero. The volatility of the bond price 
will therefore depend on both the level of the price and the time to ma- 
turity. The lognormality assumption can at most be a locally relevant 
approximation to the true distribution. In addition, the forward price 
and the futures price on a bond are not necessarily equal when the 
interest rate uncertainty is taken into account. It is less clear whether 
it is reasonable to assume that future interest rates are lognormally dis- 
tributed, and that the expected changes in the forward rates and the 
forward swap rates are zero in a risk-neutral world. 

Second, the multiplication of the current discount factor and the 
risk-neutral expectation of the payoff do not lead to the correct 
price. In fact, this is true only if we take the expectation under the 
appropriate forward martingale measure instead of the risk-neutral 
measure. 

Third, simultaneous applications of Black’s formula to different de- 
rivative securities are mutually inconsistent. If, for example, we apply 
Black’s formula to the pricing of a European option on zero-coupon 
bond, we must assume that the price of the zero-coupon bond is 


23 Market Models 637 


lognormally distributed. If we also apply Black’s formula for the pri- 
cing of a European option on a coupon bond, we must assume that the 
price of the coupon bond is lognormally distributed. Since the price of 
the coupon bond is a weighted average of the prices of zero-coupon 
bonds and a sum of lognormally distributed random variables is not 
lognormally distributed, these assumptions are inconsistent. Similarly, 
the swap rate is a linear combination of forward rates. When Black’s 
formula is applied for the pricing of caplets, it is implicitly assumed 
that the relevant forward rates are lognormally distributed. Then the 
swap rate will not be lognormally distributed, so that it is inconsistent 
to use Black’s formula for swaptions also. Furthermore, lognormality 
assumptions for both interest rates and bond prices are inconsistent. 

Several research papers suggest other models for bond option pri- 
cing that are also based on specific assumptions on the evolution of 
the price of the underlying bond. The most prominent examples are 
Ball and Torous (1983) and Schaefer and Schwartz (1987). A critical 
analysis of such models can be seen in Rady and Sandmann (1994). A 
problem in applying these models is that the assumptions about the 
price dynamics for different bonds may be inconsistent, and hence 
the option pricing formula obtained in the model will only be valid for 
options on one particular bond. 

To ensure consistent pricing of different fixed income securities 
we must model the evolution of the entire term structure of interest 
rates. In many of the consistent term structure models we shall 
discuss in the following sections, we will obtain relatively simple 
and internally consistent pricing formulas for many of the popular 
fixed income securities. As we shall see in this section, it is in fact 
possible to construct consistent term structure models in which 
Black’s formula is the correct pricing formula for some securities, but, 
even in those models, applications of Black’s formula for different 
classes of securities are inconsistent. 

The lognormal LMM provides a more reasonable framework in 
which the Black cap formula is valid. The model was originally de- 
veloped by Miltersen, Sandmann, and Sondermann (1997), while 
Brace, Gatarek, and Musiela (1997) sorted out some technical details 
and introduced an explicit, but approximate, expression for the prices 
of European swaptions in the lognormal LMM. Whereas Miltersen, 
Sandmann, and Sondermann derive the cap price formula using PDEs, 
we will follow the approach taken by Brace, Gatarek, and Musiela and 
use the forward martingale measure technique, since this simplifies 
the analysis considerably. 
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In the development of Black’s cap pricing formula, we assumed 
among other things that the forward rate L(t, T; — ô, Ti) was a martin- 
gale under the spot martingale measure Q and that the future value 
L(T; — ô, Ti — 6, Ti) was lognormally distributed under Q. However, as 
was seen in the previous theorem this forward rate is a martingale un- 
der the 7;-forward martingale measure Q7 and will therefore not be 
a martingale under the Q-measure. (Remember: an equivalent change 
of measure corresponds to changing the drift rate.) Looking at the 
general cap pricing formula 


n 
C(t) =N8 X plt, TEP" (max{L(Ti) - 8,7; -8,T;)-K,0}] t< To 
i=l 
it is clear that we can obtain a pricing formula of the same form as 
Black’s formula by assuming that L(7; — ô, Ti — ô, Ti) is lognormally dis- 
tributed under the 7;-forward martingale measure Q". This is exactly 
the assumption of the lognormal LMM 


dL(t, T; T ô, Tj) = Lit, Tj =. Ô, Ti)y (t, Ti an ô, Tj) det, Ti), i= 1, 2 eee’ Ma 


where y(t, T;ô, T;) is a bounded, deterministic function. Here we as- 
sume that the relevant forward rates are only affected by one Brownian 
motion, but below we shall briefly consider multi-factor lognormal 
LMMs. 

A familiar application of Itô’s lemma implies that 


1 
d [n L(t, Ti- 8, T)] = -> (7 (t, T; — ô, TD)? dt + y (t, T; — ô, T;) dz(t, T;) 


from which we see that 
T;-6 


1 
MET de= T= MAL TOT / (y (u, T; — ô, Ti)? du 
t 


T;-6 
+ J y (u, T; — ô, T;) dz(u, T;). 
t 


Because y is a deterministic function, it follows that 


Tj-6 Tj-6 
I Y (u, T; ai ô, Ti) dz(u, Ti) m N 0, J (y (u, T; = ô, T)? du 
t 


t 
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under the 7;-forward martingale measure. Hence, 


T,-6 
1 

ln L(t, Tj = ô, Ti) — 2 J (y (u, T; = ô, T)? du, 

In L(T;—ô, T;-6, T) = N Ts f 


J (y (u, T; — 6, TD) du 


so that 7;—64 is lognormally distributed under Q”. The following result 
should not now come as a surprise. 


Theorem 23.3. Under the assumption 
dL(t, T; = ô, Ti) = L(t, T; = ô, Ti)y (t, Ti = ô, Ti) dz(t, Ti), i a l; 2 ee’ Ma, 


the price of the caplet with payment date T; at any time t < Ti — ô is 
given by 


C'(t) = Nép(t, T) {L(t, Ti- 5, Ti) -N (di) -K -N (d)}, 


where 
. W(Lt,T;- 6, TDK 1 
i= (AAT i) ds vi(t, Ti- 6, Ti) 
vt, T; = Ô; T;) 2 
di = di — v(t, T; — ô, T;) 
and 


Ti-6 
v(t, T; — ô, Ti) = | (y (u, T; — ô, T;))? du. 
f 


Note that v,(t, T; — 8, T)? is the variance of In[L(T; — ô, T; — ô, T;)] un- 
der the T'-forward martingale measure given the information available 
at time t. The previous caplet price is identical to Black’s formula if 
we insert 


_ vit, Ti — 6, Ti) 


J/T;-6—-t 


Oi 
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An immediate consequence of the previous theorem is the following 
cap pricing formula in the lognormal one-factor LMM. 


Theorem 23.4. Under the assumption 
dL(t, T; — ô, Tj) = L(t, Ti — 6, T;)y (t, T; — ô, T;) dz(t, Ti), i=1,2...,n. 


the price of a cap at any time t < To is given as 


N 
CA) = Nb X` p(t, T;) {LCt Ti- 6, Ti) -N (di) -K -N (d)}, 
I=1 


where d A and di are as above. 


Fort > To the first upcoming payment of the cap is known and is 

therefore to be discounted with the relevant discount factor, while the 

remaining payments are to be valued as shown previously. 
Analogously, the price of a floor is 


N 
F(t) = N8 Y` p(t, Ti) {K -N (-d)) - LCt, Ti — 8, Ti) -N (~ai) }. 
I=1 


The deterministic function y(t, 7; — ô, Ti) remains to be specified. We 
will discuss this matter below. 

If the term structure is affected by n exogenous standard Brownian 
motions, the assumption on dL(t, Ti — ô, T;) earlier is replaced by 


n 
dL(t,T; - ô, Ti) = L(t, Ti- ô, Ti) X yj (t, Ti— 8, Ti) dzj(t, Ti), 
j=l 


where all y;(t, Ti—ô, T;) are bounded and deterministic functions. Again, 
the cap price is given by the previous formula with the small change 
that v(t, T; — 6, Tj) is to be computed as 


a Tes 


v(t, Ti— 6, Ti) = D | (Ti =8, T}? du. 
j=l ' 
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23.1.3.5 Pricing of Other Securities 


No exact explicit solution for European swaptions has been found in 
the lognormal LIBOR market setting. In particular, Black’s formula for 
swaptions is not correct under the assumption on dL(f, Ti-p—ô, Ti). The 
reason is that when the forward LIBOR rates have volatilities propor- 
tional to their level, the volatility of the forward swap rate will not 
be proportional to the level of the forward swap rate. The swaption 
price can be approximated by a Monte Carlo simulation, which is of- 
ten quite time-consuming. Brace, Gatarek, and Musiela (1997) derived 
the following Black-type approximation to the price of a European 
payer swaption with expiration date To and exercise rate K under the 
lognormal LMM assumptions 
N 
P(t) = Nô X pū, Ti) {L(t,T; -8,T;)-N (d) +K -N (d )} t< To, 
I=1 

where d; and d are quite complicated expressions involving the 
variances and covariance of the time Tọ values of the forward rates 
involved. These variances and covariance are determined by the y- 
function. This approximation delivers the price much faster than 
a Monte Carlo simulation. Brace, Gatarek, and Musiela provide nu- 
merical examples in which the price computed using the previous 
approximation is very close to the correct price (computed using 
Monte Carlo simulations). Of course, a similar approximation also 
applies to the European receiver swaption. 

Under the assumptions of the lognormal LMM Miltersen, Sand- 
mann, and Sondermann (1997) derived an explicit pricing formula for 
European options on zero-coupon bonds, but only for options expir- 
ing at one of the time points Tọ, 7), ..., Ta-1, and where the underlying 
zero-coupon bond matures at the following date in this sequence. In 
other words, the time distance between the maturity of the option 
and the maturity of the underlying zero-coupon bond must be equal 
to ô. Representing the exercise price by K, the pricing formula for a 
European call option is 


C(t, K, T;-6, Ti) = (1 - K) p(t, TN (e) -K [p(t T; - 8) — p(t, T)] N (å) , 
where 

ea 1 ij (1. — K)p(, Ti) 
vi, Ti-8,T)  \ K- [p(t, Ti- 8) - p(t, Ti) 
e e — v(t, T; — 5, T;) 


1 
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and 


TS 
t 


or 


ji T;-6 


v(t, T; -— ô, Tj) = D | Ti -8, 19) du 
j=l t 


The price of the corresponding European put option follows from the 
put-call parity. 


23.1.3.6 Further Remarks 


De Jong, Driessen, and Pelsser (2001) investigated the extent to which 
different lognormal LIBOR and Sap market models can explain em- 
pirical data consisting of forward LIBOR interest rates, forward swap 
rates, and prices of caplets and European swaptions. The observations 
are from the US market in 1995 and 1996. For the lognormal one- 
factor LMM they find that it is empirically more appropriate to use 
a y-function that is exponentially decreasing in the time-to-maturity 
T; — 6 —t of the forward rates, 


y(t, Ti = ô, T;) = ye 


than to use a constant, y(t, Ti — ô, Ti) = y. This is related to the well- 
documented mean reversion of interest rates that makes long-term 
interest rates relatively less volatile than shorter-term interest rates. 
They also calibrate two similar model specifications perfectly to ob- 
served caplet prices, but find that in general the prices of swaptions 
in these models are further from the market prices than are the prices 
in the previous time homogeneous models. In all cases the swaption 
prices computed using one of these lognormal LMM exceed the mar- 
ket prices; that is, the lognormal LMMs overestimate the swaption 
prices. All their specifications of the lognormal one-factor LMM give 
a relatively inaccurate description of market data and are rejected by 
statistical tests. De Jong, Driessen and Pelsser also show that two- 
factor lognormal LMMs are not significantly better than the one-factor 
models and conclude that the lognormality assumption is probably 
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inappropriate. Finally, they present similar results for lognormal swap 
market models and find that these models are even worse than the 
lognormal LMMs when it comes to fitting the data. 


23.1.4 Calibrating the LIBOR Market Model 


In this section we describe how to calibrate LMM to market data. A 
basic assumption is that we have chosen the forward-rate-based LMM. 
This is the natural approach when pricing caps and floors both not 
when pricing swaptions. 

Let the tenor structure be 0 = To < Ti < ... < T1 < Tn and i an 
integer ranging over the reset dates of the rates (e.g. 1 <i< n). 

We define n(t) as the unique index such that Tyg is the next tenor 
date after t. The (one factor) model is given by the following SDE for 
the underlying rates (swap or forward) 


a = Mi (f(t), t) dt + of Ddz(0), 
L 
where 
Si = forward/swap rate at time i 
Hi = drift term 
Oj = volatility of rate i 
z(t) = isa Wiener process 


The solution to this SDE is 
T i T 
F(T) = f;(T) exp I (u (u) — 5) du+ J si (u) dz (u) 
0 0 


The drift terms depend on the choice of numeraire and can be de- 
termined by applying the assumption of no arbitrage. Suppose we 
have forward rates as the underlying rates and choose p(To, Tı) as the 
numeraire. Then the drift terms become 


i 
okfk(Tk+1 — Tk) Pik 
i= 5 + i 


A IAAT - Te)” 


644 J.R.M. Roman 


Determining the time-dependent forward rate volatilities is equivalent 
to calibrating the model. How the calibration is performed is explained 
in a section below. 

Although it is not necessary it will always be assumed here that 
the (instantaneous) volatilities o; of the rates are deterministic (not 
stochastic) functions of time. 

A one-factor model means that all the forward rates are perfectly 
instantaneously correlated. In this case, a single Wiener process is suf- 
ficient to evolve the rates. This is not often a reasonable assumption, 
and eliminates one of the advantages of employing the LMM. An m- 
factor model is one where m-independent Wiener processes are used 
to evolve the rates. In this case the equation becomes 


m 


a = ui fO, N dt+ $ oidd), 1 <k < m. 
' k=l 
This is solved for 
T l Po 
SiT) = fiT) exp / E (u) - 50700) | du + J 2 Oik (u) dz (u) 
0 0 k=1 


The loadings o;g(u) can be interpreted as the sensitivities at time 
u of the ith forward rate to the kth shock provided by the Wiener 
process zg. They must satisfy 


of (t)= > oh. 


k=1 


All that remains before we can start to analyse how the rates will evolve 
is to specify the instantaneous volatilities o;’s and their loadings 0;,x’s. 
This can be done in many different ways. One choice is presented 
below. 


23.1.4.1 Volatility Calibration 


Volatility calibration deals with the determination of the o;’s (the in- 
stantaneous volatility of the forward rate with reset at T;). This is done 
differently for caps and swaptions. Since the cap volatility calibration is 
a first step in the swaption volatility calibration, we start by describing 
the cap volatility calibration. 
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23.1.4.2 Cap Volatility Calibration 


In the Black model for caplets it is assumed that the underlying 
rate has a lognormal distribution with variance equal to T- oF ack 
where T is the reset date of the underlying forward rate. In the 
LMM, this lognormal assumption is also made for each rate separ- 
ately. The instantaneous volatility at reset for each rate is related to 
the aforementioned expression in the following way: 


T; 


J o; (t)dt = Topia 

0 
In other words, the instantaneous volatility at reset for each underlying 
rate is equal to the implied Black volatility, which can be read from the 
market. Although not necessary, we make the assumption that the ops 
are deterministic functions of time only. There are (infinitely) many 
solutions to these equations, and our goal is to pick one that fits our 
needs. We follow the approach suggested by Rebonato (2002). Let 


o(t)=(a+bihe"+d 
and 
di (t) = kio (Ti- t). 


This form is flexible and can by varying the constants a, b, c and d take 
many different shapes. The constants k; are rate specific and are used 
to assure that the caplet prices are exactly recovered. How the k;’s are 
set should become clear below. 


1 Find values on the constants a, b,c and d such that the forward rates 


dfi = ui (f(t), t) dt + 0;(t)dz(t) 


L 


fit as close as possible. We use both the Broyden-Fletcher-Goldfarb- 
Shannon dimensional variable metric method and the Levenberg- 
Marquardt method? in parallel to solve this problem and pick the 
best solution. 


2 The Broyden-Fletcher-Goldfarb-Shannon dimensional variable metric sometimes gives adjust- 
ing factors with the property that the first ones (i.e. i = 1,2,...) have a higher deviation from 
unity than the rest. The Levenberg-Marquardt method yields adjusting factors with a more 
constant deviation from unity. 
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2 Set values on the k;’s by computing 


2 . 
O Black Ti 


Ti 
fo2(@dt 
0 


The second step ensures equality for the forward rates; that is, the 
instantaneous volatility and the implied Black volatility are set to be 
equal at each reset. This completes the volatility calibration for caps. 

Before we end the cap calibration section, we shall discuss the issue 
of deciding the implied Black volatility, for example, OBlack, in the case 
when we are calibrating to an exotic cap with path-dependent strikes. 
For example, consider a ratchet cap where each caplet has a strike 
given by K; = fi-1+X where K; and X denote the strike for the i:th caplet 
and a spread respectively. Recall that opjg-, of a caplet is a function of 
the maturity of the caplet and the strike. 

The fact that opjacx depends on the strike gives us some problems. 
To see this, note that in order to get OBlack of a caplet we must know 
its strike. But if the strike is path-dependent, as it is in a ratchet cap, 
we cannot know the strike beforehand. To solve this problem the 
following approach is taken: 


1. Make good guesses on the start values of the strikes. 


2. Get the Oblack of the caplets by using the strikes from the first step. 

3. Evolve a small sample of the rates (e.g. 1024 Monte-Carlo simula- 
tions). Then compute the average rates for each caplet. 

4. Compute new strikes by using the average rates. 


5. Go to the second step with the newly computed strikes and repeat 
until some desirable convergence criterion is achieved. 


Empirical results show that this scheme always (although not proven) 
converges and gives good estimates on the strikes. Let us now turn to 
the volatility calibration for swaptions. 


23.1.4.3 swaption Volatility Calibration 


We concentrate on the volatility calibration of a Bermudan swaption. 
The volatility calibration of a European swaption is a special case of 
this discussion. The basic set-up of the calibration is that we want to 
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recover the implied Black volatilities of a set of co-terminal swap rates. 
Let T1, 72,..., T, be the expiry dates of the co-terminal swaptions and 
SR; denote the i:th swap rate (e.g. the swap rate for the swaption with 
expiry Ti). Recall that 


SR; = 2 wifi(t), 


j=i 


where 


BaTh- T) 
jt 14 j+ J 
Wj = 7 


X Bra (Tk — Th) 
= 


Furthermore, denote with Oixn(t) the instantaneous volatility of SR;, 
for example, the instantaneous volatility of the swap rate with expiry 
at T; and maturity at T,. It can be shown that 


Six (D? = $ 9 OKOA, 


j=i k=i 
where 


wk Ow OFO 
2° 
(È > wnt) 


m=i 


Gix(t) = 


The last equation is an approximation. One of the main results is that 


n n 
Tix (D? © X Y > Ge(To) pjxoi(Oox()- 

j=i k=i 
This is the key point in the calibration and one ought to under- 
stand how this greatly simplifies our task Git is recommended to read 
Rebonato (2002), “Modern Pricing of Interest-Rate Derivatives”, Prin- 
ceton University Press for a discussion regarding this issue). In order 
to recover the swaption prices, we must have that 


T; 
oBlack (27; = | Oixn(u)? du. 
0 


Our approach to achieving this is the following. 
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Find values of the constants a, b,c and d such that the equations for 
the forward rates fit as close as possible. We use both the Broyden- 
Fletcher-Goldfarb-Shannon dimensional variable metric method and 
the Levenberg-Marquardt method (for a description of these methods, 
refer to Press et. al, (2002) “Numerical Recipes in C”) in parallel to 
solve this problem and pick the best solution. Note that this is the 
same first step as in the cap calibration. 

Consider the last swaption in the set of co-terminal swaptions (e.g. 
with expiry 7;,). This is simply a floating rate exchanged for a fixed rate 
(i.e. a caplet). Set 


o Black AT, 


Onxn 
kn = 


i Onxn(u)*du 
which makes 
o;(t) = kjo (T; -t) 


for i = n an equality. 
Move a step back and consider the swaption with expiry 7,_;. Our 
goal is to set the value for k,_; such that 


Th-1 
gP! k 2 
On- o Tn-1 a On-1xn(u) du. 
0 


Since we have already solved for k, and are using the approximation of 


T; 


2 2 
fo (t)dt = TiO Black 
0 


kn-1 is the only unknown variable. Since k,_; appears in squared form, 
we need to solve a second-degree equation. Although straightforward, 
the algebra becomes quite messy. 

Next we continue to compute the values of the remaining k;’s in a 
similar fashion as in the previous step. Doing this yields values for the 
k;’s such that 


oi (t) = kio (T; - t) 


is fulfilled for 1 < i < n. 
Our approach to calibration of the instantaneous swap volatility can- 
not, as far as we know, be found in any published/academic/scientific 
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article. This is a brief motivation why it seems to be a desirable proced- 
ure. In all but very rare cases, the first step gives values on a, b,c and 
d such that the instantaneous volatilities of the forward rates are time 
homogeneous. A problem might be that the constants a, b,c and d are 
not designed to recover the swaption prices. However, they should 
not be too far off since we are considering the same rates, namely the 
forward rates. Finally, the remaining steps make sure that we recover 
the swaption prices exactly. 


23.1.4.4 Principal Component Analysis 


We use principal component analysis to reduce the number of driving 
factors needed when valuing plain-vanilla caps, European swaptions, 
and Bermudan swaptions. In this section we describe how this is done. 
Note that we do not use principal component analysis for the valu- 
ation of path-dependent caps such as ratchet, sticky, momentum, flexi, 
and chooser. In this case, we use as many factors as there are rates. 
More information on why we do this can be found in Rebonato (2002) 
“Modern Pricing of Interest-Rate Derivatives”, Princeton University 
Press. 

Consider a cap with n caplets with resets at T1, T2, ..., T, respect- 
ively. Each caplet has an associated forward rate f; for 1 <i < n. We 
describe the principal component analysis in a simple case, namely 
when the rates f1, f2,...,fn are evolved to the first reset date Tı. The 
complete picture can then be understood from this discussion. Now 
suppose we have an m-factor model where m < n and let 


Tı 
Cov; = I pijoi(u)o;(u)du 
0 


be the n xn terminal covariance matrix where 1 < i S nand I <j <n. 
Note that Cov;; is symmetric. 

Use the Jacobian transformations of a symmetric matrix method to 
find the n eigenvalues of Cov; and the corresponding normalized ei- 
genvectors as described by Rebonato (2002, section 11.1). Denote the 
vector of eigenvalues with e; = [e] e2 ...e,]/ and the corresponding 
normalized eigenvectors with v;. Furthermore, let vj; = [v1 v2... Vn]. 
Sort e; in decreasing order and change the vectors in vj; accordingly. 
Compute 


Bi = [vevi Verv EE, €mVm | > 
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where | < k < m. Compute 


Cov]] Covn2 Covan T 
Levy | 2 erz deny 
l=1 =1 l=1 


and 


S14/e1V11 SI E2012 . . . $1,/€mVim 
/ S2./@1 021 S24/ €2V22 . . . S24/€mV2m 
ik™ |. 


Sna/ €1Vn1 Snay/ C2Vn2- ++ Sna/ €mUnm 


Finally, compute the model covariance Cov; = =B, x Br. In particular 


note that Cov; = Cov; for all i’s, that is, Ge variance of each rate is 
unchanged, and that B, is the principal component matrix. To put this 
in the context of the section “Libor Market Model”, the equation for 
the drift terms 


i 
okfk(Tk+1 — Tk) pi 
aS kfk(Tk+1 — Tk) pik 


O "E +See Te) 


is rewritten as 


SiTe -T) / 
Lj = —______"_ Cov. 
Deen l+f(Tui-T) © 


and in equation 


a = uif (t), tdt + X oin(Odzx(0), l<k<m 
i k=1 


1 
Oik correspond to B}. 


m 


23.1.4.5 Correlation Matrix 


The n x n correlation matrix 


P11 P12 +++ Pin 
p21 22... 


Pnl ++ Pnn 
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is user defined. After the user has input P;;, we use the heuristic of ap- 
plying principal component analysis to it as described in the previous 
section before the calculations start. In other words, Pj is exposed to 
the same transformation as Cov;; was above. 


23.1.5 Evolving the Forward Rates 


We use two different approaches to evolve the forward rates - the 
short step and the long step. The short step approach evolves the 
“living” forward rates to each reset. To exemplify, suppose that the re- 
sets of the rates are 7), T2,..., Tn. Then fi, fo, ...,f, are evolved to T], 
jo, --+->fn are evolved to T2, and so on. We do not attempt to describe 
the technical details of the approach here. However, the implications 
of the results are that we can evolve a forward rate to an appropriate 
point in time in one step, without hardly any loss of accuracy when 
compared to the short step approach. 

We use both approaches when evolving the forward rates. In par- 
ticular, we use the long step when valuing a cap (of any kind). This 
allows us to evolve each forward rate to its reset date in one step. 
When valuing a swaption (of any kind) we use the short step for all 
but the first time sensitive date (i.e. the first exercise date in the case 
of a Bermudan swaption) - to the first time sensitive date when we 
use the long step. 


23.1.6 Pricing of Bermudan Swaptions 


In this section we make a theoretical elaboration of the pricing proced- 
ure for a Bermudan swaption. This pricing procedure is the only one 
we need to describe; a European swaption is, as we will see, a spe- 
cial case of this discussion, and the pricing procedure of a cap follows 
from its definition. 

A Bermudan swaption contract denoted by X-non-call-Y gives the 
holder the right to enter into a swap at a pre-specified strike rate “K” 
on a number of exercise opportunities. The first exercise opportun- 
ity in this case would be Y years after inception. The swap that can 
be entered into always has the same terminal maturity date, X. A Ber- 
mudan swaption entitling the holder the right to enter into a swap 
in which they pay the fixed rate is referred to as a Payer’s otherwise 
Receiver's. 
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Therefore, as the owner of a Bermudan swaption one is in a position 
where at each exercise date it is necessary to use one’s own judgement 
to determine if exercise is optimal or not. This makes the pricing of 
Bermudan swaptions a little more complicated than that of a European 
swaption. We have implemented Andersen’s strategy that can be found 
in Andersen (1999) “A simple approach to the pricing of Bermudan 
swaptions in the multi-factor LIBOR Market Model”, The Journal of 
Computational Finance, 3(2): 5-32, 1999/2000. Below we describe 
the approach and how we use it. 

When pricing a Bermudan swaptions the most important question 
is how to determine the free exercise boundary. In other words, given 
that the world is in a certain state at one of the exercise dates, under 
what circumstances should one exercise the option? 

Let 


Sse = The European payer’s swaption maturing at time T, and with 
a last cash flow at date Ty. 


Ssx,e = The Bermudan swaption with lockout date (first exercise 
opportunity) 7;, last exercise date T, and final swap maturity Te. 


The decision whether or not to exercise a Bermudan swaption at a 
date T; will in general depend on the state of all forward rates F7(7;). 
To simplify matters somewhat one could make the assumption that the 
strategy depends only on the intrinsic values of the underlying swap. 
Let /(7;), be the indicator function that equals one if exercise is optimal 
at dates T; and zero otherwise. It is hence assumed that 


I(T) =f (Sie, H (Ti), 


wheref is a specified Boolean function with a possibly time-dependent 
parameter H. The relationship 


1 S(T) >0 
0 otherwise 


I(T) = | 


must of course be fulfilled. For the other exercise opportunities the 
following form of I(T;) is assumed: 


1 Sie (Ti) >H (Ti) 
0 otherwise ; 


11) =| 


In this strategy the option is exercised if the intrinsic value of the 
underlying swap is above the barrier H. 
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The next step is to determine the value of the function H at the dates 
T;,..., Tx-H(T). The function H is characterized as being the function 
that maximizes the value of the Bermudan swaption. 

A brute-force way of determining the values of the function H is 
hence to solve the multi-dimensional optimization problem. This could 
be done as follows. Store a Monte Carlo simulation in memory. Simul- 
taneously find values on the function H at the dates 7;,..., 7, such 
that value of the Bermudan swaption is maximized. This would be an 
iterative process where in each iteration, first, new values on H at the 
dates T;,..., 7 are set, then, the value of the Bermudan swaption is 
calculated. Whichever choices on H at the dates 7,,..., 7), that give 
the highest value on the Bermudan swaption are picked. Obviously, 
this way of finding H is tremendously slow and not applicable in prac- 
tice. Fortunately, there is an another way of finding H, as proposed by 
Andersen (1999), which is much more efficient. It can be described as 
follows: 


1. Set H(T,) = 0. 


2. Compute an appropriate Monte Carlo simulation of the forward 
rates and store it in memory. 


3. Consider the Bermudan swaption Sn-1,x,e. At time T;,_; the exercise 
strategy must be the same as for Ssxe since at this time there is 
no difference between the options. H(T,) = 0 (ordinary European 
option) is known and determining the value of H(T;,_1) is hence a 
one-dimensional optimization problem. We solve this optimization 
problem with the Golden Section Search in One Dimension (see 
section 10.1 of Press et. al, (2002) “Numerical Recipes in C” for a 
description of this algorithm). 


4. Repeat in turn the previous step for Sy-2, xe, Sy-3,x,e. +--+» Ss+l, xes Ss,x,e- 


When doing this, it is sufficient to store a single Monte Carlo session in 
memory and to re-use it over and over again. Having determined the 
exercise boundary in this way another Monte Carlo simulation is run 
to calculate the price. This Monte Carlo approach to determine the 
free exercise boundary produces a lower bound on Bermudan swap- 
tion prices that can be shown to be very tight for many realistic term 
structures. 

Finally, note that valuing a European swaption is a special case of 
valuing a Bermudan swaption; a European swaption is a Bermudan 
swaption with one exercise event, Ty, and it follows that A(T;) = 0. 


24 


A Model for Exotic Instruments 


24.1 Managing Exotics 


In the following section, I refer to articles by Patrick Hagan. The adjus- 
tors described here are called “Hagan adjustors”. This is a method of 
turning bad prices into good prices, 

We will study the need of pricing and trading an exotic derivative, 
but because of limitations in our pricing systems, we cannot calibrate 
on the “natural set” of hedging instruments. Instead, we have to cal- 
ibrate on some other set of vanilla instruments, which provide only a 
poor cash-flow replication of the exotic. Consequently, our prices are 
questionable, and if we are bold enough to trade on these prices, our 
hedges will be unstable, chewing up any profit as bid-ask spread. Here 
we discuss how to get out of these jams by using “adjusters”, a tech- 
nique for re-expressing the Vega risks of an exotic derivative in terms 
of its “natural hedging instruments”. This helps to prevent unstable 
hedges and exotic deal mismanagement, and, as a side benefit, leads 
to significantly better pricing of the exotic. First, let us briefly discuss 
how we get in these jams. 

During normal times, the pricing of fixed income derivatives de- 
pends on two key markets. First we have the swap market (or delta 
market), from where we get the yield curve. swap desks maintain 
current yield curves by continually stripping and re-stripping a set of 
liquid swaps, futures, and deposit rates throughout the day. This curve 
determines all current swap rates, FRA rates, forward swap rates, etc. 
The yield curve also shows how to hedge all interest rate risks by 
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buying and selling the same swaps, futures, and deposit rates used 
in the stripping process. 

Second, we have the plain vanilla option market (or Vega market) 
for European swaptions, caps, and floors. Prices of these options are 
quoted in terms of the volatility o, which is inserted into Black’s 1976 
formula to determine the dollar price of the option. 

European swaptions are defined by three numbers: 


1. the exercise date, 
2. the tenor dength) and 
3. the strike (fixed rate) of the swap received upon exercise. 


Keeping track of this market requires maintaining a volatility cube, 
which contains the volatilities o as a function of the three coordinates. 
However, the vast majority of swaptions are struck ATM, i.e. at strikes 
equalling the current swap rate of the underlying forward swap, so 
desks normally track this market by maintaining a volatility matrix con- 
taining the volatilities of ATM swaptions, and a set of auxiliary “smile” 
matrices showing how much to add/subtract to the volatility for strikes 
50 bps, 100 bps, etc., above or below the current swap rate. 

Alternatively, some swap desks determine the adjustment by using 
a smile model, such as the SABR or Heston models. In any case, desks 
are reasonably confident that they can trade the vanilla instruments at 
the indicated prices. 

Now consider the typical management of an exotic interest rate 
derivative, such as a Bermudan swap or a callable range note. During 
the nightly mark-to-market, the deal will be priced by 


e selecting an interest rate model, such as Hull-White or Black- 
Karasinski, 

e selecting a set of vanilla swaptions and/or caplets as the calibration 
instruments, 


e calibrating the interest rate model so that the model reproduces 
the market prices of these instruments, either exactly or in a least 
squares sense, and 


e using the calibrated model to find the value of the exotic via finite 
difference methods, trees, or Monte Carlo. 
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The exotic’s Vega risks will then be obtained by 


e bumping each volatility in the matrix (or cube) one at a time, 


e re-calibrating the model and re-pricing the exotic derivative for each 
bump and 


e subtracting to obtain the difference in value for the bumped case 
versus the base (market) case. 


This results in a matrix of Vega risks where each cell represents the 
deal’s dollar gain or loss when the volatility of that particular swaption 
changes. These Vega risks are then hedged by buying or selling enough 
of each underlying swaption so that the total Vega risks are zero. Of 
course the desk first adds up the Vega exposure of all deals, and only 
hedges the net exposure. 

Calibration is the only step in this procedure, which incorporates 
information about marketing the volatilities. 

Under the typical nightly procedure the exotic derivative will only 
have Vega risks to the set of vanilla swaptions and/or caplets used 
in calibration. So regardless of the actual nature of the exotic derivat- 
ive, the Vega hedges will be trying to mimic the exotic derivative as a 
linear combination of the calibration instruments. If the calibration in- 
struments are “natural hedging instruments” which are “similar” to the 
exotic, then the hedges probably provide a faithful representation of 
the exotic. If the calibration instruments are dissimilar to the exotic, 
having the wrong expiries, tenors, or strikes, then the Vega hedges 
will probably be a poor representation of the exotic. This often causes 
the hedges to be unstable, which gets expensive as bid-ask spread is 
continually chewed up in re-hedging the exotic. 

For example, consider a cancellable 10-year receiver swap struck 
at 7.50%, where the first call date is in 3 years (LONC3@7.50). Surely 
the natural hedging instruments for this Bermudan are the diagonal 
swaptions: the 3y into 7y struck at 7.50%, the 4y into 6y struck at 
7.50%, ..., and the 9y into 1y struck at 7.50%, since a dynamic combin- 
ation of these instruments should be capable of accurately replicating 
the exotic. Indeed, if we do not calibrate on these swaptions, then our 
calibrated model would not produce the correct market prices of these 
swaptions, and if our prices for the 3y into 7y, the 4y into 6y,..., are 
incorrect, we don’t have a prayer of pricing and hedging the callable 
swap correctly. 
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When feasible, best practice is to use auto-calibration for managing 
exotic books. For each exotic derivative on the books, auto-calibration 
first selects the “natural hedging instruments” of the exotic, usually 
based on some simple scheme of matching the expiries, tenors, and 
effective strikes of the exotic. It then re-calibrates the model to match 
these instruments to their market values, and then values the exotic. 
Auto-calibration then picks the next deal out of the book, selects a 
new set of natural hedging instruments, re-calibrates the model, and 
re-prices the exotic, and so on. 

There are a variety of reasons why auto-calibration may not be feas- 
ible. If one’s interest rate model is too complex, perhaps a several 
factor affair, one may not have the computational resources to allow 
frequent calibration. Or if one’s calibration software is too “fractious,” 
one may not have the patience to calibrate the model very often. In 
such cases one would generally calibrate to all swaptions in the volat- 
ility matrix in a least squares sense and the calibration would only 
include ATM swaptions. Alternatively, an interest rate model may be 
more easily calibrated on some instruments than others. For example, 
a multi-factor Brace-Gatarek-Musiela (BGM) model is much easier to 
calibrate to caplets than to swaptions. Finally, one’s software may not 
be set up to calibrate on the “natural hedging instruments”. 

A callable range note provides an example. Consider a regular (non- 
callable) 10-year range note, which pays a coupon of, say, $1 each day 
Libor sets between 2.50% and 6.00%. Apart from minor date differ- 
ences, the range note is equivalent to being long one digital call at 
2.50% and short a digital call at 6.00% for each day over the next 10 
years. Since digital calls can be written in terms of ordinary calls, a 
range note is very, very close to being a vanilla instrument, and can be 
priced exactly from the swaption volatility matrix (or cube). To price a 
callable range note, one would like to calibrate on the underlying daily 
range notes, for if we don’t price the underlying range notes correctly, 
how could we trust our price for the callable range note? Yet many 
systems are not set up to calibrate on range notes. 


24.1.1 At-The-Money Volatility Matrix 


European swaptions are defined by the time-to-exercise (row), and 
length (column) and fixed rate (strike) of the swap received upon ex- 
ercise. A volatility matrix (as opposed to a volatility cube) contains the 
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Table 24.1 A volatility matrix 


a(in %) 3m ly 2y 3y ee 10y 

1m 5.25 12.25 13.50 14.125 Tae 14.25 
3m 7.55 13.00 14.125 14.375 ee 14.50 
6m 11.44 14.25 14.875 15.00 oe 14.75 
ly 16.20 16.75 16.375 16.125 oe 15.50 
2y 19.25 17.75 17.125 17.00 ee 15.75 
10y 14.00 13.50 13.00 12.50 eee 11.00 


volatilities of ATM swaptions, swaptions whose fixed rates are equal to 
the current forward swap rate of the underlying swap. Linear interpol- 
ation is used for the volatilities in between grid points. The 3m column 
is the caplet column. Such a volalility matrix is shown in Table 24.1. 


24.1.2 Migration of Risk 


We will now describe a method for moving the Vega risk, either all of 
it, or as much as possible, to the natural hedging instruments. Suppose 
we have an exotic derivative v which has h1, h2,...,h, as its natural 
hedging instruments. For example, for the 1ONC3 Bermudan struck at 
7.50%, the natural hedging instruments are just the 3y into 7y swap- 
tion struck at 7.50%, the 4y into 6y at 7.50%, ..., and the 9y into 1y at 
7.50%. Suppose that for “operational reasons”, one could not calibrate 


on hi, h2,..., hm, but instead were forced to calibrate on the swap- 
tions and/or caplets $1, S2,..., Sn. Let these instruments have market 
volatilities 0],02,..., On. 


Then after calibrating the model, all prices obtained from the model 
are functions of these volatilities. So let 


d d 
Vine = VACO, 02,..., On) 


be the value of the exotic derivative v obtained from the model. 
Suppose we use the model to price the natural hedging instruments 
hy, h2,...,hm. Let 

He (01, On.. .,0n) k-1,2,...,m 


be the value of these instruments according to the calibrated model. 
Finally, let 


HY k=1,2,...,m 


660 J.R.M. Roman 


be the market price of the natural hedging instruments. Let us cre- 
ate an imaginary portfolio consisting of the exotic derivative and its 
natural hedging instruments, 


where the amounts bg of the hedging instruments will be selected 
shortly. Using the calibrated model to price this portfolio yields 


m 
O -VA (o, On... On) = a2: (Ol, On On): 
k=1 


According to the calibrated model, this portfolio has the Vega risks 


arn aymi «A 3HP 
= bk—+ 
doj = 49; 32 


to the calibration instruments. 

In the next section we will show how to choose the amounts bg 
so as to eliminate the Vega risks, either completely or as completely 
as possible. For the moment just suppose we have chosen the portfo- 
lio weights by. We add and subtract this portfolio of natural hedging 
instruments to write the exotic derivative v as 


m m 
p= v=o bih + X brh 
k=1 k=1 


We now use the calibrated model to value the instruments in the first 
set of braces, and use the market prices to evaluate the instruments in 
the second set of braces. This yields the adjusted price 


m m 
yd = Jy mod _ y by gon m > bH?” 
k=1 k=1 


m 
=V mod + 3 by (ee _ a ). 
k=1 


This procedure is generally known as “applying an adjuster”. The 
terms inside {} are evaluated using the calibrated model, so they 
only have Vega risk to the volatilities of the calibration instruments 
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01, 02,...,0,.With the weights bg chosen to eliminate these risks as 
nearly as possible, the adjusted price v4 has little or no Vega risk 
to the calibration instruments. Instead, the Vega risks of the adjusted 
price come from the last term, 


m 


5 by nee 
k=1 


which only contains the market prices of the natural hedging instru- 
ments. So, as claimed, the adjuster has moved the Vega risks from the 
calibration instruments to the natural hedging instruments. In fact, to 
hedge these risks one must take the opposite position 


— 3 by hr 
kel 


in the natural hedging instruments of the exotic. For the 10NC3 
Bermudan struck at 7.50%, for example, the resulting hedge is a com- 
bination of the 3y into 7y, the 4y into 6y, ..., and the 9y into 1y 
swaptions, all struck at 7.50%, regardless which set of instruments 
were used originally to calibrate the model. 

The last part of the previous equation gives a different view. It shows 
the adjusted price as being the model price corrected for the differ- 
ence between the market price and the model price of the natural 
hedging instruments. 


24.1.3 Choosing the Portfolio Weights 


We wish to choose the hedging portfolio weights by so as to minimize 
the model’s Vega risks. This is an exercise in linear algebra. Define the 
matrix M and vectors Uj by 


ð Hod əri 
Mk= : Us 


00; 1 90; 


and let b be the vector of positions (b1, b2,... ‘Day so that the Vega 
risks to the calibration instruments are 


U-Mb. 
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There are three cases to consider. First suppose that there are fewer 
hedging instruments than model calibration instruments. One can- 
not expect to eliminate n risks with m < n hedging instruments, so 
one cannot eliminate all the Vega risks in this case. Instead one can 
minimize the sum of squares of the Vega risks: 


b=(M'M)!'MU (ifm <n) 


If there are exactly as many hedging instruments as calibration instru- 
ments, then we can expect to completely eliminate the risk entirely 
by choosing 


b=M!U (ifm=n) 


Finally, if there are as many hedging instruments than model cal- 
ibration instruments, then we can select the smallest hedge which 
completely eliminates the Vega risks to the calibration instruments. 
This yields 


b=M'(mm')'U (ifm>n) 


24.1.3.1 Examples 


Consider once more the cancellable 10-year receiver swap struck at 
7.50%, where the first call date is in 3 years. This derivative is normally 
booked as a straight 10-year swap, with a Bermudan option to enter 
into the opposite swap. Here we just price the Bermudan option, the 
option to enter a payer swaption at 7.50% on any coupon date starting 
on the third anniversary of the deal. For the purposes of this example, 
we assume a flat 5% yield curve, and use the Hull-White model with 
the USD volatility matrix from March 1999. 

Clearly the natural hedging instruments are the 3y into 7y swaption 
struck at 7.50%, the 4y into 6y swaption at 7.50%, ..., and the 9y into 
ly swaption at 7.50%. Suppose we calibrate the Hull-White model to 
these “natural hedging instruments” and then use the calibrated model 
to price the Bermudan. This leads to a price of 


V = 200.18 bps. 


This represents the best price available within the one factor Hull- 
White framework. Suppose we calibrate to the same “diagonal” swap- 
tions as before, but instead of calibrating to swaptions struck at 7.50%, 
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we calibrate to swaptions struck ATM, at 5.00%. This yields a much 
lower price, 


vied — 163.31 bps. 


If we add in the adjustor, we obtain the price 


m 
yd + Sb (Ap HE ) = 163.31 + 39.18 = 202.49 bps 
k=1 


a great improvement. 

Alternatively, suppose we calibrate the Hull-White model to the 
caplets starting at 3 years, at 3.25 years, at 3.5 years, ..., and at 9.75 
years, with all caplets struck at 7.50%. Now we have the correct strike, 
but the wrong tenors. The calibrated model yields the price 


vied — 196.82 bps. 


If we add in the adjustor, we obtain a price of 


m 


ymed 4S by (He -Hpo ) = 196.82 + 9.12 = 199.94 bps, 
k=1 


again a distinct improvement. 


24.1.4 Nothing Is Free 


At first glance, it appears that using an adjuster greatly increases the 
computational load. After all, to determine the adjustment requires 
computing the exotic derivative’s Vega risk avmt/ag; to all calibra- 
tion instruments. These risks are usually found via finite differences, 
so evaluating these risks would seem to require model calibrations 
in n + 1 separate scenarios (base case, and each oj bumped separ- 
ately). However, these Vega risks are needed for hedging purposes, 
and are nearly always computed as part of the nightly batch, even if 
one is not applying an adjustor. So computing the Vega matrix is usu- 
ally free. The computational load does increase modestly, because for 
each natural hedging instrument, one has to calculate the model price 
H™°4,, and its Vega derivatives 0H 4/303. This requires calculating 
the model price of m vanilla instruments n + 1 times. This is the same 
load as calculating the calibration error in each of the n+ 1 scenarios, 
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clearly much, much faster than actually calibrating the model in each 
of the n+ 1 scenarios. 


24.1.5 The SABR Volatility Model 


The SABR model is a stochastic volatility model, which attempts to 
capture the volatility smile in derivatives markets. The name stands for 
Stochastic Alpha, Beta, Rho, referring to the parameters of the model. 


24.1.5.1 Dynamics 


The SABR model describes a single forward F, such as a LIBOR for- 
ward rate, a forward swap rate, or a forward stock price. The volatility 
of the forward F is described by a parameter o. SABR is a dynamic 
model in which both F and o are represented by stochastic state 
variables whose time evolution is given by the following system of 
SDEs 


dF; = oF dw, 
do; = ao,dZ; 


with the prescribed time zero (currently observed) values Fo and oo. 
Here, W, and Z; are two correlated Wiener processes with correla- 
tion coefficient -1 < p < 1. The constant parameters f, œ satisfy the 
conditions 0 < 6 < la > 0. 

The aforementioned dynamics is a stochastic version of the constant 
elasticity of variance (CEV) model with the skewness parameter p: in 
fact, it reduces to the CEV model if œ = 0 The parameter a is often 
referred to as the volvol, and its meaning is that of the log-normal 
volatility of the volatility parameter o. 


24.1.6 Asymptotic Solution 


We consider a European option (say, a call) on the forward price 
F struck at K, which expires T years from now. The value of this 
option is equal to the suitably discounted expected value of the pay- 
off max(Fr — K,0) under the probability distribution of the stochastic 
process for F;. 
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Except for the special cases of 8 = 0 and 6 = 1, no closed form 
expression for this probability distribution is known. The general case 
can be solved approximately by an asymptotic expansion in the para- 
meter £ = Ta*. Under typical market conditions, this parameter is 
small and the approximate solution is actually quite accurate. Also sig- 
nificantly, this solution has a rather simple functional form; it is easy to 
implement in computer code and lends itself well to risk management 
of large portfolios of options in real time. 

It is convenient to express the solution in terms of the implied 
volatility of the option. Namely, we force the SABR model price of 
the option into the form of the Black model valuation formula. Then 
the implied volatility, which is the value of the log-normal volatility 
parameter in Black’s model that forces it to match the SABR price, is 
approximately given by 


In(Folk) | [2v2—vi + Enia ( 20CFmid) \” 
D(s¢) 24 


pyi ooC(Fmia) 2-37 
+ + : 
4 a 24 


Oimpl = & 
p a 


where, for clarity, we have set C(F) = F B The value Finiqd denotes a 
conveniently chosen midpoint between Fo and K (such as the geo- 
metric average ./FoK or the arithmetic average (Fo + K)/2). We have 
also set 


Fo 
_ a dx a 1-6 pl-p 
“lo = Siw E) 
K 
and 
_CFmia) B 
C(F, mid) F mid ? 
_C"Fnia) __ A-2) 
OT CEmd Foa 


mid 
The function D(¢) entering the previous formula is given by 


Atire) 


vo=n( 
L=p 
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Alternatively, one can express the SABR price in terms of Black’s nor- 
mal model. Then the implied normal volatility can be asymptotically 
computed using the following expression: 


r Fo- K 272 - vi ooC(F mid) 
Oimpl = D(c) l+ 24 a 


4 PY1 o0C(Finia) 7 2= 3p? g 
4. g 24 


It is worth noting that the normal SABR implied volatility is generally 
somewhat more accurate than the log-normal implied volatility. 


24.1.7 Conversion Between Log Normal 
and Normal Volatility 


We have seen in Section 4.1.15.2 how to convert between normal and 
log-normal volatility for ATM swaptions. This is when the strike rate K 
and the forward rate F are equal. We will now give a general formula of 
how to convert between volatilities. The subsequent formulas follow 
the articles by Hagan and Woodward (1998) and Hagan! where they 
used a singular perturbation expansion. 

The Black’s log-normal model is 


dF = ogFdW, F(0) =f, 


where f is today’s forward swap/caplet rate and where og is the 
implied Black dog-normal) volatility. The Black’s normal model is 


dF = 0;,dW, F(0) =f, 


where oy is the “normal” or “absolute” or the annualized “basis point” 
volatility. For a swaption with strike (fixed rate) K, the normal volat- 
ility oy (which gives the same price of the option) as the log normal 
volatility og is 


f-k : 
OB . ? 
2 
mK) 14 (1- aby [ngo] ) oft + soit? 


ON = 


1 Hagan, Volatility Conversion Calculators 
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where t is the time to the exercise date in years. When f- > K, 
the aforementioned formula goes to a “O over 0”. To avoid this 
complication, we should use the alternative formula 


1+ 4 [n/K] 
4 
on =0Byf K 1-2 I 42 
1 + 5306T + 376008 T 


when 


aa “ < 0.001. 
To calculate the Black log-normal volatility from the normal volatil- 
ity, we apply the previous formulas in a Newton-Raphson solver (or 
similar). 

Since Black’s log-normal model, in a risk-neutral world, can be 
written as 


dF 

— = ogdW 

p” 
and the normal Black as 

dF = oydW 


we say that og is a relative volatility while oy is an absolute volatility. 


24.1.8 Conversion Between Normal and CEV Volatility 
The CEV model is 
dF = aFfdW, F(0)=f. 


To convert the CEV volatility into a normal (absolute) volatility, one 
can use 


iat =K) d 

Bp _ Kl 2.846? . 

CJP KP 1 AREMO eD 02, 
1-48 A 
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When f is very near K, or when £ is very near 1, the previous formula 
is singular. To avoid this complication, we should use the alternative 
formula 


1 2 

= olf. p2. Habo 
on =a(f - K) EET 
1 24 


9. 2 
1S gI? B-P) 


_B)2 KI 
C8 Tinga? rT? 


1+ at 


when 


(1-8) — < 0.001. 


To calculate the CEV volatility from the normal volatility, we apply the 
aforementioned formulas in a Newton-Raphson solver (or similar). 


25 


Modern Term Structure Theory 


25.1 Term Structure Theory 


From the bootstrapped Swap curve, see Section 6.1.4 we have a given 
yield curve. This curve is used for discounting all cash flows. We define 
the discount function D(t) as 


D(t) = exp - f fo, T^dT' 
0 


To price exotic instruments we use the following schema: 


1. To examine the risk, select an arbitrage free model. 
2. Calibrate the model by 
a. selecting some vanilla hedging instruments 
b. matching the current discount curve D(T) 
c. matching the vanilla prices (caps, floors, swaptions) by e.g. 
least square method. 


3. Price the exotics via the model and interpolation of vanilla instru- 
ments. 


You can use a global calibration process with known instruments or a 
local calibration with the most likely vanilla instruments. 
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25.1.1 The Three Elements 


We use three elements as described next: 


1. A numeraire N(t). Use a positive value of a coupon free security, 
e.g. the money market account 


t 


N(t) = exp J r(t’)dt’ 
0 


or zero-coupon bonds 
N(t) = p(t, T) 


2. The valuation in a risk neutral world is then given by 


E V(T) 
V(t) = NOE Fad 


3. We also use a random evolution of the interest rates. 
There exist three approaches to model the interest rates: 


1. Heath-Jarrow-Morton (HJM) and BGM (Brace Gatarek Musiela) 
sometimes also called the Libor market model (LMM), 


2. A short rate model, such as Ho-Lee, Hull-White CHW), Black- 
Karasinsky (BK) etc. 


3. A Markov model. 


25.1.2 The BGM Model (Brace Gatarek Musiela) 


The BGM model is a financial model of interest rates. It is used 
for pricing interest rate derivatives, especially exotic derivatives like 
Bermudan swaptions, ratchet caps and floors, target redemption 
notes, auto-caps, zero-coupon swaptions, constant maturity swaps and 
spread options, among many others. 

The quantities that are modelled in BGM are a set of forward rates, 
which have the advantage of being directly observable in the mar- 
ket, and whose volatilities are naturally linked to traded contracts. 
Each forward rate is modelled by a log-normal process under its for- 
ward neutral martingale measure, i.e. a Black model leading to a Black 
formula for interest rate caps. This formula is the market standard to 
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quote cap prices in terms of implied volatilities, hence the term “mar- 
ket model”. The LMM may be interpreted as a collection of forward 
LIBOR dynamics for different forward rates with spanning tenors and 
maturities, each forward rate being consistent with a Black interest 
rate caplet formula for its canonical maturity. One can describe the 
dynamics of the different rates under a common pricing measure, for 
example, the forward-neutral measure for a preferred single maturity, 
in which case forward rates will not be log-normal under the unique 
measure in general, leading to a need for numerical methods such as 
Monte Carlo simulations. 

The LMM models a set of n forward rates L;, as log-normal processes 


dLi(t) _ 
L 


iLi}, thdt+o(tdW; i=1,...,n. 


Here, L; denotes the forward rate for the period [T;, Ti+1]. For each 

single forward rate, the model corresponds to the Black model. The 

novelty is that, in contrast to the Black model, the LMM describes the 

dynamic of a whole family of forward rates under a common measure. 
The valuation is given by 


ma Cag K RT) | 


= R(T) = 
Zo(t) Zo(T) 
dR; = y(t, R)dt + a(t, RAW; k=1,2..., 


where V(t, F) will satisfy 


av 
2 DDI = 


The function 


j j i 
ak di ak 
yo ee =} 9 pinaias 
; 1+ akrk - 1 +airi 1+ ars 
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which gives the BGM drift condition 


M(t, t) = Vinee 


Drar 
j=l J 


Compare this to the HJM drift condition. If we let Rm be the interest 
rate in the interval [Tm-1, Tm] and Zm = Z(t, Tm), then we can use the 
numeraire 


Zm(t) = Zo(t) I ET 


We now remember that a change of numeraire only changes the drift. 
We now have the valuation formula 


WE _ 5 R(T)) Ruis 7| 
Zm(t) Zm(T) 


dR; = vit, R)dt + a(t, R)dWe k=1,2... 
If we replace Zp with Zm in the preceding calculation 


m 


v(t, 7) = kajak-—— 
2. D Piaj 1 +ajrj 
j=l j=l 
for the numeraire Z,,(t). If we set k = m, we have no drift, i.e. 


dRm = Ant, Rm)dWin 


i.e. Rn is a martingale when Zm(t) is numeraire. 


25.1.3 A Caplet in the BGM Framework 


In this section we will study a caplet with strike Ry, a tenor a, and a 
FRA fair rate Rm over the interval [Tm-7, Tm]. Its payoff is given by 


payoff = Om(Rm(t) — Re) Zn) t < Tm- < Thm. 
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If we use 
V.(0, R? VAT, Rn (T 
ORI) _ p [VT Rn egy = po 
Zm(0) Zn(T) 
dRm = ax(t, Rm)dWm 
we get 


Ve(0, RG) = &mDTmdE | (Rn) — Rf)” Rn) = Ry] 


m 


If we use Black’s log-normal model: am(t, Rm) = OmRm we get 


Ve = tmin BS (1,89, Rj, Om) - 


m? 


If we use a local volatility model: am(t, Rm) = Am(Rm)Rm we get 


Ve = omD(Tn)BS (t, R9» Rf, om) 


l 0 
ET 5 ( M+R) U+... 


Using a SABR (Stochastic Alpha, Beta, Rbo) model we have 


’ 


Rg = vet, R)dt + wagR dW, k=1,2... 
dæ = yædW 


where the correlation matrix is given by 


dR, = v(t, R)dt + apRpdWe 
dW;W; = pjgdt = Corr fdR;, DRx} dt 
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and the volatilities a;(t, Rx) are determined by the volatility and smile 
of caplet k. The correlation matrix pj then determines swaption volat- 
ilities. High correlations give high swaption prices. The correlation 


matrix can be determined by 


1. historical correlations 


2. using factor analysis to write pj; = Maik + 5q2;G2K+ ... where 


only two or three factors, q1, q2,..., are significant 


3. adjusting factors to match swaption volatility as closely as possible. 
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The strength of the BGM model is that you can understand intuit- 
ively the relationships between caplet volatilities, correlations and the 
swaption volatility matrix. 

The weaknesses are as follows: 


e High dimensions, one per Rg. So, a 10-year deal has for example 40 
rates and 40 dimensions! 


e Limit valuation methods to Monte Carlo. 


e Monte Carlo is very slow, is very noisy, gives bad hedges and is very 
challenging for multiple exercise deals. 


So do not use Monte Carlo when there is an alternative. 


25.1.4 Short Rate Models 


The roll-over numeraire N(t) is the money market given by 


t 


N(t) = exp [rear 
0 


The valuation in a risk neutral world is 


t 


V(t, ro) = E / r(t’)dr- V(T, r(T))|r(t) = ro 
0 


Generalized Cross-Currency Interest Rate (CIR) models 
dr = [0(t)—K(t)- r] dt + o (trf aW, 


where £ is a skew, 6 = 1/2 gives CIR and f = 0 HW. The generalized 
BK models can be written by 


dr = [0(t) —k(t)- Y]dt+o(t)dW, 


where Y is Gaussian. Y = logr gives BK, Y = r the HW and Y = r!’ 
the generalized BK. 
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We can also use a multi-factor generalization. The calibration is made 
on spot prices of zero-coupon bonds 


t 


p(t, Yo, T) = E J r(t’)dt’ - 1|Y(t) = Yo 
0 


With a given x(t) and o(t) adjust 0(t) to match the yield curve; 
D(T) = p(O, Yo; T) or use the Jamshidean’s forward induction scheme 
and adjust «k (t) and o (t) to match caps/floors/swaptions. 

Short rate models are easy to work with. An n factor model has n 
dimensions. But the most serious valuations are done with either one 
or two factors. For n = 1 or n = 2 you can use tree models, lattice 
methods or finite difference methods to value deals with a fast and 
accurate result. The calibration process is often straightforward. 


26 


Pricing Exotic Instruments 


26.1 Practical Pricing of Exotics 


In this chapter we will give an introduction of valuation of exotic in- 
terest rate derivatives in a Gaussian framework and how to calibrate 
such models to market data of plain vanilla instruments. 


26.1.1 Discount Factors, Zeroes and FRAs 


Suppose at date t, one agrees to loan out $1 at date T, and get repaid 
the next day 


1 paid at T, 
1+f(t,T)AT received at T + AT 


By definition, the fair interest rate to charge is f(t, T) = instantaneous 
forward rate for date T as seen at date t. 

Now suppose at date t one agrees to loan out $1 on Ty, with the 
money repaid on Tena. Economically this is equivalent to loaning out 
$1 on Ts, getting repaid $1 plus interest the next day, re-loaning out 
the $1 plus interest, getting repaid $1 plus interest plus interest on the 
interest, .... Clearly, if one agrees at date ¢ to loan out 


1 paid at Tst 
the agreement should specify getting repaid 
Tend ¢ 7 7 
eltg FET MT paid at t 
1 received atT ond 
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for the deal to be fair. Alternatively, we can rephrase this as 


Tend 4 7 
e fia TET aT paid at t 


1 received at Teng. 


This type of single payment deal is equivalent to an FRA (forward rate 
agreement). Suppose we imagine that we are at date t, and we ask how 
much I would need to pay immediately to receive $1 at date T . Clearly 
the fair amount is 


Tena 7 7 . 
e~ hi AGT AT paid atTsr 
1 received at Tend. 
By definition, 
pe, Ty =e Morar 
i.e. the value at ¢ of $1 paid at T is the value of a zero-coupon bond for 
maturity T on date 0. Today is always t = 0 in our notation. Discount 
factors are today’s values of the zero-coupon bonds 
T JTI 
D(T) = pO, T) = ho SOD, 


where f (0, T) is today’s instantaneous forward rate curve. 
26.1.2 Swaps 


We start by studying the fixed leg. Consider a swap with start date fo, 
fixed leg pay dates t1, t2, . . . , tn, and fixed rate RF”. The fixed leg makes 
the payments: 


ajRM* paid at t,i = 1,2,...,n— 1 
l+a,R™ paid at ty, 
where 
aj = cvg(ti-1, ti,B) 


is the coverage (day count fraction) for interval i computed according 
to the appropriate day count basis 6. Discounting the future payments 
with some given market discount factors p(t, ti) the current value of 
the fixed leg on any given day t will be 


n 
Pilt) = R™ 2 aip(t, ti) + P(t, tn). 
= 
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Then we study the floating leg of the swap. Floating legs usually have 
a different frequency than the fixed legs, so let the reset and pay dates 
of the floating leg be denoted by 


to = T0,T1,--->Tm = Ín. 
We suppose that the pay dates for the floating leg are 10,71, ..., Tm- 
These will typically not be the same dates as the pay dates t1, f2,..., tn, 


for the fixed leg. Indeed, the number of pay dates for the fixed and 

floating leg may differ, often m > n. We do however require that the 

first and last pay dates for both legs coincide, i.e. to = To, and Tm = th... 
The floating leg pays 


airj paid at tj, j = 1,2,...,m— 1 
1+, rm paid at Tm = tn, 
where 
a’ , = cvg(ti-, Ti, B’) 


is the coverage for interval j computed according to the appropriate 
day count basis p’. Here r; is generally the Libor or Euribor floating rate 
for interval j. This rate is set on the fixing date; for most floating legs, 
the fixing (reset) date is 2 London business days before the interval 
starts On Tj-1. 

We may consider the floating leg as a sequence of FRAs in which 
one lends 1 unit of the currency at t;_; and receives | + rj units back 
at Tj. On the later date 1 unit of currency is lent again so the net cash 
flow of the series of FRAs will exactly duplicate the cash flow of the 
floating leg, i.e. a;r) for j < m and the final payment 1 + œ/,rm , the 
notional does not relent on date Tm . Taking a closer look at one of 
the FRAs we note that the current value of the lent amount must be 
equal to the current value of the repaid amount on each fixing date 


z “ar Using the relevant market discount factors we have 
PaF, 1) = (1 + afr) Bt, 7). 


From this formula we can solve for the discounted value of the interest 
payment a'r; on each fixing day 


vier”) = pee", Tj-1) prt", Tj). 


If the value of the floating rate payment is the difference between two 
freely tradable securities (two zero-coupon bonds) at the fixing time, 
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then the value must equal this difference for all earlier times as well. 


So in principle, the value of the j” floating interest rate payment is 


vere =p(t, Tj-1) —p(t, Tj) fort ar” 


for any date ¢, at least until the rate is fixed. At any date f, the for- 
ward fair or true rate r” “e (t) is defined so that the value of the interest 
payment exactly equals the theoretical value 


ari” “€(t) ‘p(t, tj) = theoretical value of interest rate payment 
= Plt, Tj-1) — P(t, Tj) 
So 
P(t, Tj-1) — p(t, Tj) 


r O = 


In practice, floating rates are not set at the fair rate; they are set at 
the fair rate plus a small offset s;, the forward basis spread, due to 
credit considerations and supply and demand. The value of the (for- 
ward) basis spread depends on which index is used for the floating 
rate (3M USD Libor, 1M fed funds, 6M Euribor, etc.), and on the start- 
ing date. Taking the spread into consideration the value of the floating 
rate payment paid at qj is 


Vit) = ÊC, t1) - ÊC, G) + a's {P(t 1). 
By definition, the forward rate for the floating rate is defined by 


at’ F Ped cr, Tj) = value of interest ratepayment 
so 
F A(t, Ti] —p(t, T; 
OOL _ Pl j l) P(t, Tj) +sj. 
j j 7 : 
a P(t, Tj) 


26.1.3 Basis Spread 


Basis spread curves are obtained by stripping basis swaps. One can 
show that forward basis spreads are martingales with respect to the 
appropriate forward measures. Since they are very small, usually just 
1-2 bps, and since they seldom vary, one always assumes they are con- 
stant. That is, one assumes that the gamma of the forward spread is 
inconsequential. 
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Summing these payments together, the value of the floating leg is 


m 


Varlt) =C, to) + X a’ spUt, 1). 
j=l 


This is true regardless of the model used. The value of the receiver 
swap (receive the fixed leg, pay the floating leg) is 


m m 


Vrec(t) = R™ X aplt, ti) +P, tn) Plt, to) — X > a splt, 1j). 
i=l j=l 


The value of the payer swap (pay the fixed leg, receive the floating leg) 
is 


m n 


Vpay(t) = Vrec(t) =P, to) + X a splt, tj) —R™ X apt, ti) —BU, tn). 
jel i=l 


26.1.3.1 Handling the Basis Spread 


Basis spreads are a nuisance. They are too big to be neglected (except 
for USD 3m Libor), yet small enough to be nearly irrelevant. One way 
of handling them is to treat them as another, very small, fixed leg of 
the swap. There is really nothing wrong with this approach, although 
one usually has twice as many fixed leg pay dates. 

However, here we will use a second, common approach in which 
each interval’s fixed rate is adjusted to account for the value of the 
basis spreads. If the basis spread is 0.625 bps in an interval, then we 
subtract 0.625 bps from the fixed rate instead of adding it to the float- 
ing leg. More precisely, including this adjustment, today’s value of the 
swap is, 


n m 
Vrec(O) = R™ $` ajDUti) + Dn) — Dito) — È a;s;jDCT)), 
i=1 j=l 


= JU œ (R — Si) Di) + Dt») — D(t). 
i=1 


Here S; is the basis spread expressed with the same frequency and day 
count basis as the fixed leg. If the floating leg frequency is the same or 
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higher than the fixed leg frequency, then 
‘> a’ iP i) 
Sel 
aj D(ti) 


where j € I; represents the floating leg intervals which are part of 


the i” fixed leg interval. That is, the floating leg intervals whose the- 


oretical dates p are contained in the i” fixed leg theoretical interval 


? 


pE < t < th. If the fixed leg frequency is shorter than the floating 
leg frequency (this is rare), then the same S; is used for all fixed leg 
intervals forming part of each floating leg interval. So, 

a’ ;5jD(%) 


EDY 


i=l 


where i € J; represents the fixed leg intervals i with ari < A < r”. 


j 
Either way, we may approximate the swap values as 


A n A rs A 
Vrec(t) = X a; (R™ — Si) p(t, ti) +Ê(C, tn) —B(t, to) 
i=1 


n 
Ppay(®) = P(t, to) ~P(t, tn) - 2a; (RF — Si) ÊC, ti) 

i= 
for all dates t, where the strike RY © and effective spread S; are known 
constants. We are neglecting any evolution of the basis spreads and any 
minor differences due to the differences between the legs’ day count 
bases and frequencies. We will use this approach throughout. Compu- 
tationally, it would be just as easy to modify the code to add another 
fixed leg, but this would make the formulas messier and debugging 
more difficult. 


26.1.3.2 Swap Rate and Level 


At any time 7, the swap rate R™ (t) is defined to be the break even rate, 
the value of R’ ™ which would make the swap value equal to zero. 
Clearly, 


n 
P(t, to) P(t, tn) + X aS P(E, ti) 
i= 


R” (H = 


2 


LO 
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where the level L(t) (also known as the PVO1, the DVO1, or the 
annuity) is 


L(t) = X apt, ti). 


i=] 


We can rewrite the swap values in terms of the swap rate and level as 
Vrec(t) = |R" -ROLO Pat = [RO - RM LO. 


In particular, today’s swap rate and level are 


Do) = D(t) + oS:D(t) 


QO i=] 
R= 70 


n 
=$ aD(ti) 
i=l 


and the swap values are 
Virec(t) = [r = R’| EP Viet) [r° = Rf] L. 


Swaptions. A swaption is a European option on a swap. Consider a 
receiver swaption with notification date rf. If one exercises on this 
date, one obtains the receiver swap. Clearly 

A opt , qt 

ye (1) = [r _ R "| LG) 


réc 


is the value of the receiver swaption on the exercise date. Swaption 
prices are almost always quoted in terms of Black’s model. To intro- 
duce this model, suppose we choose the level L(t) as our numeraire. 
dt is just the sum of a bunch of zero-coupon bonds, and hence is a 
tradable instrument.) The function L(t) is sometimes called the for- 
ward annuity. There exists a probability measure in which the value 
of all tradable instruments CGincluding the swaption) divided by the 
numeraire is a martingale. So 


r Vee) 
opt = 
VP!) = LAE l LT) rd : 


= t~* 


If we evaluate the expected value at T , we see that 


P(t) = LINE [[R® z ea) | F,| 
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Moreover, the swap rate 


R” _ P(t, topl, tn) + 2i = Ina;SÊ(t, ti) 


is clearly a tradable market instrument (a bunch of zero-coupon bonds) 
divided by the numeraire. So the swap rate is also a martingale. By the 
martingale representation model, then, we conclude that 


dR” = A(t, *)dW, 


where dW is Brownian motion, and A(t, x) is some measureable coef- 
ficient. Fundamental theory can take us no further. We now have to 
model A(t, x). Black proposed that A(t, x) = oR”, so that the swap rate 
is log normal 


dR” = oR”aW. 


Finding the expected value previously under this model yields Black’s 
formula 


Vre () = {R™N(d1)— R” ON} LO 


fix 
log Ro Æ jo? (tex —t) 


o V tey —t 


di2 = 


Today’s market price of the swaption is 


amkt 


pnt) = [R Na) 7 Rnd) ip 


R 1 12 
log RO + 79 tex 


dy 
; oN tey 
Do -D +n ajS;D; n 
0 _ 0 n i=] iSi i _ D. 
R? = D Lo = Dist aD. 


Here D; = D(t;) are today’s discount factors. A payer swaption is a 
European option to pay the fixed leg and receiver the floating leg. The 
value of the payer swaption is obtained by reversing RF” and R° in the 
aforementioned formulas. 

If one analyses Black’s formula, one discovers that the receiver and 
payer swaption values are both increasing functions of the volatility o. 
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Instead of quoting swaption prices in terms of dollar values, one can 
just as well quote the price in terms of the value of o that needs to be 
inserted into Black’s formula to obtain the market price. This value of 
the volatility is known as the implied volatility. 


26.1.4 Caplets and Floorlets 


Consider a floorlet for the interval tọ to t1. The floating rate r for the 
interval is set on the fixing date tey two (London) business days before 
the interval starts at to, and the floorlet pays the difference between 
the strike (fixed rate) and the floating rate at the end of its period, 
provided this difference is positive: 


a(Rjix—r)* paidat t7. 


Here a@ is the coverage (day count fraction) of the interval [To, T1]. As 
before, the value of the floating rate payment is 


Pltes To) -P (tex, T1) + OS P(tex, 1); 


on the fixing date, where sı is the (forward) basis spread for the 
interval. The floorlets payoff is 
re 


V foortet(t) = [a (Rf = 51) Blter T1) +P(tex, T1) —P( tex, 0) | 


This is the same payoff as a 1-period receiver swaption. Similarly, caplet 
payoffs are identical to the payoffs of 1-period payer swaptions. 

The analysis of caplets and floorlets parallels the analysis for swap- 
tions exactly. We define the forward or FRA rate as 


n 
P(t, To) —P(t, Tn) + D> ais p(t, Ti) 
Hi 


ap(t, T1) 


and choose the zero-coupon bond p(t, t1) as our numeraire. The value 
of the floorlet is 


n A + 
Pjoorleiltex) - Plte THE | [RM - R^) 1 Fi], 
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where the forward FRA rate is a martingale under this measure. 
Modelling this rate as log normal 


dR" = = o RP Maw 
again yields Black’s formula, 


Vitoorter(t) = {RN (dy) — RFRA (t)N(d2)} aP, t1) 


In (RO /RFRA(t)) + 507 (tex —1) 


O /tex —t 


di2 = 


Today’s market price of the floorlet is 


amkt 


V foorler(0) = {RN (a9) — R°N(dS)} aD(t1) 
In (R/R?) + 507 (tex) 
o tex 
Do -—Dy+as,D, 
aD, ` 


0. _ 
di2 a 


Ro = 


The value of the caplet is obtained by reversing R and R° in the 
previous formulas 


Vcaplet 


Vink (0) = | RONA) - RNN) } aDC) 


= Virie() ~ [R - R°} aDC). 
Note that the caplet and floorlet values are special cases of the payer 
and receiver swaptions with n = 1. As before, the implied volatility 
o is the value of the volatility which makes the previously mentioned 
formulas match the actual market values of the floorlet and caplet. 


26.1.5 Linear Gaussian Models 


A modern interest rate model consists of 3 parts: a numeraire, a set of 
random evolution equations in the forward risk neutral world, and the 
matching martingale pricing formula. The one-factor Linear Gaussian 
Models (LGM) has a single state variable, X. It starts at today = 0 and 
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satisfies 
| dX(t) = a(t)dW(t) 
X(0) = 


This is the evolution under the risk neutral measure induced by the 
numeraire, which will be named shortly. Clearly X(t) is Gaussian with 
the transition density 


y(t,x|T,X)dX = prob [x <X(T) < X+dXK() = x| 


given by 
1 2 
(t,x|T, X) = ————e -4 (Xx)? /AE 
Nl ree 
1 iz 
N(t — HOH (Oo) 
(t, x) Do’ 
i T 
¢(T)= | eae: At =¢(T)-f( = | eon, 
2 t 


where N (t, x) is the chosen numeraire. Note that in this case, the value 
of the numeraire is 1 today: N(0, 0) = 1. The last part of the model is 
the martingale valuation formula. Suppose at time ¢ the economy is in 
state X(t) = x. If V(t, x) is the value of any freely tradeable security, 
then (t, x) is a martingale. So in the LGM model we get the valuation 
formula 


Va, x) =ÑG, oe fee N R09 = |- N@x (VOX) iaag 
N(T,X 


/2n KE J N(T,X) 


If the security has intermediate cash payments, then we need to 
modify this formula appropriately. The prices in LGM model can be 
written in terms of the relative prices 


2. 


va, lE» 
Mx) 


Since the value of the numeraire is 1 today, values and relative values 
are equal today, i.e. vO, 0) = V(0,0) As we shall see, we only have to 
calculate the relative prices V(t, x) and never have to calculate the full 
prices V(t, x), This simplifies our formulas substantially. In terms of the 
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relative prices V(t, x), the LGM model is 


V(t, x) V(T, Xj 2 IAS ax, 


Jae | 


The value of a zero-coupon bond is 


Plt, X, T) 1 / 1 -1 (X-x)/2A¢ 
p(t, x, T) =~ = - e2 dX for anyT >t. 
M(t,x) S20 AT J N(T,X) 


Substituting for the numeraire and carrying out the integration yields 
the zero-coupon price 


p(t, x, T) = DT) HO 20s, 


At t = 0, the state variable is x = 0, by definition. Since p(0, 0, T) = D(T), 
the LGM model automatically matches today’s discount curve D(T). 

At t, x the instantaneous forward rate for maturity T, namely f (t, x, T), 
is defined via 


A T 7 7 
P(t, x, T) = p(t, x, DÂ, x, T) = eh FEXTAT, 


Similarly, the discount factor can be written in terms of today’s 
instantaneous forward rate fo(T) as 


D(T) = E So fo yar" 
This shows that for the LGM model, 
2 
Fx, T) = fT) + H' Tx + [AD] E). 


The last term [H’ (TEA is a small convexity correction; although it 
is needed for pricing, it does not affect the qualitative behaviour of the 
model. The other terms show that at any date t, the forward curve is 
made up of today’s forward curve fo(7) plus an amount x of the curve 
H'(T). The amount x of the shift is a Gaussian random variable with 
mean zero and variance ¢(f). 

The curve H’(T) is a model parameter; as we shall see, it replaces 
the mean reversion coefficient x(t) in the Hull-White CHW) model. The 
other model parameter is the variance ¢(t). It takes the place of the 
volatility o (t). As always, model parameters have to be set a priori dur- 
ing the calibration procedure by combining both theoretical reasoning 
(guessing) and calibration of vanilla instruments. 
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26.1.6 Hull-White 


We continue to study LGM. The HW model is given by 
dt = [O(t) —k(t)- r]dt+a(t)dW 
T 
p(t, ro; T) = E [ode ‘1 |r) = ro 


t 


For given x(t) and o(f) we adjust @(t) to match the yield curve; 
D(T) = p(0, ro; T). We can transform HW into a LGM model with 


t T T 
X(t) = exp [code rO -r0- f 00 - exp f eoar dt 
0 t 0 
Using It6 we can write 
dX = a(t)dW 
X(0) = 0, 


where X is a Gaussian martingale. In the LGM model we get the 
valuation formula 


V(t, x) V(T,X) V(T,X) 
=E xXQ=x|= p(T, Xvert, t, x)dX, 
N(t,x) N(T,X) N(T,X) 
where 
y(t, x] T,X) = —— eieo 
i ? ~V 2T AG 
N(t,x) = l HOROO 
f D(t) 
T T 
¿(T) = J a(t)dt; Ag=e(T)-¢(N= J a*(t)dt. 
0 t 


The model parameters are ¢(T), the accumulated volatility and H(T), 
the mean revision. For a zero-coupon bond (V(T, X) = 1) we have 


PIGXT) = Di) e BOROA 
N(t, x) 
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Table 26.1 The Hull-White and the LGM model functions 


Hull-White LGM 
a(t) = H’(t)/s'(t) rate volatility c accumulated volatility 
K(t) = -H“(t)/H'‘(t) reversion H(t) reversion 


A(t) = £6 (t) +k (t) - folt) + [H’(t)]?<(t) 


But 


T 
S F(tx, TOAT" 
p(t, x, T) = et 


gives 
F(t, x, T) = fo(T) + H'(T) -x+ H'(T)H(T) < o(0. 


So in terms of LGM we can write the HW model as 
dX = a (dW, X(0) =0 
f(t, x, T) =fo(T) + H'(T) -x+ H'(T) - HT): ®© 
r(t, x) = f(t, x, ) = PA + H'A) -x+ H'O - HO - cA). 


With the money market numeraire we have 


=F oa 
Vit,rop) =E |e? V(T, r(T))|r@ = ro 


dr = [O(t) —k(t)- r] dt + a(t)dw. 


To compare the models we use Table 26.1, where ¢(t) and H(t) are 
directly measured! 

The calibrated LGM prices are shown in Table 26.3 and their pre- 
dicted implied volatility in Table 26.4. The error in the At-The-Money 
volatility with diagonal = 2% are shown in Table 26.5. 

As we shall see, the value of any vanilla option depends only on the 
value of the variance at the exercise date, ¢ (tex), and on the mean re- 
version function H(t;) at the deal’s pay dates t;. Calibration determines 
the functions ¢(t) and H(t) fairly directly. Obtaining the mean rever- 
sion parameter x(t) requires differentiating H(t) twice, which is an 
inherently noisy procedure. Similarly, obtaining o(t) also requires dif- 
ferentiating ¢(D. This is why calibrating directly on the HW model 
parameters (instead of the LGM formulation of the model) is often an 
inherently unstable procedure. 
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The LGM parameters can be written in terms of the HW paramet- 
ers as 


t 
H =A | aidr 4 B 


0 
t 


1 t 
C(t) = af mes K(T)AT gr. 
0 


where A and B are arbitrary positive constants. Since different A and B 
yield the same HW model, and thus yield the identical prices, the LGM 
model has 2 invariant representations. 

First, all market prices remain unchanged if we change the model 
parameters by 


H(t) >C-H(Q), EA > iO 


for any positive constant C. To prove this, note that if we make the 
previous transformation and then transform the internal variables x 
and X by 


x > x/C,X > XIC, 


we obtain the same transition probabilities and zero-coupon bond 
prices that we started with. Second, all market prices remain un- 
changed if 


H(T) > H(T)+ KOT) > ¢(T) 


for any constant K. To prove this, note that if we make the previous 
transformation, and then transform the internal variables xand X by 


x—>x+Kt,X ~ X+KC, 


we obtain the same transition probabilities and zero-coupon bond 
prices as before. 

It is critical to pin down these invariances by arbitrarily choosing 
some value of H(t) and of ¢(t)) before calibration. Otherwise conver- 
gence would be infinitely slow, with numerical round-off determining 
which of the equivalent sets of model parameters is chosen. 
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26.1.6.1 Scaling 


On average, interest rates in G7 countries change by +80 bps or so 
over the course of a year. Equivalently, the standard deviation of H'(T)x 
should be about 1% or less each year. We choose to use the time scale 
of years (so AT = 1 means an elapsed time of 1 year) and we scale 
H(T) and H'(T) to be O(1). Then x is of order O(1% x yt at date t, 
and ¢(f) is of the order of O(10~“t). More precisely, suppose we have 
chosen H(0) = 0, and have scaled H(T) so it increases by 1 or so every 
year. Then 


H(T) ~O(),H(T) ~O(T),¢c(t) ~ 00.64 x 10t 
x, X ~ (0.8 x 10-7) /t 
H'(T)H(T)c(t) ~ (064 x 10+)T. 


26.1.7 Summary of the LGM Model 


The complete LGM model can be summarized as 


1 
V(t, x) = e2XVPAC AX foranyT <t 


1 
J2m At 
with A¢ = ¢(T) - ¢(t), and with the (reduced) zero-coupon bond 
formula being 


p(t, x, T) = DT) POOO 


and with x = 0 at t = 0. Consequently, ¢(0) = 0. 

These equations are the only facts about the model we need to price 
any security. This model automatically reproduces the discount curve 
D(T). The functions H(T) and ¢(t) are model parameters, which are 
set during the calibration step, where the model prices are matched 
to the market prices of selected vanilla instruments, usually caplets 
and swaptions. Once the model is calibrated, H(T) and ¢(t) are known 
functions, and the price of exotic deals can be determined from the 
aforementioned martingale formula, using the previous zero-coupon 
formula to calculate the payoffs. Later we will present the calibration 
and pricing steps in exquisite detail. 
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26.1.8 Calibration 
26.1.8.1 Calibration and Hedging 


Model calibration is the most critical step in pricing. It determines 
not only the price, obtained for an exotic deal, but also the hedges 
of the exotic. To see this, suppose we have some model M. It in- 
variably contains unknown mathematical parameters which are set by 
calibration. 

To calibrate, one selects a set of vanilla instruments whose volatil- 
ities (prices) are known from market quotes. Let these volatilities be 
O1,02,...,Op. 

The calibration procedure picks the model parameters by matching 
the model’s yield curve to today’s discount factors D(T) and matching 
the model’s price of the selected vanilla instruments to their market 
volatilities, either exactly or in a least squares sense. 

The calibrated model M’ is a function of today’s discount factors 
and these n volatilities. The calibrated model is then used to price the 
exotic deal. The only step in this procedure which uses market inform- 
ation is the calibration step. This means that the price of the deal is a 
function of today’s yield curve D(T) and the n volatilities 01, 02, . . . , On. 
The price of the deal depends on no other market information. 

Consider what happens at the nightly mark-to-market. The model 
is calibrated and deals are priced as mentioned before. Next the Vega 
risks are calculated by bumping the volatilities in the volatility mat- 
rix (cube) one by one. After each bump, the deal is priced using the 
identical software, and the difference between the new price and the 
base price is the bucket Vega risk for the bumped volatility. Unless 
the bumped volatility is one of the n volatilities used in calibration, 
it has no effect on the calibration of the model, so it does not af- 
fect the price of the instrument. An exotic deal only has Vega risks 
to the n vanilla instruments used in calibration. After the Vega risks 
are calculated for all the deals on the books, enough of each vanilla in- 
strument is bought/sold to neutralize the corresponding bucket Vega 
risk. This means that in the normal course of events, an exotic deal 
will be hedged by a linear combination of the vanilla instruments used 
during calibration. If the span of the vanilla instruments provides a 
good representation of the exotic, then the hedges should exhibit rock 
solid stability, with the day-to-day amounts of the hedges changing 
only as much as necessary to account for the actual changes in the 
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market place. If the vanilla instruments do not provide a good repres- 
entation of the exotic, then the hedges may exhibit instabilities, with 
day-to-day amounts of the hedges changing substantially even for rel- 
atively minor market changes. This latter is highly undesirable as the 
increased hedging costs gradually eliminate any initial profit from the 
exotic. (The nice term for this is leaking away your P&L.) Indeed, in 
practice, even small improvements in the algorithm for matching the 
hedges to the exotics pay off disproportionately in the adroitness of 
the hedging. 

One can move most of, and possibly all, the Vega risk from the 
calibration instruments to a different (and presumably better) set of 
hedging instruments by using risk migration. This is also known as ap- 
plying an external adjuster. As a side benefit, this method also improves 
the pricing, often dramatically. This technique will also be discussed 
as it pertains to the different exotics. 


26.1.9 Exact Formulas for Swaption and Caplet Pricing 


Under the LGM model, the reduced value of the swap is 


n 


Vrec(ts2) = J o (RE — Si) (t,x, t) + Px, tn) = p(x, 10) 
i=] 


n 
Vpay(t, xX) = p(t, x, 10) = P(t, X, tn) — > ov; (r - si) p(t, x, ti). 
i=l 


where 
p(t, x, ti) = Die Hao 


is the reduced value of the zero-coupon bonds. Here D; = D(ti), Hi = 
H(t;) are the discount factors and values of H(t) at the swap’s pay 
dates fj. 

Under the LGM model, the prices of vanilla swaptions, caplets, and 
floorlets depend on ¢(f) only through ¢ (tex), its value at the notification 
date. The swaption prices depend on H(T) only through the differ- 
ences H(t;) — H(to) for the pay dates t; of the fixed leg. This will be the 
key to creating lightning fast and stable calibration schemes. 

Under the one-factor LGM model, the exact pricing formulas for 
swaptions are 
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Here y is obtained by solving 


n 
Ya, (r 2 si) Dje~HiHo)y-3(Hi-Ho)” Sex 4. p) e- Hn-Ho)y-3 Hn HoP Sex = Dy, 


i=l 
Newton’s method requires the derivatives of the prices with respect 
to the model parameters. We observe 
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ð ə 
— Ý 0,0 ay 0,0 
0 Je rec( ) = Je pay( ) 
H; - H, : 
25 ow (R — Si) Di [H; — Ho] N' (= i 0] s) 
i=1 Sex 


+ D, [H - Ho] N' (= [Hn — Ho] =) 
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Sex 
The caplet/floorlet prices are given by 


Veapter(0, 0) = DoN(di)- (1 + & [R° — sı |) DiN) 


1+a[R° si] j 2 
log 1+a[R™ -s1 ] + (Ey Ho) Cex 


d (Hi Ho) ia 
and 
Vioorter(0, 0) = (1 +ã [R _ sı]) DIN(d*) - DoN (dž) 
SP nia; 0) + (1 +ã [R -si) D\-Do 
_ log Faery E Gh -Hotar 
aia (Hi — Ho) Vex 
where 


o _ D(t)-D() 
= ã&D) 


is the forward FRA rate. The caplet/floorlet prices are clearly Black’s 
formulas for call/put prices for an asset with forward value Do, strike 


(1+ aR” qpP1> and implied volatility satisfying 


Simp tex = (H| — Ho) V tex 
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26.1.10 Approximation of Vanilla Pricing Formulas for the 
One-Factor LGM Model 


It is practically useful to develop approximate formulas for the one- 
factor LGM model, even though exact closed form formulas are 
known. Recall that market prices for swaptions are usually quoted in 
terms of Black’s formula 


rec 


v0) = [R Na) - R?N(A9)} Lo 


mkt 


po) = [RON(=d9) - RNN) Lo = Vre (0) -Lo {R -R° } 


pay rec 
where 
Rie 1 12 
d l So + 50 tex 
n o fex 
and 


_ Do -D1 + Vie GSiDi 

Lo l 
Here D; = D(t;) are today’s discount factors at the pay dates. By using 
equivalent volatility techniques (or direct asymptotic), one discov- 


ers that under the LGM model, the implied (Black) volatility of the 
swaption is approximately 


Vta YL, a; (R? — Si) Di (Hi — Ho) + Dn (Hn - Ho) 


/JRFERo ie &Di 


This provides a good way to use market quotes of the implied volat- 
ility to obtain initial guesses for calibration. One can rewrite these 
quotes more simply in terms of the implied normal volatility. Under 
the Gaussian (normal) swap rate model, the value of the swaption is 


R Ri _ RO Ri _ R? 
viet) = {cat —R°)N (5) - ON JTexG (~~) | Lo 
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The equivalent volatility work shows that the implied normal or 
absolute volatility oy, is approximately 


Vta Xi- ai (R? - Si) Di (Hi — Ho) + Dn (Hn — Ho) 
~ RhxRO pera: l 


OBN tex © 


26.1.10.1 Forward Volatility 


Forward volatility is a key concern of calibrated models. Suppose that 
we calibrate a model and then ask what the swaption volatilities will 
look like at a future date f in the future. If the volatilities are increasing 
with t, we may be buying future volatility at too dear a price, and if 
volatilities are decreasing with t, we may be selling future volatility too 
cheaply. 

If we repeat the previous equivalent volatility analysis at a date ¢ in 
the future, then we discover that the (normal) swaption volatility at 
that date is 


VE Cex) EO Ly a (R° - Si) Di (H) — H(to)) + Da (H (tn) — H(to)) 
Tex —¢ Xei &iDi 


On~ 


where 


_ Do- Dit Vie GSiDi 
Lo 


R? 


If H(t) is decreasing exponentially, then ¢ (Tex) should be increasing 
exponentially to compensate. 


26.1.10.2 Calibration Strategy 


The most critical aspect of pricing is choosing the right set of vanilla 
instruments for calibrating the model. Even small improvements in 
matching the vanilla instruments to the exotic deals often lead to sig- 
nificant improvements in the price and the stability of the hedge. For 
each type of exotic, the best calibration strategy often cannot be de- 
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termined from purely theoretical considerations. Instead, one needs 
to determine which method leads to the best (the most “market fit”) 
prices and risks. 

We will now briefly discuss calibration strategies, illustrating the 
different strategies with a simple Bermuda swap (Bermudan swap- 
tions and callable swaps are considered much more carefully in a later 
section). 

Consider a Bermudan receiver with start date tọ, end date t,, and 
strike R™. Let the fixed leg dates be fo, f,...,fn, and let the exer- 
cise dates be 1, T2, . . . , Tn. If the Bermudan is exercised at 1;, then the 
holder receives the fixed leg payments 


ajR®™ paid at t,i=j,j+1,...,n—-1 
1 +a, R paid at tņ, 


where 


aj = cv8g(ti-1, ti, P) 


is the coverage (day count fraction) for interval i computed according 
to the appropriate day count basis 6. In return, the holder makes the 
floating leg payments, which are worth the same as 


1 paid at t;-1 
aS; paid at t; i =j,j+1,...,m-— 1, 


where 
æ! = cv8g(Ti-1, Ti, P^. 


Here we have adjusted the basis spread to the fixed leg’s frequency 
and day count basis as discussed earlier. Therefore, if the Bermudan is 
exercised at Tj, one receives/makes the payments 


-1 at tı 
a; (R — S;) at tfori=j,j+1,...,n— 1 
1+, (R = Sn) at iy 
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Clearly at any point t, x the jh payoff is worth 


n 


VF aa) = J o (R* - Si) Px t) +P, tn) -Px fe). 


i=j 


The first step in calibration is to characterize the exotic, extracting its 
essential features.»> If the Bermudan is exercised on exercise date Tj, 
one receives a swap worth 


n 


F(t) = J o (R -S;) 1, x, t) +x, tn) -EC x, tj) 


i=j 


The first step in calibration is to characterize the exotic, extracting its 
essential features. If the Bermudan is exercised on exercise date Tj, one 
receives a swap worth 


n 
X a(R — SPCT, x, ti) +P, x, tn) -PC x, tj-1) at T. 
i=j 


Suppose we evaluate this swap using today’s yield curve with a parallel 
shift of size y, 


P(t, x, ti) > Dte" = Die". 


The shift y; at which the j’ h swap is at the money is found by solving 


Fa; (R — S1) Die MH 4 Dye MOHD = Dp, 
i=j 

The Bermudan is characterized by 

(a) the set of exercise dates T1, T2,..., Tn; 

(b) the set of parallel shifts y; for j = 1,2...,n; and 

(c) the length t, — to of the longest swap. 
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The second step is to select a calibration strategy and choose the calib- 
ration instruments. As we shall see, since we have 2 functions of time 
to calibrate, we can calibrate 2 separate series of vanilla instruments. 

Under the LGM model, the prices of vanilla swaptions, caplets, and 
floorlets depend on ¢ (t) only through ¢ (tex), its value at the notification 
date. The swaption prices depend on H(T) only through the differ- 
ences H(t;) — H(to) for the pay dates t; of the fixed leg. This will be the 
key to creating lightning fast, stable calibration schemes. 

The trick is to calibrate on vanilla instruments whose pay dates line 
up exactly. We now go through the various calibration strategies for 
this Bermudan. 


26.1.11  swaptions 


From 
Vax) _ VT, X) oh if VEO 
T E K X |X(t) = J =] NTD (T, X|t, x)dX 
we have today 
_ f VT,X) 
V(0,0) = NCT, xÝ Tx, 0)dX. 


The payoff at tex is given by (Fig. 26.1) 


F(T) + xE (T) 


Fig. 26.1 Cash flows for a swaption 
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n 


Ry », atjP(texs X, tj) + D(tex, X; tn) — P(tex, X, to) 
j=l 
Plte x, T) _ D( ppe POIO Se, 
N (tex, X) 


If we integrate this for a receiver swaption we get 


n 
x-Hj -=H -H 
Viec = Rf Ý ajD;N (es s) + Dn N (s) -DoN (s) 
` ` N Sex sN Sex Sex 


j=l 


where x solves 


n yl 2 
Ry D ajDje” 2 Sex + Dyetn® 2H Sex = Doeltox-2Ho Sex 
FA 
Sex = G (tex), Hi; = H(t), Ho = H(to) 


As we can see, the price only depends on the accumulated volatility at 
the expiry date ¢ (tex) and on the mean reversion on pay days H(t;),j = 
0,1,...,n. From a “put/call” parity, we also have the price of a payer 
swaption 


n 
Voay = Vree = Ry be ajDj — Dy + Do. 
jel 


26.1.12 Bermudan Swaption 


We study a “2 into 4, annual pay, receiver at 8%, 5 days’ notice”. The 
fixed leg is given by 


Raj paidat tj;=1,2,...,n—1 
1+Rf&n paidat tn, 
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where Rẹ is the fixed rate and with notification dates qj, j = 0,1,...,n- 
1. If we exercise at t; we get a swap starting at t; with fixed leg pay- 
ments at 41, t)42,...,t, and a floating leg at t; worth 1. The current 
value is given by 
n 
V=Rp D> appt, X, te) + P(t, tn) -plj X, tj). 
j=1+1 


26.1.13 Calibration, Diagonal + Constant x 


In the calibration process we choose the model parameters ¢(t) and 
H(t) to match the LGM prices to the market. For a “2 into 4 Bermudan 
receiver @ 8%” we use for the underlying risk: “2 into 4”, “3 into 3”, “4 
into 2” and “5 into 1”, i.e. the diagonal. For the smile risk we calibrate 
to swaptions @ 8% (Table 26.2). 


k(t) =-H" (H(t) => H(t)=A+B-e*! 
H(t) > H(A +C 
H(t) > H(p/eC, cA > C. ct) 


Set H(t) = (1 —e*")/k Then calibrate 


2 into 4 ¢ (t2), H(to), H(t3),..., H(t) => C(t2) 
3 into 3 ¢ (t3), H(t3), H(t4), . . ., H(t6) => C(t3) 
á into 2 ¢(t4), H(t4), H(ts), H(t) => ¢(t4) 
5 into 1 ¢(ts), H(ts), H(t) => C(t5). 


Then use ¢(0) = 0 and the above and use linear interpolation. 
Choose « = 2%, which gives H(t) and then use the diagonal to get ¢;. 
The calibrated LGM prices are shown in Table 26.3 and their predicted 
implied volatility in Table 26.4. The error in the At-The-Money volatility 
with diagonal k = 2% are shown in Table 26.5. 
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Table 26.3 LGM prices 
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ly 


1y 0.58% 
2y 0.88% 
3y 0.89% 
Ay 0.89% 
5y 0.83% 
6y 0.81% 
7y 0.78% 
8y 0.75% 
9y 0.72% 
10y 0.66% 


2y 

1.62% 
1.68% 
1.71% 
1.65% 
1.59% 
1.55% 
1.49% 
1.44% 
1.35% 
1.26% 


3y 


2.33% 
2.42% 
2.40% 
2.35% 
2.28% 
2.22% 
2.14% 
2.03% 
1.92% 
1.81% 


4y 5y 

2.97% 3.48% 
3.03% 3.60% 
3.03% 3.61% 
2.99% 3.57% 
2.91% 3.48% 
2.84% 3.37% 
2.70% 3.20% 
2.57% 3.05% 
2.44% 2.90% 
2.30% 2.74% 


6y 


3.96% 
4.11% 
4.13% 
4.10% 
3.97% 
3.84% 
3.65% 
3.49% 
3.33% 
3.19% 


7y 


4.39% 
4.57% 
4.61% 
4.54% 
4.40% 
4.26% 
4.05% 
3.89% 
3.74% 
3.59% 


8y 


4.77% 
4.99% 
5.01% 
4.93% 
4.80% 
4.64% 
4.43% 
4.37% 
4.12% 
3.96% 


9y 

5.13% 
5.33% 
5.35% 
5.28% 
5.14% 
4.99% 
4.78% 
4.63% 
4.47% 
4.32% 


10y 


5.93% 
5.61% 
5.65% 
5.59% 
5.46% 
5.32% 
5.11% 
4.96% 
4.81% 
4.66% 


Table 26.4 Implied ATM Volatilities (from LGM prices) 


1y 


1y 14.65% 
2y 14.67% 
3y 14.53% 
4y 14.40% 
5y 14.12% 
6y 13.83% 
7y 13.47% 
8y 13.27% 
9y 13.11% 
10y 12.97% 


2y 

14.46% 
14.53% 
14.38% 
14.20% 
13.95% 
13.70% 
13.32% 
13.15% 
13.00% 
12.94% 


3y 4y 5y 


14.30% 14.15% 13.99% 
14.38% 14.21% 14.05% 
14.19% 14.02% 13.87% 


14.02% 
13.81% 
13.55% 
13.19% 
13.04% 
12.94% 
12.91% 


13.87% 13.72% 
13.66% 13.53% 
13.42% 13.30% 
13.07% 12.98% 
12.96% 12.91% 
12.90% 12.86% 
12.88% 12.85% 


6y 


13.83% 
13.90% 
13.72% 
13.59% 
13.41% 
13.20% 
12.92% 
12.86% 
12.82% 
12.83% 


7y 


13.69% 
13.76% 
13.59% 
13.46% 
13.30% 
13.13% 
12.86% 
12.81% 
12.80% 
12.82% 


8y 


9y 


13.55% 13.42% 
13.63% 13.50% 
13.46% 13.35% 
13.35% 13.26% 
13.22% 13.15% 
13.06% 13.00% 
12.81% 2.77% 
12.78% 12.76% 
12.78% 12.76% 
12.81% 12.80% 


10y 


13.30% 
13.39% 
13.26% 
13.18% 
13.08% 
12.95% 
12.73% 
12.74% 
12.75% 
12.79% 


Table 26.5 Error in ATM volatility (diagonal, kappa = 2%) 


1y 


1y 1.03% 
2y 0.31% 
3y 0.35% 
4y 0.30% 
5y 0.03% 
6y 0.00% 
7y -0.11% 
8y -0.07% 
9y 0.00% 
10y 0.10% 


2y 
0.81% 
0.36% 
0.24% 
0.10% 

-0.04% 
0.01% 

-0.06% 
0.00% 
0.08% 
0.25% 


3y 


0.65% 
0.20% 
0.16% 
0.06% 
-0.05% 
0.03% 
0.00% 
0.08% 
0.22% 
0.42% 


4y 5y 


0.59% 0.40% 
0.10% 0.27% 
0.02% 0.11% 
-0.06% 0.02% 
-0.11% 0.00% 
0.00% 0.08% 
0.00% 0.08% 
0.14% 0.30% 
0.32% 0.53% 
0.54% 0.81% 


6y 


0.32% 
0.16% 
0.05% 
0.00% 
0.00% 
0.09% 
0.09% 
0.33% 
0.59% 
0.89% 


7y 


0.26% 
0.05% 
0.00% 
-0.02% 
0.03% 
0.11% 
0.11% 
0.36% 
0.65% 
0.97% 


8y 


0.13% 
0.00% 
0.03% 
0.01% 
0.06% 
0.14% 
0.14% 
0.44% 
0.77% 
1.13% 


9y 
0.00% 

-0.05% 

-0.05% 
0.01% 
0.10% 
0.18% 
0.19% 
0.53% 
0.90% 
1.29% 


10y 


-0.12% 
-0.08% 
-0.04% 
0.04% 
0.15% 
0.24% 
0.24% 
0.62% 
1.02% 
1.44% 
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26.1.14 Calibration to the Diagonal with H(T) Specified 


Suppose that H(T) is specified a priori. (A possible source of such 
curves H(T) is indicated next.) Typically H(T) is given at discrete 
points H(T|), H(72),...,H(Ty). In that case, piecewise linear interpol- 
ation is used between nodes. This is equivalent to assuming that all 
shifts of the forward rate curve are piecewise constant curves. 

With H(T) set, we can use the preceding procedure and formulas to 
calibrate on the diagonal swaptions. This determines the value of ¢(f) 
at T],T2,..-,T,. AS before, one adds the point ¢(0) = 0, ensures that 
the ¢; = ¢(7;) are increasing, and uses piecewise linear interpolation to 
obtain ¢(f) at other values of t. 

Origin of the H(7). Suppose one had the set of Bermudan swap- 
tions 30 NC 20, 30 NC 15, 30 NC 10, 30 NC 5 and 30 NC 1. Wouldn't 
it be nice if the same curve H(T) were used for each of these Ber- 
mudans? The 30 NC 10 Bermudan includes the 30 NC 15 and the 30 
NC 20 Bermudans. It would be satisfying if our valuation procedure 
for the 30 NC 15 and 30 NC 20 assigned the same price to these Ber- 
mudans regardless of whether they were individual deals or part of a 
larger Bermudan. 

One could arrange this by first using a constant x, let’s call it k4, to 
calibrate and price the 30 NC 20 Bermudan. Without loss of generality, 
we could select 


H'(T) = ek4(T30-T) 
1 — ek4(230-T) 
A(T) = ————— 
K4 
for To9 < T < T39. We would calibrate on the diagonal to find ¢(t) 
at expiry dates Tm, Tn+1,... beyond 20 years, and then price the 30 
NC 20 Bermudan. Selecting the right value of «4 would match the 
Bermudan price to its market value. Neither the swaption prices nor 
the Bermudan prices depend on A(T) or ¢(t) for dates before the 20- 
year point. 
To price the 30 NC 15, one could use the H(T) obtained from «4 for 
years 20 to 30, and choose a different kappa, say «3, for years 15 to 20: 
H'(T) = e3 (T2077) ok4(T30-T) 
1 — e3 T207) 


H(T) = e“4(T30-T20) 4. 
K3 K4 


1 — e“4(T30-T20) 
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Calibrating would produce the same ¢ (t) values for years 20 to 30 as be- 
fore. In addition, for each «3 it would determine ¢(f) for years 15 to 20. 
By selecting the right «3, one could match the 30 NC 15 Bermudan’s 
market price. 

Continuing in this way, one produces the values of ¢(t) and H(T) for 
years 10 to 15, for years 5 to 10, and finally for years 1 to 5. These 
¢(t) and A(T) would then yield a model which matches all the di- 
agonal swaptions and happens to correctly price all the liquid, 30y 
co-terminal Bermudans. These «(tys turn out to be extremely stable, 
only varying very rarely, and then by small amounts. Typically a desk 
would remember the «(f)’s as a function of the co-terminal points, 
relying on the same x(f)’s for years. 

In general, if T„ is the co-terminal point and Tọ, T),...,7,_1 are the 
“no call” points, then A(T) is 


— e&i(Tj-T) — eka) 2 
na = [] etto y y LEA CAA [] ett 
i=j+1 k=j+1 i=k+1 


for Ty S <T< Tj. 
After H(T) and ¢(t) have been found, one can use the invariants to 
re-scale them if desired. 


26.1.15 Calibration, Diagonal + Linear ¢(t) 


This is an idea pioneered by Solomon brothers. Let us use a constant 
local volatility œ. Then 


t 


C(t) = J adu = at 
0 
is linear. By using the invariance ¢ (t) > ¢(t)/ C?,H (T) > CH(T) we can 
choose « to be any arbitrary constant without affecting any prices. So 
we choose 


C(t) = agt, 


where f is measured in years, and the dimensionless constant ao is 
typically 10°. For this calibration, we use the other invariant to set 
H, = H(t,) = 0. We now determine the values of H; for other values 
of i by calibrating on the diagonal swaptions, starting with the last 
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swaption. Recall that the price of the jth diagonal swaption is 


; n * + [Hi -Hjls 
9,04 (0,0) = R° D o; (RM — Si) DiN ( —— f 
. = JG 


yi + [An — Aj-als; yj 
+D,N | 1—4 ) -pa ( 2 


and its derivative with respect to Hj_; is 


* 4 [H -Hlc 
— J/GDn|Hn- Hj- |G ieies) 
Ta 


Here y; is given implicitly by 


n 
YO a(R, )Dje PA] Na Sppe D a Ar MS = D 
i=j 
Consider the last swaption, j = n. It depends on ¢, = ¢Ẹ(Tn), on Ay, 
and H„—1. Of these, ¢, is known, H, has been set to zero, so only H-1 
is unknown. Since ymod is a decreasing function of H„-1, there is a 
unique value of H,_; which matches the model price to the market 
price. This can be found easily using a global Newton’s method. We 
can then move onto the j = n — 1 swaption. This swaption depends 
on Hy_2, which is unknown, and ¢;-1, Hn-1, and Hn, which are known. 
Working backwards like this, we can calibrate all of the swaptions, and 
for each calibration there will only be a single unknown parameter, 


Hy}. 

J 

This calibration procedure will yield Ho, M,...,H, on the dates 
to,t1,...,t,. One uses linear interpolation/extrapolation to get H(t) at 


other values of t. 
Infeasible values. In deriving the swaption formulas, we assumed 
that H(T) was an increasing function of T. (This assumption was 
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stronger than we needed: inspection of the previous argument shows 
that one only needs to assume that there is a unique break-even point 
y* , with in-the-moneyness on the left.) Since we are calibrating the H; 
’s separately, it may happen that H,_; may exceed H; . An practice, this 
has never happened to my knowledge. Still one must be prepared.) 
After each Hy_; is found, one should check to see that Hj_) < Hj 

If this condition is violated, one should reset H,_| = H; . This means 
the jth swaption would not match its market price exactly. Instead it 
would be the closest feasible price. 

This kind of calibration is used by Solomon & Brothers. The hedging 
instruments for the underlying risk are again “2 into 4”, “3 into 3”, “4 
into 2” and “5 into 1”, i.e. the diagonal. 

We then assume that ¢(f) is linear 

s(t) = at set æo = 107 


H(t) > H(t)+C 
H(t) > HOC, c(t) > C. cA) 


Set H(t¢) = 0 Then calibrate 


5 into 1 ¢(ts), H(ts), H(t) => H(t2) 
4 into 2 ¢(t4), H(t4), H(ts), H(t) => H(t3) 
3 into 3 C(t3), H(t3), H(t4),...,H (te) => H(t4) 
2 into 4 C(t2), H(t2), H(t3),...,H (te) => H(ts). 


Use a global Newton-Raphson method and linear interpolation to find 
H(t ti). 
The error after calibration are shown in Table 26.6. 


Table 26.6 Error in ATM volatility (diagonal, constant alpha) 
ly 2y 3y 4y 5y 6y 7y 8y 9y 10y 


1y -1.29% -0.52% -0.35% -0.13% -0.08% 0.06% 0.10% 0.05% 0.00% -0.06% 
2y -0.39% -0.33% -0.32% -0.24% 0.11% 0.04% -0.01% 0.00% 0.00% 0.00% 
By -0.46% -0.32% -0.18% -0.11% 0.01% 0.00% 0.00% 0.01% 0.02% 0.05% 
Ay -0.16% -0.16% 0.01% -0.13% -0.01% 0.00% 0.01% 0.03% 0.07% 0.11% 
5y -0.13% 0.02% -0.08% -0.14% 0.00% 0.02% 0.06% 0.10% 0.14% 0.20% 
6y 0.24% 0.00% 0.00% 0.00% 0.10% 0.11% 0.14% 0.18% 0.22% 0.28% 
7y -0.29% -0.14% 0.00% 0.04% 0.15% 0.17% 0.19% 0.24% 0.29% 0.34% 
8y -0.14% 0.00% 0.10% 0.17% 0.34% 0.37% 0.41% 0.50% 0.58% 0.68% 
9y 0.00% 0.08% 0.22% 0.32% 0.53% 0.59% 0.65% 0.77% 0.90% 1.02% 
10y 0.04% 0.19% 0.36% 0.48% 0.75% 0.83% 0.91% 1.07% 1.23% 1.35% 
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26.1.16 Calibration, Diagonal + Row 


The hedging instruments for the underlying risk is again “2 into 4”, “3 
into 3”, “4 into 2” and “5 into 1”, i.e. the diagonal. And exercise or 
wait (forward volatility risk), use “2 into 1”, “2 into 2”, “2 into 3” and 
“2 into 4” (i.e. a row). 

Set ç(t2) = aĝt2H(t2) = 0 and set a = 107 


A(t) > H(t)+C 


Then calibrate 
2 into 1 C(t2), H(t2), H(t3) 
2 into 2 ¢ (t2), H(t2), H(t3), H(t4) 
2 into 3 C(t2), H(t2), H(t3),..., HA (ts) => A (ts) 
2 into 4 C(t2), H(t2), H(t3),..., H(te) => H (te) 


H(t) > H(tV/c, 


c(t) > C- s(t) 


=> H(t3) 
=> H(t4) 


3 into 3 ¢(t3),H(t3), H(t4),...,H (te) => (ts) 
4 into 2 €(t4), H(t4), H(ts), H(t) 
5 into 1 (ts), H(ts), H(t6) 

Use a global Newton-Raphson method and linear interpolation. As 
we will see next, over-calibrating gives worse result. Similar result will 
be found if we use a column instead of a row. 

The error after calibration are shown in Table 26.7. 


Table 26.7 Error in ATM volatility (diagonal and row) 


=> C(t4) 


=> 


C(ts). 


ly 
1y 0.00% 
2y -0.47% 
3y -0.27% 
4y -0.56% 
5y -0.13% 
6y -0.58% 
7y -0.81% 
8y -0.20% 
9y 0.00% 
10y -0.01% 


2y 
0.00% 
-0.27% 
-0.43% 
-0.31% 
-0.38% 
-0.53% 
-0.30% 
0.00% 
0.08% 
0.14% 


3y 
0.00% 
-0.41% 
-0.23% 
-0.33% 
-0.42% 
-0.19% 
0.00% 
0.12% 
0.22% 
0.32% 


4y 
0.00% 
-0.30% 
-0.33% 
-0.41% 
-0.28% 
0.00% 
0.12% 
0.20% 
0.32% 
0.43% 


5y 
0.00% 
-0.06% 
-0.20% 
-0.14% 
0.00% 
0.21% 
0.27% 
0.37% 
0.53% 
0.70% 


6y 
0.00% 

-0.13% 

-0.10% 
0.00% 
0.11% 
0.30% 
0.33% 
0.41% 
0.59% 
0.78% 


7y 
0.00% 

-0.09% 
0.00% 
0.10% 
0.22% 
0.39% 
0.37% 
0.45% 
0.65% 
0.86% 


8y 

0.00% 
0.00% 
0.08% 
0.19% 
0.31% 
0.46% 
0.43% 
0.54% 
0.77% 
1.02% 


9y 

0.00% 
0.06% 
0.15% 
0.27% 
0.39% 
0.54% 
0.49% 
0.63% 
0.90% 
1.18% 


10y 


-0.02% 
0.11% 
0.22% 
0.35% 
0.47% 
0.62% 
0.56% 
0.72% 
1.02% 
1.34% 


26.1.17 Calibration, 


Caplets + Constant x 


In the calibration process we choose the model parameters ¢ (t) and 
H(t) to match the LGM prices to the market. For a “2 into 4 Bermudan 


26 Pricing Exotic Instruments 711 


receiver @ 8%” we use for the underlying risk “2 into 1”, “3 into 1”, “4 
into 1” and “5 into 1”, i.e. a column. 


k(t) =-H"()/H'(t) => H(t)=A+B-e* 
H(t) > H(t)+C 
H(t) > H(IC, cA —> C. cA 


Set H(t) = (1 — e™*)/k Then calibrate 
2 into 1 ¢(t2), H(t2), H(t3) => ¢(t2) 
3 into 1 ¢(t3), H(t3), H(t4) => ¢(t3) 
á into 1 ¢(t4), H(t4), H(t5) => ¢(t4) 
5 into 1 ¿ (ts), H(ts), H(te) => ¢ (ts). 


Then use ¢(0) = 0 and the above and linear interpolation. You can 
also use caplets + linear ¢ (t). 


26.1.18 Calibration to Diagonals with Prescribed ¿œ 


Suppose ¢ (t) is a known function which is increasing and has ¢ (0) = 0. 
We could carry out the preceding calibration procedure to determine 
H(T) from the diagonal swaptions; the procedure does not depend on 
C(t) being linear. 


26.1.19 Calibration to Diagonal Swaptions and Caplets 


A Bermudan swaption can be viewed as the most expensive of its com- 
ponent European swaptions, plus an option to “switch” to a different 
swaption should market conditions change. The component swap- 
tions are just the diagonal swaptions, so calibrating to the diagonals 
accounts for this part of the pricing. On any exercise date, “switch” 
option is the option to exercise immediately, or to delay the exercise 
decision until the next exercise date. Since these delays are short, typ- 
ically 6 months, one may believe that the switch option can best be 
represented by short underlyings. Accordingly, one could argue that 
one should calibrate to either a column of caplets or a column of 1 
year underlyings, as well as the diagonal swaptions. Here we calibrate 
on the caplets and swaptions simultaneously; in the next section we 
calibrate to the diagonal swaptions and the swaptions with 1 year 
underlyings. 


712 J.R.M. Roman 


26.1.20 Calibration to Diagonal Swaptions 
and a Column of Swaptions 


One could argue that caplet and swaption markets have distinct iden- 
tities, and that mixing the 2 markets introduces small, but needless, 
noise. Instead one could calibrate on the diagonal swaptions and a 
column of swaptions with 1 year tenors. dn most currencies, these 
are the swaptions with the shortest underlying available.) 


26.1.21 Other Calibration Strategies 


There are many other simple calibration strategies; although they are 
not overly appropriate for pricing a Bermudan, they may well be 
appropriate for other deal types. 


26.1.21.1 Calibrate on Swaptions with Constant x 
or Specified H(T) 


Suppose we have chosen a constant mean reversion parameter «K, 
or have otherwise specified H(T). Then the calibration procedure 
just needs to find ¢(t). Suppose we have selected an arbitrary set of 
n swaptions to be our calibration instruments. In LGM valuation of 
each swaption the only unknown parameter is ¢(t) at the swaption’s 
exercise date. Using a global Newton’s method to calibrate each swap- 
tion to its market value thus determines ¢(t) and the exercise dates 
T1, T2,...,Tn Of the n swaptions. After obtaining the ¢j = C(t/), we 
need to ensure that ¢(tj) are non-decreasing, altering the offending 
values if necessary. We then include the value ¢0 = ¢(0) = 0, and use 
piecewise linear interpolation to obtain ¢(t) at other dates. 

Note that this method fails if 2 swaptions share the same exercise 
date t; calibration would either yield the same ¢, in which case one 
of the swaptions is redundant, or differing ¢, in which case our data 
is contradictory. If the exercise dates of any 2 swaptions are too close, 
say within 1-2 months, the results may be problematic. For this reason 
one usually ensures that the swaption exercise dates are, say, at least 
21/, months apart, excluding instruments from the calibration set to 
achieve this spacing, if necessary. 
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26.1.21.2 Calibrate on Swaptions with Specified ¢(t) 


Suppose we have chosen a linear ¢(f), or otherwise specified para- 
meter ¢ (t). The calibration procedure just needs to find H(T). Suppose 
we have selected an arbitrary set of n swaptions to be our calibration 
instruments. We can then arrange the swaptions in increasing order of 
their final pay dates. Let these final pay dates be T1, 72, ..., Tn. Suppose 
we use our invariance to set H = H(0) = 0, and we use piecewise linear 
interpolation 


H(T)=A\T for <T}, 
k-1 
H(T) = > A(T =Teg)t# he Tes) “for Ten TS Ty, 
i=l 
n-1 
H(T) = 3 AilTi-T1)+ An(T-T,1)  forT,<T 
i=1 


where Tp = 0. 

For the first swaption, the slope A; determines the value of H(T) at 
all the swaption’s pay dates. Since ¢ (t) is known, the LGM value of the 
swaption depends only on a single unknown quantity, A. It is easily 
seen that the value is an increasing function of Al, so one can use 
a global Newton scheme to find the unique Al which matches the 
swaption’s price to its market value. The value of H(T) at the second 
swaption’s pay dates is determined by both A; and Ao, of which only 
A2 is unknown at this stage. Again a global Newton scheme can be 
used to find the A» needed to calibrate the swaption to its market 
value. (In rare cases it may occur that Az < 0; in this case we need to 
set A> = 0, its minimum feasible value.) 

We then continue in this way, calibrating the swaptions and obtain- 
ing the Aj;’s in succession. This method will fail only if 2 deals have 
the same final pay date, and will work poorly if the final pay dates are 
too near together. For this reason one usually ensures that the final pay 
dates are, say, at least 2!/, months apart, excluding instruments from 
the calibration set to achieve this spacing, if necessary. 
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